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PREFACE 


The purpose of this book is to provide a complete year’s course in 
mathematics for those studying in the engineering, technical and 
scientific fields. The material has been specially written for courses lead- 
ing to 

(i) Part I of B.Sc. Engineering Degrees, 

(ii) Higher National Diploma and Higher National Certificate in techno- 
logical subjects, and for other courses of a comparable level. While formal 
proofs are included where necessary to promote understanding, the 
emphasis throughout is on providing the student with sound mathematical 
skills and with a working knowledge and appreciation of the basic con- 
cepts involved. The programmed structure ensures that the book is highly 
suited for general class use and for individual self-study, and also provides 
a ready means for remedial work or subsequent revision. 

The book is the outcome of some eight years’ work undertaken in the 
development of programmed learning techniques in the Department of 
Mathematics at the Lanchester College of Technology, Coventry. For the 
past four years, the whole of the mathematics of the first year of various 
Engineering Degree courses has been presented in programmed form, in 
conjunction with seminar and tutorial periods. The results obtained have 
proved to be highly satisfactory, and further extension and development 
of these learning techniques are being pursued. 

Each programme has been extensively validated before being produced 
in its final form and has consistently reached a success level above 80/80, 
ie. at least 80% of the students have obtained at least 80% of the possible 
marks in carefully structured criterion tests. In a research programme, 
carried out against control groups receiving the normal lectures, students 
working from programmes have attained significantly higher mean scores 
than those in the control groups and the spread of marks has been con- 
siderably reduced. The general pattern has also been reflected in the results 
of the sessional examinations. 

The advantages of working at one’s own rate, the intensity of the 
student involvement, and the immediate assessment of responses, are well 
known to those already acquainted with programmed learning activities. 
Programmed learning in the first year of a student’s course at a college or 
university provides the additional advantage of bridging the gap between 
the rather highly organised aspect of school life and the freer environment 
and which puts greater emphasis on personal responsibility for his own pro- 
gress which faces every student on entry to the realms of higher education. 

Acknowledgement and thanks are due to all those who have assisted 
in any way in the development of the work, including those who have 
been actively engaged in validation processes. I especially wish to 
record my sincere thanks for the continued encouragement and support 
which I received from my present Head of Department at the College, 


Mr. J. E. Sellars, M.Sc., A.F.R.Ae.S., F.I.M.A., and also from 

Mr. R. Wooldridge, M.C., B.Sc., F.I.M.A., formerly Head of Department, 
now Principal of Derby College of Technology. Acknowledgement is also 
made of the many sources, too numerous to list, from which the selected 
examples quoted in the programmes have been gleaned over the years. 
Their inclusion contributes in no small way to the success of the work. 


K. A. Stroud 
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HINTS ON USING THE BOOK 


This book contains twenty-four lessons, each of which has been 
written in such a way as to make learning more effective and more 
interesting. It is almost like having a personal tutor, for you proceed at 
your own rate of learning and any difficulties you may have are cleared 
before you have the chance to practise incorrect ideas or techniques. 

You will find that each programme is divided into sections called 
frames, each of which normally occupies half a page. When you start a 
programme, begin at frame 1. Read each frame carefully and carry out 
any instructions or exercise which you are asked to do. In almost every 
frame, you are required to make a response of some kind, testing your 
understanding of the information in the frame, and you can immediately 
compare your answer with the correct answer given in the next frame. To 
obtain the greatest benefit, you are strongly advised to cover up the 
following frame until you have made your response. When a series of dots 
occurs, you are expected to supply the missing word, phrase, or number. 
At every stage, you will be guided along the right path. There is no need 
to hurry: read the frames carefully and follow the directions exactly. In 
this way, you must learn. 

At the end of each programme, you will find a short Test Exercise. 
This is set directly on what you have learned in the lesson: the questions 
are straightforward and contain no tricks. To provide you with the 
necessary practice, a set of Further Problems is also included: do as many 
of these problems as you can. Remember that in mathematics, as in many 
other situations, practice makes perfect — or more nearly so. 

Even if you feel you have done some of the topics before, work 
steadily through each programme: it will serve as useful revision and fill 
in any gaps in your knowledge that you may have. 


ΧΙ 


If. 


USEFUL BACKGROUND 
INFORMATION 


Algebraic Identities 


(a+b)? =a? + 2ab+b? (a+b)? =a? + 3.2} + 3ab? τ} 
(a —b)? =a” — 2ab + b? (a— δ) = a? — 3.2} + 3ab? — b? 


(a + b)* =a* + 4.5} + 6a7b? + dab? + δῖ 
(a -- b)* = a* — 4a°b + 6a7b? -- 4ab? + b4 


αἢ ~b? =(a—b) (a+b). α' —b? =(a—b) (a? #ab + b?) 
αὐ +b? =(a+b) (a? --αὖ +b?) 


Trigonometrical Identities 
(1) sin?6+cos?@=1; sec2?@=1+tan?6; cosec?@ = 1 + cot?@ 


(2) sin (A+ B)=sin AcosB+cos AsinB 
sin (A— B)=sin A cos B— cos A sin B 
cos (A + B)=cos A cos Β -- sin A sin B 
cos (Α -- B)=cos AcosB+sin A sin B 


tan A+ tan B 


BNA) Soa AB 


_ tan A-~tanB 
a 1+tan A tan B 
(3) LetA=B=6@. -.. sin 20=2sin@ cos@ © 
cos 20 = cos?@ — sin? 
ΞῚ -- 2 5ἰη20 
=2cos?@- 1 
2 tan 8 
1—tan?6 


tan 26 = 


Xiii 


(4) Let @ =f Δ sin Κ = 2sin® cos! 


2 2 
cos Q = cos? 6. sin? 9 
ΞῚ -- 2 51η2 2 
= 209° 
re 2 tans 
1 -- tan? = 


(5) sin C+sin D=2sin or ie 
2 2 
sin C— sin Desc os ae 
2 2 
dou conD Ξ- 2οος cog 
2 2 
cos Ὁ - cos C = 2 sin > sin < 


(6) 2sin Acos B=sin (A+B) +sin (A—B) 
2cos Asin B=sin (A+ Β) -- sin (Α -- Β) 
2 cos A cos B = cos (A + B) + cos (A — B) 
2 sin Asin Β Ξ οοβ (Α -- Β) -- οοβ (Α + B) 


(7) Negative angles: sin (--θ) =—sin θ 
cos (—@) = cos @ 
tan (--θ) =—tan θ 


(8) Angles having the same trig. ratios: 
G) Same sine: θ and (1805 -- θ) 
(ii) Same cosine: θ. and (360°- 6), ie. ((θ) 
(iii) Same tangent: 6 and (180°+6) 


xiv 


(9) α 1π|θῈδοοΞθΞΑ ίη (θ +a) 
a sin θ-- Βςο5θ ΞΑ 58[η (0 -- a) 
a 0050 ὁ ὃ 5Ξ1η θΞ Α οο5 (θ -- a) 
a οο5θ -- ὃ 5η 6 =A οοβ(θ τ a) 


A=V(q@? τ 5) 
where: b 
a= tan’ τ" <a<90°) 
Ill. Standard Curves 
(4) Straight line: 
=D _yra7- 1 
Slope, m a, 
: - Mam 
Angle between two lines, tan @ i+ mm; 


For parallel lines, m =m, 
For perpendicular lines, m,m,=-1 
Equation of a straight line (slope = m) 
(i) Intercept ¢ on real y-axis: y=mx+e 
(ii) Passing through (x,,¥1): y—y, =m(x-x,) 
»τγι XX 


iii) Joining (x,, and (x, : 
(iii) 8 (1,91) and (2, y2) a se 


(2) Circle: 
Centre at origin, radius γ: x? + y? =r? 
Centre (i,k), radius : (x —h)? + (y—k)*? =r? 
General equation: x? +y?+2gx+2fyt+c=0 
with centre (-g,—f); radius = /(g? + f? —c) 
Parametric equations: x=rcos6,y=rsin 6 


(3) Parabola: 


Vertex at origin, focus (2,0): y? = 4ax 
Parametric equations: x =at?, y =2at 
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(4) Ellipse: 


(5) 


2 2 

bes ; x 
Centre at origin, foci (t/[a? — 821], 0): ἽΣ ἘΞ 1 
where a = semi major axis, b = semi minor axis 


Parametric equations: x=acos6é, y=bsin@ 


Hyperbola: 


Centre at origin, foci (+ Va? + δ, 0): ὃς δες =1 
Parametric equations: x =asec0, y=btané 


Rectangular hyperbola: 


Centre at origin, vertex +( -- By xy == =c? where c = 


ie. xp =c? 
Parametric equations: x Ξ οἵ, y=c/t 


Programme 1 


COMPLEX NUMBERS 


PART 1 


Programme | 


1 Introduction: the symbol j 
The solution of a quadratic equation ax? + bx + c = 0 can, of course, be 


πδεν(5 -4 
obtained by the formula, x = ae Aa 


For example, if 2x? + 9x + 7 = 0, then we have 


9 tV(Bi- 56) _—-9#V/25_-9 45 
4 4 


4 
--4 .14 
x 4 οἵ 4 
x =-1 or —3-5 


That was straight-forward enough, but if we solve the equation 
5x? — 6x +5 =0 in the same way, we get 
= ot V(36 — 100) _ 6 + V(-64) 
; 10 10 
and the next stage is now to determine the square root of (—64). 


Isit (Ὁ 8, (ὃ -ὅ, (iii) neither? 


2 


It is, of course, neither, since + 8 and -- 8 are the square roots of 64 and 

not of ( 64). In fact, \/(—64) cannot be represented by an ordinary 

number, for there is no real number whose square is a negative quantity. 
However, —64 =--1 X 64 and therefore we can write 


ν 62 = ΕἸ Χ 64) = VCI)V64 - 8-1) 
ie. V(-64) = 8 V(-1) 
Of course, we are still faced with V1), which cannot be evaluated as a 
real number, for the same reason as before, but, if we write the letter jto 
stand for νΈ 1). then (-64) = V(-1) .8 = j8. 


So although we cannot evaluate /(—1), we can denote it by j and this 
makes our working a lot neater. 


VC-64) = VCA1) 64 = 58 
Similarly, ΝΕ 36) = ψΕ1)ν,36 = 6 

VE D=VCIV 75|2:646 
So ΝΕ 25) can be written... cccesesseeeeeeeseeeee 


Complex numbers 1 


We now have a way of finishing off the quadratic equation we started in 
frame 1. 


_6+V(36- 100) _ 6 + V(-64) 
= 10 10 


5x? -6x+5=0 x 
“ x =0-6 + j0-8 

ὡς *=0-6+j0-8 or x =0-6—j0-8 
We will talk about results like these later. 


For now, on to frame 4. 


Powers of j 

Since j stands for \/(-1), let us consider some powers of j. 
j =VC) j =VvC) 
peal j=-l 
PEG =We4 . PHC] 
j* =(7)? =C1y? = 1 j= 1 


Note especially the last result: j* = 1. Every time a factor j* occurs, it can 
be replaced by the factor 1, so that the power of j is reduced to one of 
the four results above. 


eg. "ὶ ΞΟ j=) j= Lisi 

P= G4) το" =1 

Τ᾿ = (*)"j? =(1)’C1)= 1(-1) =-—] 
and [15 - (5}}}} =1G) = 


So, in the same way, j® ΞΞ...Ἅνεννννννοννννννννννν 


Programme 1 


since 15 Ξ4Ξ11Ξ| 


Every one is done in the same way. 
15 ΞΟ} Ξ 167)}51{|}Ξ-1 
[Ξ0} Ξι) Ξ- 
τ} τῶῦτι 

Sot. Gi) ft? ΞΟ σε δε τὰ 


CHAS ese eee 


(ἷὺ» 1. ΞΟ βενςερυ 
and (1ν) TEx? -ὄχ 345-00, χΞ.....μννρνννμννννο, 


(i) -1, Gi) 1, (Αἰ -ἼΘ, Gv) χΞ38:|5 
The working in (iv) is as follows: 


oe φΩΔΞ ἢ: & ὑπο ves οὐ εν οὶ 


2 
6 +j10_ 
2 


x= 3445 

ie. X=34+j5 or ¥=3—j5 
So remember, to simplify powers of ἡ, we take out the highest power of: 
j* that we can, and the result must then simplify to one of the four 
results: 1, —1, —j, 1. 


Turn on now to frame 7. 


Complex numbers I 


Complex numbers 

The result x = 3 + j5 that we obtained, consists of two separate terms, 3 
and j5. These terms cannot be combined any further, since the second is 
not a real number (due to its having the factor j). 


In such an expression as x = 3 + j5, 
3 is called the real part of x 
5 is called the imaginary part of x 
and the two together form what is called a complex number. 
So,a Complex number = (Real part) + j(Imaginary part) 
In the complex number 2+j7, the real part = 00. 


and the imaginary part = oe 


real part = 2; imaginary part = 7 (NOT 17!) 


Complex numbers have many applications in engineering. To use them, 
we must know how to carry out the usual arithmetical operations. 


1. Addition and Subtraction of Complex Numbers. This is easy, as one 
or two examples will show. 


Example1 (4 +j5)+(3~-j2). Although the real and imaginary parts 
cannot be combined, we can remove the brackets and total up terms of 
the same kind. 


(4 +95) +(3—j2)=4 +j5 3 -|2Ξ(4 +4 3) |6 - 2) 
Ξ7 1|3 
Example 2 
(4 117) -(2-j5) =4+j7-2+j5 Ξ (4-- 2) τἸ(7 +5) 
=2+j12 
So, in general, (a+ jb) + (c + jd) =(a@+c)+j(b+a) 
Now you do this one: 


(5 117) + (3 -j4) — (6 -- 13)... 


Programme 1 


: 


since (5 +j7) + (3 -- |4) - [6 - |3) 
=5+j7+3-j4-6+)3 


=(5+3-6)+j(7-4+ 3) 
=2+j6 
Now you do these in just the same way: 
(i) (6 + j5)—(4—j3) + (2-57) Ξ.υὔὐὐννρρννριννος, 
and (ii) (3 τ|5)-- (5 —§4) — G2 — 53) = eee eerie 


10 


Here is the working: 

(i) (6 +j5)—- (4 -j3) + --"7) 
6 +j5—4 +4 j3 +2-j7 
(6-4+2)+j(S+3-7) 
(ii) + j5)- (5 — j4) - (2 -j3) 
3+j5-~5+j4+2+j3 (Take care 

EE ΤΕ 

(3-5+2)+j(5+4+3) with signs!) 
O+j12 = 112 


This is very easy then, so long as you remember that the real and the 
imaginary parts must be treated quite separately — just like x’s and y’s in 
an algebraic expression. 


On to frame 1]. 


Complex numbers 1 


2. Multiplication of Complex Numbers 11 


Example: (3 +j4)(2+j5) 


These are multiplied together in just the same way as you would deter- 
mine the product (3x + 4y) (2x + Sy). 


Form the product terms of (i) the two left-hand terms 
(ii) the two inner terms 
; x (iii) the two outer terms 

πα σον (iv) the two right-hand terms 


=6+j8 +j15+j220 
=6+ 523-20 (since j? =~1) 


22-j7 


for: (4 -j5) (3 + j2) = 12-j15 +j8—j?10 
=12-j7+10 (?=-1) 
=22-j7 


If the expression contains more than two factors, we multiply the 
factors together in stages: 


(3 + j4) Ὡ - 15) — j2) 
= (6 + j8 —j15 — j?20) (1 -j2) 
= (6 -j7 + 20) (1 -j2) 
= (26 -j7) (1 —j2) 


Finish it off. 


Programme I 


3 


for: (26 -j7) (1 -- 12) 

= 26 -j7—-j52+j714 

= 26 —-j59—- 14=12—j59 
Note that when we are dealing with complex numbers, the result of our 
calculations is also, in general, a complex number. 


Now you do this one on your own. 


(5 +58) (5 —j8) = ceecseeccssseessseeseee 


Here it is: 
(5 + j8) (5 — j8) = 25 + j40 -- [40 — [264 
= 25 + 64 
= 89 
In spite of what we said above, here we have a result containing no j 
term. The result is therefore entirely real. 
This is rather an exceptional case. Look at the two complex numbers 


we have just multiplied together. Can you find anything special about 
them? If so, what is it? ; 


When you have decided, turn on to the next frame. 


Complex numbers 1 


15 


They are identical except for the middle sign in the brackets, 


ie. (5+ 38) and (5 —j8) 


A pair of complex numbers like these are called conjugate complex 
numbers and the product of two conjugate complex numbers is always 
entirely real. 


Look at it this way — 


(a+b) (a—b)=a* —b? Difference of two squares 


Similarly (5 + j8) (5 —j8) = 52 —(j8)? = 5σ2-- 1282 
= 52 -Ῥ 82 6 = -1) 
= 25 +64=89 


Without actually working it out, will the product of (7 — j6) and 
(4 + j3) be (i) a real number 
(ii) an imaginary number 
(iii) a complex number 


a complex number 


since (7 — j6) (4 + j3) is a product of two complex numbers which are not 
conjugate complex numbers. 


16 


Remember: Conjugate complex numbers are identical except for the 
signs in the middle of the brackets. 


(4 + j5) and (4 -- |5) are conjugate complex numbers 
(a + jb) and (a—jb) are conjugate complex numbers 
but (6 +j2)and(2+j6) are not conjugate complex numbers 
(6 — j3) and (-5 + j3) are not conjugate complex numbers 


So what must we multiply (3 —j2) by, to produce a result that is entirely 
real? 


Programme I 


" 


because the conjugate of (3 -- [2) is identical to it, except for the middle 
sign, i.e. (3 + j2), and we know that the product of two conjugate com- 
plex numbers is always real. 


Here are some examples: 
Example] . (3-j2)(3 +j2)= 3? - 2) Ξ9 -- 124 
=9+4=13 
Example 2 (2 +47) (2-57) = 22 -(j7)? =4—-j249 
=44+49=53 
. and soon. 


Complex numbers of the form (α + jb) and (a — jb) are called 
dacangectassscesaeandes complex numbers. 


Now you should have no trouble with these— 


(a) Write down the following products 
(i) (4—j3) 4 + j3) 
(ii) (4+j7) (4-37) 
(iii) (@ + jb) @— jb) 
(iv) α iy) & τῇ) 
(Ὁ) Multiply (3 -- 75) by a suitable factor to give a product that is 


entirely real. 


When you have finished, move on to frame 19. 


Complex numbers 1] 


Here are the results in detail. 19 
ὦ ὦ (4-43) 4 +)3)= 42 -j23¢= 16+9 = [25] 

(ii) (4τ|7) ( --|7)Ξ 43 -j?7 =16+49= 

(iii) (@ τ|8) (@—jb) =a? —j?b? = 

(iv) @-y) @ +p) =x? jy = 


(0) To obtain a real product, we must multiply (3 — j5) by its conjugate, 
ie. (3 +45), giving 


(3-45) (3 + j5) = 3? -j25? = 9 + 25 =| 34 | 


Now move on to the next frame for a short revision exercise. 


Revision exercise. 

1. Simplify (i) j'? 9 ii) 33 

2. Simplify: 
ὦ (5-j9)-(2-j6) + (3 -j4) 
(ii) (6 — j3) (2 + j5) (6 - 12) 
(iii) (4-3) 
(iv) (5 —j4) (5 + j4) 


3. Multiply (4 — j3) by an appropriate factor to give a product that is 
entirely real. What is the result? 


When you have completed the exercise, turn on to frame 21. 


i 


10 


Programme I 


21 Here are the results. Check yours. 


. 9,0 τῦῦ: 1] 
(i) 15 τ }"}} =?CD= 
{ἘΞ 
2. (i) ζ6π}5}59:-ι6} + 3-54) 
=5-j9-2+j6+3-j4 
=(5-2+3)+j(6-9-4)= 
(Ὁ (6 -§3) (2 +55) 6 - 12) 
= (12 —j6 + j30 -- [2 15) (6 -- 12) 
= (27 1124) (6 -- 72) 
= 162 +j144—-j54+48= [210 190 
(iii) (4~j3)? = 16-j24-9 
= |7-j24 
(iv) (5-4) (5 +44) 
= 25-j?716=25+16= 


3. Required factor is the conjugate of the given complex number. 


(4-53) (4+j3)=164+9= 


All correct? Right. Now turn on to the next frame to continue the 
programme. 
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Now let us deal with division. 


Division of a complex number by a real number is easy enough. 


at ae ue 
iy oes a = 1-67 — 41-33 
a, 7- 42 
But how do we manage with 4473 


If we could, somehow, convert the denominator into a real number, we 
could divide out as in the example above. So our problem is really, how 
can we convert (4 + j3) into a completely real denominator — and 
this is where our last piece of work comes in. 

We know that we can convert (4 + 13) into a completely real number 
by multiplying it by its c 


22 


i.e. the same complex number but with the opposite sign 
in the middle, in the case (4 — j3) 


o0 


noooo0ac0na 


oo 


gooo0a00000g0g0 


nNoooon000 


o 


But if we multiply the denominator by (4 — j3), we must also multiply 
the numerator by the same factor. 


7-|4 _ (7~ 54) 4-33) _ 28 -j37- 12 16 -j37 


4+j3 (4+ j3)(4-j3) 16+9 25 
16 .37 
a5 i557 0-64 --]1.48 


and the job is done. 

To divide one complex number by another, therefore, we multiply 
numerator and denominator by the conjugate of the denominator. This 
will convert the denominator into a real number and the final step can 
then be cae 


Thus, to simplify 778 we shall multiply top and bottom by 


i 
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Ἴ 

24 the conjugate of the denominator, i.e. (1 —j2) 
oo oo0o00000 Π ; 

If we do that, we get: ; 
4-j5 _ (4—j5) Cl — j2) _ 4—j13 - 10 

ΤῊ (+j20-i2) 144 

5 5... τ 5 : 

=-1-2-j2-6 i 

3 

Now here is one for you to do: 1 
ws : 3 +52 & 
Simplif j 
implify ia 

‘ 


When you have done it, move on to the next frame. 


2 ἢ Result 


3+j2_ (3 +j2)(1 +j3)_3 +jll-6 


1-j3 (. -|3)6 τ333 119 


-3 ἘΠῚ - 
= 9.9 34 1-1 
iQcco δ. 
oo oO oo onooa0coonco0 oo oo [5] 
Now do these in the same way: 
i δῖ wy 3455 
Os WR 


(iii) (2 vee 


When you have worked these, turn on to frame 26 to check your results. 
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Complex numbers | 


Results: Here are the solutions in detail. 2 6 
(i) 4~—j5 _(4—j5) (2 +j)_8—j6+5 


2-7 ὥὩ- Ῥατὺ 4τ:τ| 


= 15:6 - 2.6--11.2 


3115 _ (3 +45) 6 +43) _ 15}34--[15 


(ii) 5-j3 (5-43) (5 +43) 2549 
-234. Ϊ 
34 
(iii) (2 + j3) 1 —j2) _2-j+6 _8-j 
(3 +74) 3+j4 3454 
~8-) G=i4) 


“(5 τ|4) 6 - 4) 


εὐ 24--|35-4. 20 - [35 
+16 25 


And now you know how to apply the four rules to complex numbers. 


Equal Complex Numbers : 27 


Now let us see what we can find out about two complex numbers which 
we are told are equal. 
Let the numbers be 


flies i aes 


a+jb and ctjd 
Then we have 
at+jb=ctjd 
Re-arranging terms, we get 


a-—c=j(d—b) 


In this last statement, the quantity on the left-hand side is entirely real, 
while that on the right-hand side is entirely imaginary, i.e. a real quantity 
equals an imaginary quantity! This seems contradictory and in general it 
just cannot be true. But there is one special case for which the statement 
can be true. That is when ................ 


Gt ioe 
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each side is zero 


sa. i Sie ως, 


a-c=j(d 


can be true only if 


ὲ 
~») 3 


a-c=0, ie. a@=c : 


andif d-b=0, ie. b=d 


So we get this important result: 


If two complex numbers are equal 


(i) the two real parts are equal 
(ii) the two imaginary parts are equal 


For example, if x +jy = 5 + j4, then we knowx = 5 andy = 4 


and ifa+jb =6—j3, thena= 


ἀπ εάρεξ ον κενάς; and δ Ξ....Ὄ.μμονννννένννον 


a=6 


and | b=-3 | 


Be careful to include the sign! 


ΠΕ ΓΕ ΒΡ ἘΓΕΡΕΙ  ΕΕΡΡΕΗ 


Now what about this one? 


If (a + δ) τΊ(α -- b) = 7 + j2, find the values οἵα and ὃ. 


Well now, following our rule about two equal complex numbers, what 


can we say about (a + δ) and (a— b)? 


Complex numbers ] 


os [στε 30 


since the two real parts are equal and the two imaginary parts are equal. 


ΠΗΒΒΘΒΒΕΠΒΠΕΠΠΕ ΕΓ Πα Γ ΓΙ Π] Π Π ΠῚ ΕἸ ΕἸ ΓΠ ΕἸ [Π ( ΕἸ ΕἸ ΓἸ Γ [] ΕἸ 


This gives you two simultaneous equations, from which you can deter- 
mine the values of a and ῥ. 
So what are they? 


For a+b=7 


NOO000000 ὩΒΘΘΘΒΟΒΟΠΠΠΠΠΠΏΠἪΩΠἪΠῺἪ Ἢ ΖΩ͂ Π Π Π Γ] Π Π) ἢ ἢ) 


We see then that an equation involving complex numbers leads to a 
pair of simultaneous equations by putting 


(Ὁ the two real parts equal 
(ii) the two imaginary parts equal 


This is quite an important point to remember. 
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Graphical Representation of a Complex Number 
Although we cannot evaluate a complex number as a real number, we can 
represent it diagrammatically, as we shall now see. 

In the usual system of plotting numbers, the number 3 could be repre- 
sented by a line from the origin to 
the point 3 on the scale. Likewise, 

.«.--8)δο’οΡἝ |_ a line to represent (~3) would be 

drawn from the origin to the point 
(-3). These two lines are equal in 
length but are drawn in opposite directions. Therefore, we put an arrow 
head on each to distinguish between them. 

A line which represents a magnitude (by its length) and direction (by 

the arrow head) is called a vector. We shall be using this word quite a lot. 

Any vector therefore must include both magnitude (or size) 

ANG  ὐοιλματρβορνος 
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direction 


ὈΠΗΠΟΠΙΠΠΠΗΠΠΠΠ ΠΟ ΠΟΠΠΗΠΠΟΠΟΠΟΠΕΠΟΠΟΘΏΠΠΠΠΕ 


If we multiply (+3) by the factor (--1), we get (--3), ie. the factor (-1) 
has the effect of turning the 
180° vector through 180° 
-3 ,»,"- +3 


a Sa SS Se Ss a a a 
=3.. ἜΖ = ie) 1 2 3 


Multiplying by (—1) is equivalent to multiplying by 72, i.e. by the factor 
j twice. Therefore multiplying by a 
single factor j will have half the 
effect and rotate the vector through 
ONLY fesvestisesssceccuees ° 


17 


Complex numbers 1 


34 


Ooo00g0 1000 NO0000000000o000000n00 Q 


The factor j always turns a vector through 90° in the positive direction 
of measuring angles, i.e. anticlockwise. 


If we now multiply j3 by a 
further factor j, we get j73, 
1,6. (-3) and the diagram agrees 
with this result. 


If we multiply (~3) by a further factor j, sketch the new position of 
the vector on a similar diagram. 


Result; 3 5 


Υ 


Let us denote the two reference 
lines by XX, and YY, as usual. 


You will see that %| 


(i) The scale on the X-axis represents real numbers. 
XX, is therefore called the real axis. 
(ii) The scale on the Y-axis represents imaginary numbers. 
YY; is therefore called the imaginary axis. 
On a similar diagram, sketch vectors to represent 


@ 5, Gi) τά, (δ 12, Ww) 5 
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3 δ Results: 


Check that each of your vectors 
carries an arrow head to show 
direction. 


ooo00000 ooooooooDooOoooOoo0o000o000 Oo 


If we now wish to represent 3 + 2 as the sum of two vectors, we must 
draw them as ἃ chain, the second vector starting where the first one 
finishes. 


| 3+2=5 
The two vectors, 3 and 2, are together equivalent to a single vector 
drawn from the origin to the end of the final vector (giving naturally that 
3+2=5). 


Continue 


3] 


If we wish to represent the complex number (3 +42), then we add 
together the vectors which repre- 
sent 3 and j2. 

Notice that the 2 is now multi- 
plied by a factor j which turns that 
vector through 90°. 

The equivalent single vector to 
represent (3 + j2) is therefore the 
vector from the beginning of the 
first vector (origin) to the end of 
the last one. 

This graphical representation constitutes an Argand diagram. 


Draw an Argand diagram to represent the vectors 
(i) Ζι Ξ2 13 (ii) 2, =-3 +42 
(iii) z3 = 4-43 (iv) Z4 =-4-j5 


Label each one clearly. 
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Here they are. Check yours. 3 8 


22=-34j2 m-------; 


' 
t 
Ι 
1 
' 
i 


:41--.4-}5 τ -τ-ῦ------ 


Note once again that the end of each vector is plotted very much like 
plotting x and y co-ordinates. 

The real part corresponds to the x-value. 

The imaginary part corresponds to the p-value. 


Move on to frame 39. 


Graphical Addition of Complex Numbers 3 9 


Let us find the sum of z, = 5 Ὁ 72 and Ζ, = 2 113 by Argand diagram. If 
we are adding vectors, they must be drawn as a chain. We therefore draw 
at the end of z,,a vector AP repre- 
senting Z, in magnitude and 
direction, i.e. AP = OB and is 
parallel to it. Therefore OAPB isa 
parallelogram. Thus the sum of z, 
and Z, is given by the vector join- 
ing the starting point to the end of 
the last vector, i.e. OP. 

The complex numbers Ζ; and 
Z2 can thus be added together by 
drawing the diagonal of the 
parallelogram formed by z, and Ζ2. 

If OP represents the complex number a + jb, what are the values of a 
and ὁ in this case? 
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40 panes 


 OP=z2=7+)5 


You can check this result by adding (5 + j2) and (2 + j3) algebraically. 


[5] ooaqog0dgd πυπΟπ πα απ ΠΟ ΠΘ ΠΕ ΠΠΠΠΒΘΠΒΒ 


So the sum of two vectors on an Argand diagram is given by the 
ὐλχεν ρον να οὐνὲν of the parallelogram of vectors. 


4 


QuogogoooooooooooOooooosoooo0oo000000000n0 


How do we do subtraction by similar means? We do this rather craftily 
without learning any new methods. The trick is simply this: 
225 Hey +23) 


That is, we draw the vector representing 21 and the negative vector of Ζ2 
and add them as before. The negative vector of z, is simply a vector with 
the same magnitude (or length) as z2 but pointing in the opposite direction. 


Ρ e.g. If zy =5+j2and 2) Ξ2 13 
34----gB (za) vector OA =z, =5+ j2 

OP =~z, Ξ-(2 + j3) 
Then OQ =z, +(-22) 


ΞΖι — 22 


Determine on an Argand diagram (4 + j2) + (-2 + j3) - (-1 + j6) 
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x x 
/ OA =z, =4+4+j2 
ἂν / OB =z, =-2+]3 
2 / OC = ~z3;=1~j6 
~64---¥C (-23) 
Ὶ 
Then OP =z, +z, OQ ΞΖ, +2, -- 23 =3-j 
: 
Polar Form of a Complex Number 43 


It is convenient sometimes to express a complex number a + jb ina differ- 
Y ent form. On an Argand diagram, 


ig let OP be a vector a + jb. Let 
j : ! r= length of the vector and θ the 
Ὥ angle made with OX. 
| 
ie) σ Χ 
Then γῆ =a? +p? r=J/@ +5?) 
and . tang =2 6 = tan! 2 
a a 
Also a@=rcos@ and b=rsin@ 


Since z =a + jd, this can be written 
Z=rcos @+jrsin 6 i.e. z=r(cos θ +j sin 0) 
This is called the polar form of the complex number a + jb, where 
r= /@ +b?) and 6= tart 2 
Let us take a numerical example. 
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Aa Example: To express z = 4 + j3 in polar form. 


First draw a sketch diagram (that always helps) 
Y 


We can see that — 
(i) r? =4? +37 =164+9=25 
r=5 


(ii) tan 6 =3= 0-75 
@ = 36°52 


x 
' z=a+jb=r(cos@ +jsin@) 


So in this case z = 5(cos 36°52’ +j sin 36°52’) 
Now here is one for you to do— 

Find the polar form of the complex number (2 + j3) 
When you have finished it, consult the next frame. 


Here is the working 


z= 2+ j3=r(cos 6 +j sin @) 
P=4+9=13 r=3-606 


tan 8 τὸς 1.5 6 =56°19' 


z = 3-606 (cos 56°19’ +j sin 56°19’) 


nooo00ca gooa00ocon00qo0d0 o0o0o0naongo QO 


We have special names for the values of r and 0. 
zZ=a+tjb=r(cos θ +jsin@) 
(i) r is called the modulus of the complex number z and is often 
abbreviated to ‘mod z’ or indicated by |zl. 


Thus if z = 2 +45, then|z|=V(2? +5?) = V(4 + 25) = 29 


(ii) 9 is called the argument of the complex number and can be abbreviated 
to ‘arg 2’. 


So if z= 2 +5, then argz = oe 
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6 
: 


z=2+j5. Then argz =6 = tant 3 = 68°12' 


ao00 ooog0ono000gn Qa oo00 


Warning. In finding 6, there are of course two angles between 0° and 


360°, the tangent of which has the value 3 We must be careful to use the 


angle in the correct quadrant. Always draw a sketch of the vector to 
ensure you have the right one. 


e.g. Find arg z when 2 Ξ --3 — j4. 


4 is measured from OX to OP. We 
first find Ε΄ the equivalent acute 
angle from the triangle shown. 
tan ΕΞ $= 1.333. Ὁ. £=53°7' 


Then in this case, 
6 =180°+£=233°7' argz =233°7' 


P z=-3-j4 ᾿ ᾿ 
Ὗ Now you find arg (--5 + 72) 


Move on when finished. 


arg z = 158°12' Ὶ 47 


Ξ 25Ξ--5 +j2 
i} 
εἰ tanB=2=04 1 £= 21°48" 
χ; 5 > x In this particular case, θ = 1805 - 
Ὁ 6 = 158°12' 
Q oog Q NO000co00000050000 ΠΟ ΟΠ 


Complex numbers in polar form are always of the same shape and differ 
only in the actual values of r and θ. We often use the shorthand version 
r\@ to denote the polar form. 
e.g. If Z=—-5 +j2, r=V/(25 + 4) Ξ- 229 = 5.385 and from above 
6 = 158°12’ 

. The full polar form is z = 5.385 (cos 158°12' +j sin 158°12') and this 

can be shortened to z = 5-385 [158°12' 

Express in shortened form, the polar form of (4-j3) 

Do not forget to draw a sketch diagram first. 
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48 


255 3238’ 


γξ (423 +37) r=5 
tanE=0-75 -.. ΕΞ: 36°52’ 
1. 0 =360° -ΕΞ323.8' 


Ὺ 


2. ΖΞ 5(cos 323.8' + j sin 323°8') = 5 |323°8' 


ΠΟΘ Π Πα π ΠΠ ΠΕ ΠΠΟ ΠΗ ΠΟ ΒΕ ΠΟ ΘΌΒ ΒΘ nooo 


Of course, given a complex number in polar form, you can convert it 
into the basic form a + jb simply by evaluating che cosine and the sine 
and multiplying by the value of r. 


e.g. z= 5(cos 35° +j sin 35°) = 5(0-8192 + j0-5736) 
2 = 4.0960 + j3-8680 


Now you do this one— 
Express in the forma + jb, 4(cos 65° Ὁ] sin 65°) 


49 


for z = 4(cos 65° τ] sin 65°)= 4(0-4226 + j0-9063) = 1.6904 + j3-6252 

ooDoooooDooOoODODpOoOooOooOAGoeSAGoCAOOe0 
If the argument is greater than 90°, care must be taken in evaluating 

the cosine and sine to include the appropriate signs. 

e.g. If z = 2(cos 210° +j sin 210°) the vector lies in the third quadrant. 


cos 210° =— cos 30° 
sin 210° = — sin 30° 


Then z = 2(-cos 30° —j sin 30°) 
= 2(-0-8660 — j0-5) 
=-1.732-j 


Here you are. What about this one? 
Express z = 5(cos 140° + j sin 140°) in the form a + jb 
What do you make it? 
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| | 2=~3-8300 + j3-2140 


Here are the details — 


cos 140° Ξ --οος 40° 
ra > x sin 140° = sin 40° 


z = S(cos 140° + j sin 140°) = 5(-cos 40° +j sin 40°) 
= 5(-0-7660 + 0.6428) 
= ~3.8300 + 53-2140 


Ongg0n0DGo0o000 No0go0ocgon00g0 ΠΕΟΠΟΠΠΠΌΠΕ 


Fine. Now by way of revision, work out the following. 
(i) Express —5 + j4 in polar form 
(ii) Express 3 [3005 in the form a + jb 


When you have finished both of them, check your results with those on 
frame 51. 


Results 
(i) r=4? +5? - 1625 - 4] 
“7% = 6.403 
tanE=0-8 .. FE = 38°40! 
“6 = 141°20’ 
X 5 fo) x 
5 + j4 = 6-403(cos 141°20' + j sin 141°20') = | 6-403 [141°20' 
(ii) 3[300° = 3(cos 300° + j sin 300°) 


cos 300° = cos 60° 
sin 300° =—sin 60° 


Χ 
ς 43|3005 = 3(cos 60° --ἰ sin 60°) 
= 3(0-500 ~ j0-866) 


"4 =(1.500 — j2-598 


Turn to frame 52. 


͵ 
“605 


50 
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5 2 We see then that there are two ways of expressing a complex number: 
(i) in standard form: z=atjb 
(ii) in polar form: z=r(cos θ Ὁ] sin 6) 
where r=(a? +b?) 


and 6=tan’? ΠΡ: 


If we remember the simple diagram, we can easily convert from one 
system to the other. 


So on now to frame 53. 


53 


Exponential Form of a complex number. 
There is still another way of expressing a complex number which we must 
deal with, for it too has its uses. We shall arrive at it this way: 

Many functions can be expressed as series. For example, 


3 4 5 


2 4 6 
me a  ΧΕ x” χ 
cosx =1 51 4] a ἊΣ 


You no doubt have hazy recollections of these series You had better make 
a note of them since they have turned up. 
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If we now take the series for eX and write 10 in place of x, we get 54 


i= 14.9.69). GO , Gay* 
i ae ee Pao tae Ph 


υ : i762 1509 j 
Sa ae gin 


=cos 0 +j sin 6 


Therefore, r(cos @ +j sin 6) can now be written as reJ®, This is called the 
exponential form of the complex number. It can be obtained from the 
polar form quite easily since the r value is the same and the angle @ is the 
same in both. It is important to note, however, that in the exponential 
form, the angle must be in radians, 


Move on to the next frame. 


55 


The three ways of expressing a complex number are therefore 


(i) z=a+jb 
(ii) z=r(cos@ +jsinO) .. .. Polar form 
(iii) z=reJ® .. 2... .. Exponential form 


Remember that the exponential form is obtained from the polar form. 
(i) the r value is the same in each case. 
(ii) the angle is also the same in each case, but in the exponential form 
the angle must be in radians. 
So, knowing that, change the polar form 5(cos 60° + j sin 60°) into the 
exponential form. 


Then turn to frame 56. 
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56 


Exponential form 5 εἰ 


for we have 5(cos 60° 1] sin 60°) γΞ 5 


θΞ 605 = Ξ radians 


Peis 
᾿ ᾿ ἐκ 
Δ Exponential form is Se 3 


ΠΠΠΕΠΠΠΠΠΠΠ ΠΠΠ ΠΟ ΠΠ ΠΟ ΘΠ Π ΠΟΘ ΠΠ ΠΟΘ ΠΘΒΒΒ O 


And now a word about negative angles 


We know οἷθ = cos 6 +j sin θ 
If we replace θ by —# in this result, we get 
619 = cos(-0) +j sin(-0) 
=cos 6 —jsin@ 


So we have : τε 
10 τ cos θ τὶ sin 
5 θ1] sng Make a note of 


63° = cos θ —j sin 0 these. 


57 There is one operation that we have been unable to carry out with 
complex numbers before this. That is to find the logarithm of a com- 
plex number. The exponential form now makes this possible, since the 
exponential form consists only of products and powers. 

For, if we have ς 
z=rel? 


Then we can say 
Inz=Inr+jé 


€.§. If z= 6-42¢)1°57 


then 
In z = 1n 6-42 + j1-57 
= 1-8594 + j1-57 
and the result is once again a complex number. 
And if z=3.8 30-236 | then In Z = oe 
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Inz =In 3-8 ~ }0-236 =| 1.3350 — [0.236 58 


nDoeo0on0ggon Q NC000000FOOO000000000 


Finally, here is an example of a rather different kind. Once you have seen 
it done, you will be able to deal with others of this kind. Here it is. 


Express εἰ Ἵπ|8 in the forma + jb 
Well now, we can write 
εἰ -“ἦπίᾳ as eleinls 

= e(cos 7/4 —j sin 7/4) 

Sr fa ee 
V2 12 
e 

= -(1-j 

V2! i) 
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This brings us to the end of this programme, except for the test 
exercise. Before you do that, read down the Revision Sheet that follows 
in the next frame and revise any points on which you are not completely 
sure. 

Then turn on and work through the test exercise: you will find the 
questions quite straightforward and easy. 


But first, turn to frame 60. 
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δ ῃ Revision Summary 


1. Powers of j 
πὰ ark agg Hh 
A factor j turns a vector through 90° in the positive direction. 


2. Complex numbers 
Y z=atjb 


a = real part 
1b b= imaginary part 
| 
0 sere X 

3. Conjugate complex numbers (α + jb) and (a —jb) 

The product of two conjugate complex numbers is always real. 

(a + jb) @—jb) =a? +b? 

4. Equal complex numbers 

If at+jb=ct+jd, then a=c and b=d. 


5. Polar form of a complex number 


Y 
z=atjb 
A =r(cos @ +j sin@) 
x =rl6 
le cette ΠΗ 
also a=rcosé; b=rsin@ 


r= the modulus of z, written ‘mod 2’ or |z| 


@ =the argument of z, written ‘arg 2’ 


6. Exponential form of a complex number 


z=r(cos 6 +jsin@)=re!? 
θ in radians 


and r(cos 6 —jsin@)=re!? 
7. Logarithm of a complex number 
z=rel® . Inz=Inr+j6 


or if zerel? + Inz=Inr—j0 
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Test Exercise — I 61 


1. Simplify (Ὁ 7°, (ii) 15, Gil) 2, (iv) i; 


2. Express in the forma + jb 


(i) (4-57) (2 +53) (ii) (1 +3)? 
(iii) (5 +52) (4-45) (2 +33) (iv) = 


3. Express in polar form 
(i) 315. (ii) 6 +53 (iti) -4-|5 

4. Express in the forma + jb 
(i) 5(cos 225° + j sin 225°) (ii) 4 [3305 

5.. Find the values of x and y that satisfy the equation 
( +y) + je —y) = 14.8 + 6.2 


6. Express in exponential form 
(i) Ζι = 10/37°15' and (ἢ 2, = 10) 322°45’ 


Hence find In z; and Inz,. 


7. Express z = δ᾽ Ἵ7π|2 in the forma + jb. 


Now you are ready to start Part 2 of the work on complex numbers. 
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Further Problems — I 


1. Simplify ὦ (5 +44) 3 +37) (2-33) 


wn, (2-53) Θ 122) en COS 3x Ὁ] sin 3x 
(ii) (4 -- 13) (iii) cosx +jsinx 
2. Express 21) τ ΓΙ the ἢ + jb. 
. Exp Pree ἜΝ in the forma +j 


1 1 : 
ἢ πῶς ως, + ib. 
3. If z 2 73 i j2 >» express Zz in the forma jb 


ae 
4. If z= ἐξ! find the real and imaginary parts of the complex number 


1 
ΖΊ--. 
Ζ 


5. Simplify (2 +j5)? + T+ "2. 


forma + jb. 


— j(4 —j6), expressing the result in the 


6. Ifz, Ξ2 1], 22 =-2 +j4and ἢ Σὺ evaluate z3 in the form 
21 


| a+jb.Ifz,,2Z2,23 are ‘epreuented onan Aiand diagram by the 
points P, Q, R, respectively, prove that R is the foot of the perpen- 
dicular from the origin on to the line PQ. 


7. Points A, B, C, D, on an Argand diagram, represent the complex 
numbers 9 +3, 4 +413, -ϑ + j8, —3 — j4 respectively. Prove that 
ABCD is a square. 


8. If (2 + j3) (3 -j4) =x +jy, evaluate x and y. 
9. If @ +b) + j(@—b) = (2 +55)? + j(2 — j3), find the values of a and ὃ. 


10. If x and y are real, solve the equation 


_jx_ _3xti4 
lt+jy xt+3y 


| 11. Ifz=4 a 


where a,b,c,d, are real quantities, show that (1) if z is 


a rn 
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17. 


18. 


19. 


20. 


real then = a and (ii) if z is entirely imaginary thens = 4, 


. Given that (α + δ) + j(@-b)=(1 +j)? +j(2 +j), obtain the values of 


aandb. 


. Express (—1 +j) in the form r el? where r is positive δη4 --π <6 <7. 
- Find the modulus of z = (2 -- ἢ (5 +j12)/(1 + j2)°. 


. Ifx is real, show that (2 + j) οἴ 113)Χ + (2 ~ j) e113 )* ig also real. 


: i 1 
. Given thatz,; =R, +R + jwL; 2, =R2323 oe? and 


1 
jo, 


of the real constants Ri, R2, Ra, C3 and Cy. 


Za =R, + 


;and also that 2123 = 2z4, express R and L in terms 


If z=x +jy, where x and y are real, and if the real part of 
(z +1)/(z + j) is equal to 1, show that the point z lies on a straight 
line in the Argand diagram. 


When z; = 2 +j3, 2) =3-j4, 23 =-5 +jl2, thenz =z, + es 
3 
If £ = Jz, find E when = 5 +j6. 
If ats Fok Ry Το Where Αι, Α,, Κ5, Κα, ὦ, L and C are real, 
3 eee, 
a ως 
show that 


CR2R3 
w*C?Ri +1 


If z and z are conjugate complex numbers, find two complex 
numbers, z =z, and 2 =z,, that satisfy the equation 


327+ 2(z-Z)=39+j12 


On an Argand diagram, these two numbers are represented by the 
points P and Q. If R represents the number jl, show that the angle 
PRQ is a right angle. 
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COMPLEX NUMBERS 


PART 2 


Programme 2 


Ί Introduction 
In Part 1 of this programme on Complex Numbers, we discovered how to 
manipulate them in adding, subtracting, multiplying and dividing. We also 
finished Part 1 by seeing that a complex number a + jb can also be 
expressed in Polar Form, which is always of the form r(cos @ + j sin @). 
You will remember that values of 7 and @ can easily be found from the 
diagram of the given vector. 


P=a? +b? * r= Va? +b?) 


andtang=2 -. 6 =tan? δ 
a a 


To be sure that you have taken the correct value of 6, always DRAWA 
SKETCH DIAGRAM to see which quadrant the vector is in. 


Remember that @ is always measured from ..............0005 


2 a 


OX | i.e. the positive axis OX. 


oa QO oo O8ognvnagnggocnooooongCAaAoono0g 


Right. Just by way of revision and as a warming up exercise, do the 
following: 


Express z =.12 -- [5 in polar form. 


Do not forget the sketch diagram. It ensures that you get the correct value 
for @. 


When you have finished, and not before, turn on to frame 3 to check your 
result. 
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Result: 3 
13(cos 337°23' + j sin 337°23') 


Here it is, worked out in full. 


r= 12? +52 =144+25=169 
.r=13 


tan B= 5 =0-4167 .. £=22°37' 


In this case, 0 = 360° — Εἰ = 360° — 22°37 .. θ-: 337923' 
Ζ Ξ γίοοϑβ 9 + j ἰπ.θ) = 13(cos 337°23' +; sin 337°23') 


NO0Ono0o0oooOooooooDoOooGooooYg Qo0000000g 


Did you get that right? Here is one more, done in just the same way. 
Express —5 —j4 in polar form. 
Diagram first of all! Then you cannot go wrong. 


When you have the result, on to frame 4. 


Result: 4 
z = 6-403(cos 218°40' + j sin 218°40') 


Here is the working: check yours. 


rP=52 +42 - 25 165-41] 

“7 =/41 = 6.403 
tanE=Z=08 .. ΕΞ 38°40’ 
In this case, @ = 180° + F = 218°40' 


Ys 
So z=—5 —j4 = 6-403(cos 218°40' + j sin 218°40') 


NOOO0G0 4Oeo0o00000000bocoon0g Oo0o0unovang 


Since every complex number in polar form is of the same shape, 
1.6. (cos 6 +j sin θ) and differs from another complex number simply by 
the values of r and @, we have a shorthand method of quoting the result 
in polar form. Do you remember what it is? The shorthand way of writing 
the result above, i.e. 6-403(cos 218°40! + j sin 218°40’) is .oeccccccecseseseees, 
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6-403 [218 40’ 


ὩὨΠΠ ΠΟ ΠΟ ΠΟ ΠΟ ΠΏ ΠΌΒΌΒΒ qgaaqggnagnaa Ω 


Correct. Likewise: 
5.72(cos 322°15' + j sin 322. 15) is written 5-72 307" 15' 


5(cos 105° + j sin 105°) moos 5 | 105° 
πον ἢ π 
3-4(cos ξ +j sin ra) 3.4 le 


They are all complex numbers in polar form. They are all the same 
shape and differ one from another simply by the values of .......... 
and .......... : 


oo onoonooocGoooo00000g [5: 00 oo 


Now let us consider the following example. 


Express z = 4 — j3 in polar form. 
First the diagram. 
Y 


From this, 
x omnaea τὰ x r=5 
tan E=3=0-75 3 B= 36°52 
i3 
§ = 360° — 36°52’ = 323°8' 
Υ, z = 4—j3 = 5(οος 323. 8' +j sin 323,8) 


or in shortened form, Ζ = ««.ννννεννννεννεννν 


Complex numbers 2 


z=5 [323°8" ] 


N0090000000000000000000000000g goog 
In this last example, we have 


z = 5(cos 323°8' + j sin 323°8') 
But the direction of the vector, 
measured from OX, could be given 
as ~36°52', the minus sign show- 
ing that we are measuring the angle 
in the opposite sense from the 
usual positive direction. 


We could write z = S(cos [-36°52'] τ] sin [--36 52}. But you already 
know that cos[-@] = cos 6 and sin[-@] =~sin 6. 


z = S(cos 36°52' —j sin 36°52’) 


i.e. very much like the polar form but with a minus sign in the middle. 

This comes about whenever we use negative angles. 

In the same way, z = 4(cos 250° + j sin 250°) = 4(cos [-110°] + j sin[-110°]) 
AG deseo telecine ) 


z= 4(cos 110° —j sin 110°) 8 


since cos(-110°) = cos 110° 
and sin(—110°) =—sin 110° 
BAe) QOoo0oo0oo0o0d ΞΩΠΠ ὈὨΠΡΟΘΠΠΠΠΩΠΠΠΩΠΠΩΠΏΠΩ ΠΏ ΠΩ 
It is sometimes convenient to use this form when the value of 6 is 
greater than 180°, i.e. in the 3rd and 4th quadrants. 
Ex. 1 200 z = 3(cos 230° +j sin 230°) 
τ = 3(cos 130° —j sin 130°). 


~130 


Similarly,Ex.2 ΖΞ 3(cos 300° + j sin 300°) = 3(cos 60° -ἰ sin 60°) 
EX.3 z= A(cos 290° + j sin 290°) = 4(cos 70° —j sin 70°) 
Ex.4 z= 2(cos 215° +j sin 215°) = 2(cos 145° —j sin 145°) 

and Ex.5 z= 6(cos 310° +j sin 310°) Ξ........ὐνν ιν νιν νίαν 
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z = 6(cos 50° —j sin 50°) 


since cos 310° = cos 50° 
and sin 310° =—sin 50° 


oooooooDoDoOoOocoooOooo9o0o000000 oooooocon is] 


One moment ago, we agreed that the minus sign comes about by the 
use of negative angles. To convert a complex number given in this way 
back into proper polar form, i.e. with a “+? in the middle, we simply 
work back the way we came. A complex number with a negative sign in 
the middle is equivalent to the same complex number with a positive 
sign, but with the angles made negative. 
eg. z = 4cos 30° —j sin 30°) 
= 4(cos [-30°] +j sin [-30°]) 
= 4(cos 330° + j sin 330°) and we are back in the proper polar form. 
You do this one. Convert z = 5(cos 40° — j sin 40°) into proper polar form. 


Then on to frame 10. 


z = 5(cos 320° + j sin 320°) 


since ΖΞ S(cos 40° —j sin 40°) = S(cos [-40 1] sin [-40"]) 
= §(cos 320° + j sin 320°) 


oO ΠΩΠΒ ΘΠ ΠΟ ΠΟ ΠΟ ΘΟ ΒΘ ΠΟ ΒΟ ΠΌΒΌΒ ΘΕ 


Here is another for you to do. 
Express z = 4(cos 100° —j sin 100°) in proper polar form. 
Do not forget, it all depends on the use of negative angles. 
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for z= 4(cos 100° —j sin 100°) = 4(cos [-100°] +j sin [-1 00°]) 
= 4(cos 260° + j sin 260°) 


ὈΘΠΘΌΠΕΠ ΠΩΟΠΕΘΟΠΏΠΗΠΕΟΠΠΟΠΠΩΠΠΠΠΠΩ 


We ought to see how this modified polar form affects our shorthand 
notation. 

Remember, 5(cos 60° + j sin 60°) is written 5 | 60° 

How then shall we write 5(cos 60° —j sin 60°)? 

Y 560° We know that this really stands for 

S(cos [-605] Ὁ sin [-60°]) so we 
could write 5 |-60°. But instead of 
using the negative angle we use a 
different symbol i.e. 5 |-60° 


becomes 5 | 60° 


5l-60° 
Similarly, 3(cos 45° —j sin 45°) = 3 -455 = νιν νυ ας 


3[ 45° 12 


DoO000go00CoOono0cN ΠὈΠΒΘΘΟΒΠΠΠΠΠΠΠΠΠΟΠΠΠΠΏΠΠἊΠΠ 


This is easy to remember, 
for the sign oo ΘΕΙ͂Ν resembles the first quadrant and indicates 
measuring angles δ i.e. in the positive direction, 
while the sign [7 resembles the fourth quadrant and indicates 
measuring angles ./ 16. in the negative direction. 

e.g. (cos 15° Ὁ] sin 15°) is written | 15° 

but (cos 15° —j sin 15°), which is really (cos [-15 +j sin [-15°]) 

is written [155 


So how do we write (i) (cos 1205 +j sin 120°) 
and (ii) (cos 135° —j sin 135°) 
in the shorthand way? 
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(i) 120° (ii) 135° 


oO gogg0n0g00000 oo [5] {11} 
The polar form at first sight seems to be a complicated way of 
representing a complex number. However it is very useful as we shall see. 
Suppose we multiply together two complex numbers in this form. 

Let z, =r,(cos 6, +jsin 6,) and Ζ) =r2(cos 62 1] sin 62) 
Then z,22 =1r,(cos 0; Ὁ] sin 6;)r2(cos 6, +j sin 62) 


π γιγχίοοβ 6, cos, +jsin@, cos6, +j cos 6, sin B, 
+j? sin @, sin 02) 
Re-arranging the terms and remembering that j? =—1, we get 
2122 =P, [(cos 0, cos Az —sin 4, sin 6,) + j(sin θ᾽ cos A, 
+ cos 6, sin62)] 
Now the brackets (cos 6, cos 02 — sin @, sin @,) and (sin 6; cos 0, 
+ cos @, sin@2) 
ought to ring a bell. What are they? 


14 


cos θι cos 4 —sin@, sin @, = cos(@, + 42) 
sin θ1 cos 6, + cos 6; sin@, = sin(@, + 02) 


Oo DOoOnpoDoDonDoooDoOocCoeoDooGoOooo0e0000000 


In that case, 2122 =Mirz {cos(@, +42) Ὁ] sin(@, + 42)] 
Note this important result. We have just shown that 
r;(cos θὲ +jsin 0). r2(cos 6, +j sin8@2) 
=r,rq [cos(, + O92) +j 5π(θι + θ2)}} 
ie. To multiply together two complex numbers in polar form, 
(i) multiply the r’s together, (ii) add the angles, #, together. 

It is just as easy as that! 
e.g. 2(cos 30° + j sin 30°) X 3(cos 40° + j sin 40°) 

= 2X 3(cos [30° + 40°] +j sin [30° + 40°]) 

= 6(cos 70° + j sin 70°) 
So if we multiply together 5(cos 50° +j sin 50°) and 2(cos 65° + j sin 65°) 
We Bet a: ieee iirhaesdsione ‘ 
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10(cos 115° Ὁ} sin 115°) 


ν Q a oO00000000000g00 googaa goog 
Remember, multiply the »’s; add the 6’s. 
Here you are then; all done the same way: 


(i) 2(cos 120° + j sin 120°) X 4(cos 20° + j sin 20°) 
= 8(cos 140° +j sin 140°) 
fii) a(cos @ +j sin 6) X b(cos @ +j sin O) 
= ab(cos[6 + Ὁ] +j sin[6 + Φ]) 
(iii) 6(cos 210° 1] sin 210°) X 3(cos 80° +j sin 80°) 
= 18(cos 290° + j sin 290°) 
(iv) 5(cos 50° +j sin $0°) X 3(cos[-20°] +j sin [-20°]) 
= 15(cos 30° + j sin 30°) 
Have you got it? No matter what the angles are, all we do is 
(i) multiply the moduli, (ii) add the arguments. 
So therefore, 4(cos 35° + j sin 35°) X 3(cos 20° + j sin 20°) 


15 


12(cos 55° + j sin 55°) 


ΠΘΘ ΕΘ ΠῸ6Ὸ ΟΠ Ἢ ἢ ΓΙ Π] Π ΓΠ ΠῚ ( (Π ΕἸ (Π ΓῚ ΠῚ og ooo00g 


Now let us see if we can discover a similar set of rules for Division. 


5+j6 7 : , 

t 
51} we first obtain a denominator 
that is entirely real by multiplying top and bottom by 


We already know that to simplify 
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17 


the conjugate of the denominator i.e. 3 —j4 


oOocDocoOooOoooDoOoOoOfeoOoOoOoOoooOoOoOoOoOonoOo0oO00o0o0000 
Right. Then let us do the same thing with 


r,(cos 6, +j sin @,) 
r,(cos θ. +j sin 62) 


r,(cos 6; ὁ] sin 91) _r:(cos θι +j sin 6; ) (cos θ2 —j sin 62) 
r2(cos 0, +j8inO2) r2(cos@, Ὁ] sin 2) (cos 62 —j sin 82) 


_11(cos 0; cos @2 +j sin, cos 82 —j cos, sin@, + sin 0, sin 62) 
72 (cos*@, + sin* 6, 


_ Ti[(cos θὲ cos 82 + sin @, sin 6) + j(sin 0, cos 6 — cos θ1 sin 62)] 
[2 


=2 [cos (θι ~ 42) Ὁ] sin(@, --θ2}} 
2 


So, for division, the rule 15.....ὕἍὅὕ.νονονονννννννννννον 


18 


divide the 7’s and subtract the angle 


oopoonDoDoOoOoOooOoOoOoOo0o0oCooOooOoDoOoOoOoOno0o000000000 


That is correct. 


6(cos 72° + j sin 72°) _ 


e.g. Acos4i+ jaar") ἘΠ 31° +j sin 31°) 


So we now have two important rules 
If z,; =r,(cos 0, +j sin 6,) and Ζ2 =r2(cos θ, +j sin 62) 
then (i) 2122 =r,r2 [cos(; + 01) Ὁ] 5ἰπίθι + 82)] 


and. (ii) aaa [cos(@, — 82) +j sin(@, -- θ2}} 
2 2 
The results are still, of course, in proper polar form. 


Now here is one for you to think about. 
If z, = 8(cos 65° +j sin 65°) and Ζ) =4(cos 23° + j sin 23°) 
then (i) 2422 = ccs and (03: oe capeastteteeeatand 
2 
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2122 = 32(cos 88° + j sin 88°) 


Ζ 


== 2(cos 42° + j sin 42°) 
22 


880900000000 Π ΠΕ Π [ΠῚ ΓἸ ΓΙ ΓΙ [] Γ ΓῚ [1 ΓῚ [] [) ΓΙ] Π) Γ} Ὁ ΓἸ Π] ΠΩ Π Π ἢ 


Of course, we can combine the rules in ἃ single example. 
5(cos 60° + j sin 60°) X 4(cos 30° +j sin 30°) 
2(cos 50° + j sin 50°) 

- 20(cos 90° + j sin 90°) 
2(cos 50° +j sin 50°) 
= 10(cos 40° +j sin 40°) 


e.g. 


What does the following product become? 
4(cos 20° + j sin 20°) X 3(cos 30° + j sin 30°) X 2(cos 40° + j sin 40°) 


20 


Result: 


24(cos 90° + j sin 90°) 


ie. (4X 3 X 2) [cos(20° + 30° + 40°) + j sin(20° + 30° + 40°)} 
= 24(cos 90° + j sin 90°) 


[o000c0GoOoo00o0o0o000000000000000000ooOooON 


Now what about a few revision examples on the work we have done so 
far? 


Turn to the next frame. 
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21 


Revision Exercise 

Work all these questions and then turn on to frame 22 and check your 
results. 

1. Express in polar form, z = —4 + j2. 

2. Express in true polar form, z = 5(cos 55° —j sin 55°) 

3. Simplify the following, giving the results in polar form 


(ὃ 3(cos 143° +j sin 143°) X 4(cos 57° + j sin 57°) 
(ii) 10(cos 12 126° + j sin 126°) 
“(cos 72 72°. +jsin 72°) 
4. Express in the forma + jb, 
(i) 2(cos 30° + j sin 30°) 
(ii) 5(cos 57° —j sin 57°) 


Solutions are on frame 22. Turnon and see how you have fared. 
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22 


Solutions 
1. r=2?+47=4+16=20 
“r= 4.472 
tanE=0-5 ..ὄ ΕΞ 26934' 
G Ὁ @ = 153°26' 


z=—4 + j2 = 4.472(cos 153°26' Ὁ] sin 153°26') 


2. z = 5(cos 55° —j sin 555) = 5 [cos(-55°) + j sin(-55°)] 
= 5(cos 305° + j sin 305°) 


3. (i) 3(cos 143° + j sin 143°) X 4(cos 57° Ὁ] sin 57°) 
= 3X 4{cos(143° + 57 +j sin(143° + 57°] 
= 12(cos 200° + j sin 200°) 
(ii) 10(cos 126° +j sin 126°) 
2(cos 72° + j sin 72°) 
= > {cos(126° -- 72°) + j sin(126° — 72] 
= 5(cos 54° +j sin 54°) 


4. (i) 2(cos 30° +j sin 30°) 
= 2(0-866 + j0-5) = 1.732 +; 
(ii) S(cos 57° —j sin 57°) 
= 5(0-5446 — j0-8387) 
= 2.7230 — j4-1935 


Now continue the programme on frame 23. 
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23 Now we are ready to go on to a very important section which follows 
from our work on multiplication of complex numbers in polar form. 
We have already established that — 


if Z, Ξ͵ιίοοβ 6, Ὁ] sin 91) and z, =r,(cos 6, τ] sin @,) 
then ZZ =r,r2 [cos(6,; + 62) Ὁ} sin(O; + 6,)] 
So if Z3 =r3(cos 83 Ὁ] sin 63) then we have 


212223 ='1"o {cos(@, +6.) +j sin(6, +6,)] r3(cos 63 +j sin 03) 


24 


212223 =1r2r3[cos(O, + 62 +03) +j sin(O, +42 + 63)] 
for in multiplication, we multiply the moduli and add the arguments. 


ΠΟΒΟΘΘΒΕΒΟΠΠΠ ΒΟ ΠΟ ΒΘ ΠΟ ΠΟ ΠΟ ὈΟ ΠΠΠΏΠΠΠ ἢ 


Now suppose that z;, Z2, Ζ3 are all alike and that each is equal to 

z=r(cos θ +j sin θ). Then the result above becomes | 
212223 =z° =rrr[cos(6 +6 +6) Ὁ] 5ἰπ(0 Ἐθ Ὁ θ}} 
=r? (cos 36 +j sin 36). 
or χ᾽ = [r(cos 6 +; sin 8)]° =r° (cos 6 Ὁ] sin @)° 
=r? (cos 30 Ὁ} sin 36). 

That is: If we wish to cube a complex number in polar form, we just 

cube the modulus (r value) and multiply the argument (@) by 3. 


Similarly, to square a complex number in polar form, we square the 
modulus (r value) and multiply the argument (6) by  .......Ψ.Ψ.ννννννννένννν 
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2 | ie. [r(cos @ +j sin 6)]? =r? (cos 26 + j sin 26) 


ood N00000o0000 [5] o0a0g 


Let us take another look at these results. 
[7 (cos 6 + j sin )]* =r? (cos 26 +j sin 26) 
[7 (cos 6 + j sin 9})}" =75(cos 36 + j sin 36) 
Similarly, 
[7 (cos @ +j sin 6)}* =74(cos 46 +; sin 40) 
Ir (cos θ +j sin θ)} " =75(cos 56 Ὁ] sin 50) 


and so on. 
In general, then, we can say 
[γ (το θ Ὁ} 5ἰη 0}]" Acne νι νιον ναι να νιν ιν oe 
Ir (cos 9 +j sin @)}” = | "(cos nO +j sinn@) 
SO00000000000000nn00000000000R0nn o a 


This general result is very important and is called DeMoivre’s Theorem. 
It says that to raise a complex number in polar form to any power n, we 
raise the r to the power n and multiply the angle by n. 
€g. [4(cos 50° + j sin 5072 = 4? [cos(2 X 50°) +j sin(2 X 50°)] 

= 16 (cos 109° +j sin 100°) 
and = [3(cos 110° +j sin 119°)]° = 27(cos 330° + j sin 330°) 
and in the same way, 
[2 (cos 37° + j sin 37} = 
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2] 


16(οος 148° +j sin 148°) 


ooooa ooooo00o0oonn0000o00un0 0 0 


This is where the polar form really comes into its own! For DeMoivre’s 
theorem also applies when we are raising the complex number to a 
fractional power, i.e. when we are finding the roots of a complex number. 
e.g. To find the square root of z = 4(cos 70° + j sin 70°). 


We have Vz =z? = [4 (cos 70° +j sin 70°)]2 ie.n =5 


ο ο 
Ξ ab(cos Ὁ +jsin 2 ) 
= 2(cos 35° +j sin 35°) 

It works every time, no matter whether the power is positive, negative, 
whole number or fraction. In fact, DeMoivre’s theorem is so important, 
let us write it down again. Here goes — 

If z=r(cos θ +j sin @), then 2” = oe 


z=r(cos θ Ὁ] sin @), then | 2” =r"(cos πθ +j sinn@) 


for any value of n. 


ΠΠΟΠΟ ΠΟ ΠΟ ΠΟΘ ΠΘΠΠΌΘΒΕ ΠΕ ΕΞ ἘΠ ΕΙ:ΕΙ ΕΠ, ΕἸ oo 


Look again at finding a root of a complex number, Let us find the cube 
root of z = 8(cos 120° +jsin 120°). 
Here is the given complex number 
shown on an Argand diagram. 
z=8|120° ; 

Of course, we could say that @ was 
“1 revolution + 120°’: the vector 
would still be in the same position, 
or, for that matter, (2 revs. + 120°), 
(3 revs. + 120°), etc. 

ie.z=8 |120°, or 8 |480°, or 8 |840°, or 8 |1200°, etc. and if we now 


apply DeMoivre’s theorem to each of these, we get 


38 = 83 139 or 83 ae ΟΣ feats: Obesietideeest etc. 
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A=83 32 οι 82 [SP or sk θα 1200° 29 


[5 O oo ΠΏ ἢ ΠΠ ἢ Π Π Π ΓῚ ΓῚ ΓΙ ἢ ΕἸ ΓῚ [ἢ ΓῚ ΓΠ ΓῚ 


If we simplify these, we get 


zt=2|40° or 2 [1605 or 2 [2805 or 2 400° ete. 


If we put each of these on an Argand diagram, as follows, 


465 2 160° 280° 


we see we have three quite different results for the cube roots of z and 
also that the fourth diagram is a repetition of the first. Any subsequent 
calculations merely repeat these three positions. 


Make a sketch of the first three vectors ona single Argand diagram. 


Here they are: The cube roots of z = 8(cos 120° +j sin 120°). 3 0 


NON000OOnoOOoOo0O0ooooOoOooooDo oga0000g OO 


We see, therefore, that there are 3 cube roots of a complex number. 
Also, if you consider the angles, you see that the 3 roots are equally 
spaced round the diagram, any two adjacent vectors being separated 
DV Saas cht degrees. 
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1205 


ΠΩΗΠΏΠΟΠΟΠΟΠΠΏΠΕ ΠΠΠΠ ooagcno 


That is right. Therefore all we need to do in practice is to find the first of 
the roots and simply add 120° on to get the next — and so on. 
Notice that the three cube roots of a complex number are equal in 
ο 


modulus (or size) and equally spaced at intervals of 2 i.e. 120°. 


Now let us take another example. On to the next frame. 
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Example. To find the three cube roots of z = 5(cos 225° + j sin 225°) 


The first root is given by z, = a = Sh(cos 225 +j sin = ) 


= 1-71(cos 75° +j sin 75°) 
z, =1-71 |75° 
We know that the other cube roots are the same size (modulus), i.e. 1-71, 
and separated at intervals of ae , ie. 120°. 
So the three cube roots are: 
Ζι =1-71 | 75° 
Ζ,) =1-71 [195° 
z3 = 1-71 [315° 


It helps to see them on an Argand diagram, so sketch them on a combined 
diagram. 
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ΡΥ 
Pete hey ane: We find any roots of a complex 33 


number in the same way. 


(i) Apply DeMoivre’s theorem to 
find the first of the n roots. 

(ii) The other roots will then be 
distributed round the diagram 


at regular intervals of a 


A complex number, therefore, has 


3 cube roots, » » ae ie. 120° 

4 fourth roots, » » ae ie. 90° 

5 fifth roots, » RPC Kealavann oa hind etc, 

There would be 5 fifth roots separated by 300 1.6. 72" 34 


oono00a [O00000000000Gn000000n00000c0o00000 


And now: To find the 5 fifth roots of 12 | 300° 


° 
z=12(300° « z, =125 2 = 125 | 60° 


We now have to find the value of 125. Do it by logs. 
Let A= 125. Then log A == log 12 =i(1 0792) = 0.2158 
Taking antilogs, A= 1-644 


The first of the 5 fifth roots is therefore, z, = 1-644| 60° 
The others will be of the same magnitude, i.e. 1-644, and equally 


separated at intervals of a 16; 72° 


So the required 5 fifth roots of 12 [3009 are 
71 = 1-644| 60°, 2, = 1-644 (132°, 2, = 1.644 [2045 
Ζ, = 1-644| 276", 2. = 1.644 | 348° 
Sketch them on an Argand diagram, as before. 
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2; 
Σὲ j Zz, = 1644 60 
Zo = 1-644 136“ 
χ,------ Χ z3 = 1:644[204° 
25 Zq = 1:644 [276° 


Zs = 1644 [3485 


24 
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Principal root. Although there are 5 fifth roots of a complex number, we 
are sometimes asked to find the principal root. This is always the root 
whose vector is nearest to the positive OX axis. 
In some cases, it may be the first root. In others, it may be the last 
root. The only test is to see which root is nearest to the positive OX axis. 
In the example above, the principal root is therefore .......Ψ.νννννοννννννννννοιν 


36 Principal root | zs = 1-644 |348° 


oa0ono00o0gno ὩΟΘΟΒΕΠΟΘΟΠΕΠΟΠΕΠΟΕΠΕΠΒΠΏΩΠΘΠΠΠ 


Good. Now here is another example worked in detail. Follow it. 
We have to find the 4 fourth roots of z = 7(cos 80° + j sin 80°) 


The first root, z, = 1% = Ξ 71 20° 


Now find 74 by logs. Let A = Te 
Then log A Ξ log 7 =4(0-8451) = 0-2113 and A = 1-627 


Z, = 1-627 | 20° 
The other roots will be separated by intervals of ra = 90° 


Therefore the four fourth roots are — 
Zz, = 1-627 20° Z = 1-627| 110° 


z3 = 1-627 | 200° Z4 = 1-627| 290° 


And once again, draw an Argand diagram to illustrate these roots. 
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= 1627 | 20° 


ze = 1.627 [110° 
z3 = 1627 |200° 


= 1627 |290° 


Ooo00o0 is) ΒΌΠΌΠ ΠΕ ΠΩ ΠΠ Ἢ ἢ Π Π Π Π Π Γ] Ὁ) Ὁ ΓΙ ἢ 


And in this example, the principal fourth root is ...................... 


Principal root: z, = 1-627 |20° 


since it is the root nearest to the positive OX axis. 


Doo000000000 NO00000oononoOnooD QO 


Now you can do one entirely on your own. Here it is. 


Find the three cube roots of 6(cos 240° + j sin 240°). Represent them 
on an Argand diagram and indicate which is the principal cube root. 


When you have finished it, turn on to frame 39 and check your results, 
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z, =1817 [_80 
22 = 1.817 [200° 


z3 = 1.817 [320° 


Principal root: z3 = 1.817 [320° 


oO Qa ooonoooo0on0o0o0co00 Oo Oo Go ia] 
Here is the working. 
= 6| 240° 2,265] ἘΞ = 1817 80° 
360° 


Interval between roots = = 120° 


3 
Therefore the roots are: 


, = 1-817 [80° Z2 = 1-817 [200° 23 = 1-817 [320° 
The principal root is the root nearest to the positive OX axis. In this case, 
then, the principal root is z3 = 1-817 [320° 
On to the next ἘΡΉΠΙΕ 


40 


Expansion δὴ sin n@ and cos n@, where n is a positive integer. 
By DeMoivre’s theorem, we know that 


cosn@ Ὁ] sinn@ =(cos θ +j sin)” 


The method is simply to expand the right-hand side as a binomial series, 
after which we can equate real and imaginary parts. 
An example will soon show you how it is done: 


Ex. 1. To find expansions for cos 36 and sin 30. 


We have 
cos 30 +j sin 36 =(cos @ +j sin @)° 


=(c+js)> | where c= cos @ 
s= sin @ 
Now expand this by the binomial series — like (@ + δ)" so that 
cos 36 +j sin 30 = oe 
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οὐ + |3εἧς — 3.52 — js 41 


for: cos 30 + j sin 30 = οὐ + 3c?(js) + 3c(js)? + (js)? 
=? + j3c?s — 3.52 — js? since j? =~] 
+3 — . 
=(c? — 3.52) + (3c? s ~ ς5) yy 
Now, equating real parts and imaginary parts, we get 
OS | ens ον α 
and SIN SOS ee athe nien ees 
cos 30 = cos? @ — 3 cos @ sin? 42 


sin 30 = 3 cos?@ sin @ ~—sin36 


If we wish, we can replace sin?@ by (1 — cos”) 
and cos*@ by (1 — sin?) 
so that we could write the results above as 
| COS 30 = το ουκοῦος (all in terms of cos θ) 
Sin 38 Se kale aed (all in terms of sin @) 


cos 30 = 4 cos?@ — 3 cos 0 
sin 36 =3 sin @ — 4 sin36 


since cos 38 = cos* -- 3 cos 6 (1 — οο520) 
= cos*@ — 3 cos @ + 3 cos? 
= 4 cos? @ -- 3 cos 6 
and sin 30 = 3(1 — sin? @) sin @ -- sin3 6 
=3 sin @ -- 3 sin?@ — sin? 
=3sin@ -- 4 sin? 
While these results are useful, it is really the method that counts. 
So now do this one in just the same way: 
Ex. 2. Obtain an expansion for cos 46 in terms of cos θ. 


When you have finished, check your result with the next frame. 
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cos 40 = 8 cos*@ ~ 8 cos?@ +1 


Working: cos 49 +j sin 49 =(cos 6 +j sin 6)* 
=(c + js)* 
=¢7 + 4c3(js) + 6c? (js)? + 4c(js)? + (js)? 
Ξ οἵ + j4c3s — 6c?s? — j4cs® + s* 
= (οὗ — 6.252 + s*) + j(4c3s — 4.55) 
Equating real Pee ΓΕ ee 
=c* —6c?(1—c?) +(1-c?)* 
Ξ οἵ -- 6c? + 6c* + 1 —2c? τ οἵ 
= Be" S80? 4] 
=8 cos*@—8 cos?6 +1 


Now for a different problem. On to the next frame. 


45 


Expansions for cos" and sin’ @ in terms of sines and cosines of 
miltiples of 6. 
Let z=cos@+jsin@ 


then :- Zz’ =cos@—jsin@ 


᾿ z+4=2 cos @ and z—+=j2sind 


Also, by DeMoivre’s theorem, 


z” =cosn@ τ sin né 


1 
and oh z"=cosné@ —j sin né 


gn ti =2 cos né@ and z” ari 2 sin nO 


Let us collect these four results together: z = cos @ +j sin @ 


Make a note of these results in your record book. Then turn on and we 
will see how we use them. 


59 


Complex numbers 2 


Ex. 1, Τὸ expand cos*@ 4 


From our results, Zz tts 2 cos @ 
ἡ (2cos 6) =(2 +2)? 


1 1 
#432? (6 3χζ 2). 1 
2 7 ©) 320 τ) 33 


11 
= 3 ae = 
Ζ 1321 3-ὶ-3 


Now here is the trick: we re-write this, collecting the terms up in pairs 
from the two extreme ends, thus — 


(2 cos 6)? =(z? Ἐν + 3(z +) 
And, from the four results that we noted, 


Ζ1.-- Ξ 


and ae Ξ 


2 +2=2 cos 6323 +, =2 cos 39 4] 


ἡ (2 cos 0)? = 2 cos 36 + 3.2 cos θ 
8 cos*@ Ξ 2 cos 36 + 6 cos @ 
4 cos? = cos 36 + 3 cos@ 


cos? -Σ (cos 36 + 3 cos θ) 


Now one for you: 
Ex. 2. Find an expansion for sin*@ 
Work in the same way, but, this time, remember that 


z-5=j2sin@ and 2” τα =) 2 sin nd 


When you have obtained a result, check it with the next frame. 
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sin* 9 = ὁ [cos 46 -- 4 cos 26 + 3] 
for, we have: 
1 1 
PON, δου δὲς aa a call Sa Se 
2-- j2sin 6;z φι 12 sin πθ 
Ὁ 6 2 51η6}} =(z -": 
Ι 1 1 1 
= 54 453 2 ἘΣ 
7 425 =) 62%( 5) 4 2(52) +50 
1 1 
=(77+2)-— 2 
(z =a) A(z +>) +6 
Now zit =2 cos n@ 


‘16 sin*@ =2 cos 4θ -- 4.2 cos 20 +6 


᾿ς sin*@ =< [cos 46 — 4 cos 26 + 3] 


They are all done the same way: once you know the trick, the rest is 
easy. 
Now let us move on to something new. 
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Loci Problems 


We are sometimes required to find the locus of a point which moves 
in the Argand diagram according to some stated condition. Before we 
work through one or two examples of this kind, let us just revise a 
couple of useful points. 

You will remember that when we were representing a complex 
number in polar form, i.e., z =a +jb =r(cos 6 + j sin @), we said that 
(i) ris called the modulus of z and is written ‘mod z’ or|z| and 
(ἢ 0» » » argumentofz» » » ‘arg 2” 


Also, r=/(a? + b?) and 6 = tan’! 2} 


so that | z | =V/(a? + b?) and arg z = tan | (=. 


Similarly, ifz=x + jy, then [2] =o. 
and arg ΖΞ ....Ψ«ὐνρννννννννον 
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ere [lel= να’ +y*) and argz = tan" (2) | 


Keep those in mind and we are now ready to tackle some examples. 
ἔχ. 1. Ifz =x + jy, find the locus defined as Iz| =5, 
Now we know that in this case, | Zz | Ξ V(x? + y?) 


The locus is defined as \/(x? + y?) = 5 


x? ἐγ = 25 
Y 
Locus|z] = 5 
ie. σὲ +y* = 25 
ae This is a circle, with centre 
at the origin and with 
Ki x : 
radius 5. 
Yt 
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Ex. 2. If z =x + jy, find the locus defined as argz ΞΞ 
: =tayrilJy\. =I Ac 
In this case, arg z = tan [3 “ tan [2 7 
= = tan [= tan 45° = | =l . y=x 


“«-- - arg zat 
ie y= a 


X4 Χ 


Ὺ 


All locus problems at this stage are fundamentally of one of these 
kinds. Of course, the given condition may look a trifle more involved, 
but the approach is always the same. 


Let us look at a more complicated one. Next frame. 
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52? Ex. 3. \fz =x + jy, find the equation of the locus a | =2 


Since z =x t+ jy, 
zt+1l=xtjytl=at+lt+p =r [91 =2Z, 
z-l=xtjy-l=(-)Dtj =rn]6, ΞΖ, 


eet bin κι [θ.. Fi 7 

“z-] rr | 02 π᾿ (81792 
vA) «τὶς teal Μία ΕΙΣ A 
2-1} γχ Z| νία -- 1)? +7] 


[6 τι) +y?] = 

Te Dt | 
Gil εν 
Galfer” 


2 


4 


All that now remains is to multiply across by the denominator and tidy 
up the result. So finish it off in its simplest form. 


9 ατη) δεν 


We had Geist = 
So therefore (x+1)? +p? = 4 ~1) +y?} 


x? +2xy+1 ty? = A(x? -2x +14 y?) 
= 4x? —8x+4+ 4y? 
ἡ 3x? — 10x +34 3y? = 
This is the equation of the given locus. 


Although this takes longer to write out than either of the first two 
examples, the basic principle is the same. The given condition must be 
a function of either the modulus or the argument. 


Move on now to frame 54 for Example 4. 
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ἔχ. 4. Ifz =x + jy, find the equation of the locus arg (z?) = 
Z=xtip Ξι 9. Δ argz=0=tan? {=} 
“tang =% 
x 
-. By DeMoivre’s theorem, z? =r? [20 


+ 84 


= ang(2?) = 29 - 


“ tan 20 Ξ tan(—2) =~] 


2tan@ ὁ 
 L-tan?@ — 
ὡς 2tané@=tan?6-1 
2 
But tan @ =>. .3 - =] 
x x x 


2χν - γῇ -χῦ 2 y? =x? + Ixy 
In that example, the given condition was a function of the argument. 


Here is one for you to do: 
If z =x + jy, find the equation of the locus arg(z + 1) ΞΞ 


Do it carefully, then check with the next frame. 


Here is the solution set out in detail. ἢ ἢ 
Ifz =x + jy, find the locus arg(z + 1) =f. 


zexty .. ΖΕΙ Ξχ τὶν ΕἸ Ξ ἘΠ) τ ν 
ἘΠ Ξια. # |) o@ 
arg(z + 1) = tan | 3 


* J = τς 
ἔς πῆς V3 


y=V3(x +1) 
And that is all there is to that. 
Now do this one. You will have no trouble with it. 
Ifz =x + jy, find the equation of the locus | 2-ἰ|ἰ | =§ 


When you have finished it, turn on to frame S6. 
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Here it is: z =x + jy; given locus | z-1 |= 5 
z—-l=xtjy-1=(@-1)t+jy 
[2-1] =V[@-1? +3?) =5 
Δ (x- 1)? +y? =25 
1x? -Ixt+1+y? =25 
ἡ x*-2x+y? =24 
Every one is very much the same. 
This brings us to the end of this programme, except for the final test 
exercise. Before you work through it, read down the Revision Sheet 


(frame 57), just to refresh your memory of what we have covered in this 
programme. 


So on now to frame 57. 
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Revision Sheet 5 7 


1. Polar form of a complex number 

=atjb= 6+jsin @)= 

za jb = r(cos θ τ] sin 6) γ[θ 

r= modz=|z| Ξ να + pb? 


6 =argz=tan! [2] 


z=r(cos [-0] +j sin [-0]) 

cos [-0] =cos 0 

sin [-9] =—sin θ 

ἡ Z=r(cos@—jsin@)=r [9 


3. Multiplication and division in polar form 
If 2, =r, [913 2. Ξ [a2 


then 2122 =P{ 7 | 91 + 6, 


Ζι ="! = 
ae τ a 
4. DeMoivre’s theorem 
if Z=r(cos 6 +j sin 0), then 2” = r"(cos nO + j sin n@) 


5. Exponential form of a complex number | 


ΖΞ ΠΡΟ. besed eee 0A de standard form 
=r(cos@+jsin@)..... polar form 
=reJ? (0 in radians]... . exponential form 
Also elf = cos 8 +j sind 


€1° = cos @ —j sin@ 
6. Logarithm of a complex number 


z=red? ᾿ς Inz=Inr+j6 


7. Loci problems 
If z=xtiy, ἰδ] = W(x? +y?) 
oe ΓΝ 
arg Ζ tan {=} 


That’s it! Now you are ready for the Test Exercise on Frame 58. 
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5 8 Test Exercise—II 


1. 


2 


Express in polar form, z =—S —j3. 


. Express in the forma + jb, (i) 2 {156°, (ii) 5 | 37°. 
. If z, = 12(cos 125° + j sin 125°) and 


2 = 3(cos 72° +j sin 72°), find (i) zz, and (ii) = giving 


the results in polar form. 


. If z= 2(cos 25° +j sin 25°), find z? in polar form. 


. Find the three cube roots of 8(cos 264° + j sin 264°) and state which 


of them is the principal cube root. Show all three roots on an Argand 
diagram. 


. Expand sin 46 in powers of sin θ and cos 6. 
. Express cos*@ in terms of cosines of multiples of 6. 


. Ifz=x + jy, find the equations of the two loci defined by 


(i) |z-4|=3 (ii) arg(z + 2)=2 
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Further Problems—II 


1, 


10. 


. Determine the three cube roots of 


If z =x + jy, where x and y are real, find the values of x and y when 
32 3z 4 
π---- το Ξ - -... 
a 1 ,3:] 


. In the Argand diagram, the origin is the centre of an equilateral 


triangle and one vertex of the triangle is the point 3 + jx/3. Find 
the complex numbers representing the other vertices. 


. Express 2 + j3 and 1 ~j2 in polar form and apply DeMoivre’s 


(2 + j3)* ; 
theorem to ee . Express the result in the forma + jb 


and in exponential form. 


. Find the fifth roots of -3 + j3 in polar form and in exponential form. 


. Express 5 + j12 in polar form and hence evaluate the principal value 


of YS + j12), giving the results in the form a + jb and in form γ αὖθ, 


. Determine the fourth roots of -16, giving the results in the form 


a+jb. 


. Find the fifth roots of -1, giving the results in polar form. Express 


the principal root in the form r εἶθ᾽ 


. Determine the roots of the equation x? + 64 = 0 in the form 


a+ jb, where a and ὃ are real. 


2, Ξι ον; ἶ 

7] giving the results in 
modulus/argument form. Express the principal root in the form 
at jo. 


Show that the equation z? = 1 has one real root and two other roots 
which are not real, and that, if one of the non-real roots is denoted 
by w, the other is then w?. Mark on the Argand diagram the points 
which represent the three roots and show that they are the 

vertices of an equilateral triangle. 
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11. 


18. 


19. 


20. 


21. 


. Ifz =x + jy, show that the locus ΤΕ 


Determine the fifth roots of (2 -- [5), giving the results in 
modulus/argument form. Express the principal root in the form 
a + jb and in the formre!®. 


. Solve the equation z? + 2(1 + j)z + 2 =0, giving each result in the 


forma + jb, witha and b correct to 2 places of decimals. 


. Express e!J7/? in the forma + jb. 
. Obtain the expansion of sin 70 in powers of sin 6. 


. Express sin®x as a series of terms which are cosines of angles that 


are multiples of x. 


. Ifz =x + jy, where x and y are real, show that the locus ee 


2 
=2 
z+2 
is a circle and determine its centre and radius. 


=] τὰς eth ee 
ΞῚ Ἐξ" a circle. Find its 
centre and radius. 


If z = x + jy, determine the Cartesian equation of the locus of the 
point z which moves in the Argand diagram so that 


|z + j2| 2 +|2-j2|? Ξ 40 
If z=x + jy, determine the equations of the two loci: 


ὦ: (i) arg? ~*}- τ 


4 


If z =x + jy, determine the equations of the loci in the Argand 
diagram, defined by 


π 
(224 [2 , and (ii) are? = Ξ 
Prove that 
(i) if|z, +22| Ξ|Ζι —Z2| , the difference of the arguments of 


_ 0 
Zz, andz, is ~. 


2 
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ae 2, +2Z,\) π τ 
(ii) if are 55] Ξ5: then [Ζι| = [Ζ2] 


22. If z=x + jy, determine the loci in the Argand diagram, defined by 
(i) |z+j2l? -|z -j2|? =24 
(ii) |z + jk]? +{2-jk |? = 10k? (k>0) 
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HYPERBOLIC FUNCTIONS 


Programme 3 


Introduction 

When you were first introduced to trigonometry, it is almost certain that 
you defined the trig. ratios — sine, cosine and tangent — as ratios between 
the sides of a right-angled triangle. You were then able, with the help of 
trig. tables, to apply these new ideas from the start to solve simple right- 
angled triangle problems ..... and away you went. 

You could, however, have started in quite a different way. Ifa circle 
of unit radius is drawn and various constructions made from an external 
point, the lengths of the lines so formed can be defined as the sine, 
cosine and tangent of one of the angles in the figure. In fact, trig. func- 
tions are sometimes referred to as ‘circular functions’. 

This would be a geometrical approach and would lead in due course 
to all the results we already know in trigonometry. But, in fact, you did 
not start that way, for it is more convenient to talk about right-angled 
triangles and simple practical applications. 

Now if the same set of constructions is made with a hyperbola instead 
of a circle, the lengths of the lines now formed can similarly be called the 
hyperbolic sine, hyperbolic cosine and hyperbolic tangent of a particular 
angle in the figure, and, as we might expect, all these hyperbolic functions 
behave very much as trig. functions (or circular functions) do. 

This parallel quality is an interesting fact and important, as you will 
see later for we shall certainly refer to it again. But, having made the 
point, we can say this: that just as the trig. ratios were not in practice 
defined geometrically from the circle, so the hyperbolic functions are not 
in practice defined geometrically from the hyperbola. In fact, the defini- 
tions we are going to use have apparently no connection with the hyper- 
bola at all. 

So now the scene is set. Turn on to Frame I and start the programme. 
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You may remember that of the many functions that can be expressed 1 
as a series of powers of x, a common one is οἷ, 


2 3 4 
com Me ee es 
e BELA Det ay tag 
If we replace x by —x, we get 
Ee a git gl 


and these two functions e* and e~ are the foundations of the definitions 
we are going to use. 

(i) If we take the value of e*, subtract €*, and divide by 2, we form 
what is defined as the hyperbolic sine of x. 
x -x 
= hyperbolic sine of x 


This is a lot to write every time we wish to refer to it, so we shorten it to 
sinh x, the h indicating its connection with the hyperbola. We pronounce 
it ‘shine x’. 
x “xX 
€ . 
= sinh x 


2 


ν 6} —e ; 
So, in the same Waa would be written as ooo. 


ε 


2 


O0000 ΠΕ ΒΕ δ ἢ ἢ ἢ ἢ Π ΓΠ Π ΠΠ ΓΠ [] Π ΓΙ Ὁ Π Γ ΕἸ Γ ΕἸ ΕἸ oo00g 


In much the same way, we have two other definitions: 


᾿ τ 
(ii) — = hyperbolic cosine of x 
=coshx — [pronounced ‘cosh x’] 
a oe πεν 
(iii) aie hyperbolic tangent of x 


= tanhx [pronounced ‘than x’] | 


We must start off by learning these definitions, for all the subsequent 
developments depend on them. 
So now then; what was the definition of sinh x? 


Programme 3 


ono000 Gooo0o0n00gcg0n00n0ngng00 [5 
Here they are together so that you can compare them. 
Xe 
: e*—é 
sinh x = 
2 
cosh x = re 
2 
x -χ 
οὐ -ε 
tanh x Ξ --------- 
οΧχ + εχ 


Make a copy of these in your record book for future reference when 
necessary. 


DoDDoOnDoooOooODDoOoOoOoDDoOoOoOoOoOoOoOoOoOoOoOnNoOoOoCnNoOoNoNAD 


We started the programme by referring to e* and &™ as series of 
powers of x. It should not be difficult therefore to find series at least for 
sinh x and for cosh x. Let us try. 

(i) Series for sinh x 


x? χ᾽ x4 


e~=l]1+x ta tartart vats 
de χα; Χὸ 
"ἀμ or oi al 
If we subtract, we get 
ES 2χ᾽ 2x° 
XX Ἂς 
λυ eae Ble 
Divide by 2 
e*— Xx ᾿ 5 x3 x5 
5 =sinh x=x +37 Ἐπ pele 
(ii) If we add the series for e* and &*, we get a similar result. 
What is it? 


When you have decided, turn on to Frame 5. 
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2 4 
XOX 
cosh x = 1 +5743; + 
nposoo oa oq oooao0o0o0g0o ooo Q q 
For we have: 
2 3 4 
KF xP Ox 
x = --- — — 
δ era ais 
2 3 4 
x? x? x 
X = _— eee} aces ae tees τῶν 
é 1 xt 314 
2x? 2x4 
x et, ὡς 
e~ +e 2 51 ἘΠ + 
x - 2: 4 
e~ + xP x 
=coshx =1+—+—~-+ 
2 2! 4! 


Move on to Frame 6. 


So we have: 
3 55 7 
: ΧΟ x? x 
sinh x =x ἘΞ toy tart “ὦ 
2 14 ..6 
_ Χο Χο 
cosh x = 1 tartar tet Sue & 


Note: All terms positive: sinh x has all the odd powers, 
cosh x has all the even powers. 
We cannot easily get a series for tanh x by this process, so we will leave 
that one to some other time. 
Make a note of these two series in your record book. Then, cover up 


what you have done so far and see if you can write down the definitions 
of: 


Gi) sinh x = eee (ii) COSHX = eee ceeeaes 
(iii) tanh x = eee No looking! 
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All correct? Right. 


GCoo0o0eo0ond ΠΠΠΠΠΠΠΠΕΒΕΠ ΕΡΕΓΕΡΕΙ 0 Ό 


Graphs of Hyperbolic Functions 
We shall get to know quite a lot about these hyperbolic functions if we 
sketch the graphs of these functions. Since they depend on the values of 
e* and εἴ, we had better just refresh our memories of what these graphs 
look like. 
y =e* and y = €™ cross the y-axis 
at the point y = 1 (e° = 1). Each 
graph then approaches the x-axis 
as an asymptote, getting nearer 
and nearer to it as it goes away to 
infinity in each direction, without 
actually crossing it. 

So, for what range of values of x 
are e* and εἰ positive? 


8 e* and ΕἾ are positive for all values of x 


Correct, since the graphs are always above the x-axis. 


oneononoo0onoeonno0o0an000gg Ooonoagnoog0n20 [5 


Αἴ any value of x, e.g.x Ξ χε, 
x x 


δ ἜΘ ὦ 
cosh x = ππ he. the value of 


cosh x is the average of the values 
of e* and e™ at that value of x. 
This is given by P, the mid point 
of AB. 

If we can imagine a number of 
ordinates (or verticals) like AB and 
we plot their mid-points, we shall 
obtain the graph of y = cosh x. 

Can you sketch in what the 
graph will look like? 
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Here it is: 


We see from the graph of y = cosh x that: 
(i) cosh O= 1 
(ii) the value of cosh x is never less than 1 
(iii) the curve is symmetrical about the y-axis, i.e. 
cosh(—x) = cosh x 


(iv) for any given value of cosh x, there are two values of x, equally 
spaced about the origin, i.e. x = +a. 


Now let us see about the graph of y = sinh x in the same sort of way. 


10 


x e* 
sinh x = 
On the diagram, 
CA = e* 
CB =e«~* 
BA = e* —e* 
e~ = e* 
P = 
Β 2 


The corresponding point on the graph of y = sinh x is thus obtained 
by standing the ordinate BP on the x-axis at C,ie. Py. 

Note that on the left of the origin, BP is negative and is therefore 
placed below the x-axis. 

So what can we say about y = sinh x? 
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From the graph of y = sinh x, we see 
(i) sinh οξ 
(ii) sinh x can have all values from —% to +0 
(iii) the curve is symmetrical about the origin, ie. 
sinh(-x) = —sinh x 
(iv) for a given value of sinh x, there is only one real value of x. 


If we draw y = sinh x and y = cosh x on the same graph, what do we get? 


12 Y y= cosh x 


y= sinh x 


Y 
Note that y = sinh x is always outside y = cosh x, but gets nearer to it 
as x increases ; ᾿ 
ie. asx 7°, sinh χ > cosh Χ 


And now let us consider the graph of y = tanh x. Turn on. 
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It is not easy to build y = tanh x directly from the graphs of y = e* 13 
and y Ξ εὐ. If, however, we take values of e* and e~ and then calculate 
᾿ 9 2X. 
= oo and plot points, we get a graph as shown. 
ex τον 


y =tanh x 


x 


We see (i) tanho=0 
(ii) tanh x always lies between y =—1 and y= 1 
(iii) tanh(—x) = —tanh x 
(iv) asx >, tanhx > 1 
asx >-,tanhx7>-1. 


Finally, let us now sketch all three graphs on one diagram so that we can 
compare them and distinguish between them. 


Here they are: Y sy =cosh x 1 A 


ea 


One further point to note: 

At the origin, y = sinh x and y = tanh x have the same slope. The two 
graphs therefore slide into each other and out again. They do not cross 
each other at three distinct points (as some people think). 

It is worth while to remember this combined diagram: sketch it in your 
record book for reference. 
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15 Revision Exercise 
Fill in the following— 


e* +e~ " 


(vi) : 


Χ, 


Y 


Results on the next frame. Check your answers carefully. 
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Results: Here they are: check yours. 


(i) eX +e* 


x4 


(v) 


x 


(vi) 


u 


x 


cosh x 


tanh x 


sinh x 


————y = tanh x 


fe—-y = cosh x 


x 
x 
y= sinh x 
x 


Y 
Now we can continue with the next piece of work. 


16 


WEE aa ET ee 
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1] 


Evaluation of Hyperbolic Functions 
The values of sinh x, cosh x and tanh x for some values of x are given in 
the tables. But for other values of x it is necessary to calculate the value 
of the hyperbolic functions. One or two examples will soon show how 
this is done. 
Example 1. To evaluate sinh 1-275 

Now sinh x =4(eX-e%) -. sinh 1-275 = ξ(ε᾽ 275 - ε΄ 275). We now 
have to evaluate e! 275. Note that when we have done that, 61275 ig 
merely its reciprocal and can be found from tables. Here goes then: 


Let A=e!275 2. In A=1-275 and from tables of natural logs we 
now find the number whose log is 1-275. 


This is 3.579. .. A= 3-579 (as easy as that!) 
1 
579 


* sinh 1-275 =4(3-579 — 0-279) 
= 4(3-300) = 1-65 
Δ sinh 1-275 = 1-65 


In the same way, you now find the value of cosh 2-156. 
When finished, move on to frame 18. 


So e!'275 =3.579 and 61775 = τ = 0.2794 


18 


cosh 2-156 = 4-377 


ooa0oo0o0dog0 a ooooo0o0000000 ooonooo0o0n0d0 a 
Here is the working: 
Example 2. cosh 2-156 = 1(ε2156 + 612156) 


Let Az=e25° + InA=2-156 .. A= 8-637 and oe 0-1158 
cosh 2-156 = (8-637 + 0-116) 
= 1(8-753) = 4-377 
2. cosh 2-156 = 4-377 


Right, one more. Find the value of tanh 1.27. 
When you have finished, move on to frame 19. 
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tanh 1-27 = 0.8539 19 


a a Π ΠΏ ΠΠ Γ Π Π ΠῚ a [π᾿ 
Working: ee. eas 
Example 3. tanh 1-27 = se 

el 27 of el27 


Let Az=el?? + nA=1-27 .. A=3-561 and 5 = 0-2808 


3-561 — 0-281 _ 3-280 0-5159 
3.561 +0-281 3.842 0.5845 
tanh 1-27 = 0-8539 1.9314 


Δ tanh 1-27 = 


So, evaluating sinh, cosh and tanh is easy enough and depends mainly 
on being able to evaluate eX, where k is a given number — and that is most 
easily done by using natural logs as we have seen. 


And now let us look at the reverse process. So on to frame 20. 


Inverse Hyperbolic Functions 
Example 1. To find sint’’ 1-475, i.e. to find the value of x such that 20 
sinh x = 1-475. 
Here it is: sinh x = 1.475 .. 4(e* —&*) = 1-475 
: ι 
. εἶ ὦ ἘΣ = 2-950 


Multiplying both sides by e*: (e*)* — 1 = 2-95(e*) 
(e*)? — 2-95(e*)- 1 =0 
This is a quadratic equation and can be solved as usual, giving 
ex = 2:95 tV(2-95? +4) _ 2.95 tV(8-703 + 4) 
2 2 
_ 2:95 ++/12-703 _ 2:95 + 3-564 
2 2 


= tee or — oo = 3.257 or —0-307 
But e* is always positive for real values of x. Therefore the only real solu- 
tion is given by e* = 3-257. 
“ x = In 3-257 = 1-1809 


“x = 1-1809 


Exercise 2. 
Now you find cosh! 2-364 in the same way. 
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21 cosht! 2.364 = :1.507 


5] ΓΠΓΙῸ onaqgqanannana σα aoa a} Qa 
For: To evaluate cosh! 2-364, let x = cosh’ 2-364 


x aX 
᾿Ξ cosh x = 2-364 -. Ἐπ ἧς Ξ2.364Ὦ .. εχ τ i = 4.728 


(e*)? — 4-728(e*) + 1 =0 
x _ 4728 + (22:36 — 4) 
2 


ao 


e V 18-36 = 4-285 

= 3(4-728 + 4-285) = 4$(9-013) or $(0-443) 

e* = 4.5065 or 0-2215 

. x =1n4-5065 or In 0-2215 
= 1-5056 or 2-4926 i.e. —1-5074 
x =+1-507 
Before we do the next one, do you remember the exponential defini- 

Ἷ tion of tanh x? Well, what is it? 
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oOognoDnoOoOoOoOooooOooonDoOoDoOoOoooOooOoOoOoo0o0n0000000 
That being so, we can now evaluate tanh’ 0-623. 
Let x =tanh! 0-623 .. tanh x = 0-623 
x ax 
. ΞΘ «-ρ.623 
e~ «εχ 
᾿ς et —&* = 0-623(e* τε) 
Δ (1- 0-623) e* = (1 + 0-623) ἐν 


0-377 e* = 1-623 εἶ 


_, 1-623 
8 0-2103 
& (e*)? = 1-623 T-5763 
0-377 2) 0-6340 
* eX = 2.075 0-3170 


“x =In 2-075 = 0-7299 


.. tanh’ 0-623 = 0-730 
Now one for you to do on your own. Evaluate sinh 0-5. 
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sink! 0-5 = 0-4810 23 


qgoa a 30 ΠΟ ΠΟ ΠΠὨΠΠΠΠΩ Ω ooo000 
Check your working. 
Let x=sinh 0-5 .. sinhx =0-5 
x aX 
6“ -α Ὰ Ae 
τ Ξρ.5 «et -+=1 
εχ 


Δ (5 - 1 Ξ οὐ 

(e*)? —(e*)-1=90 

x. 1tV¥(1+4)_ 145 
6. -----.-.-.- a 


2. 
Re 3-2361 δὲ —1-2361 
a τ τ ἘΠῚ 
= 1-6181 or -Ο.6181 
Sas a eX =-0.6181 
Δ x =I1n 1-618] = 0-4810 gives no real 
sinh’? 0-5 = 0-4810 value of x. 


And just one more! Evaluate tanh’! 0.75. 
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ΕΞ ἘΠΕῚ ἘΠ ΕΙΣ: ΕΙ ΙΕ ΡΞ ΕΙ ΓΗ 3. Ε} ἘΠῚ ΕΙ ΡΕΙ ἘΠῚΈΠΕΙ ἘΠῚ ΕΓ ΕΙΔΕΙ͂; Ι ἘΠ ΕΠ ΙΕ ΕΡ ΕἸ 


Let x=tanh!0-75 .. tanh x =0-75 
exe 
. —— + = 0-75 
e* +e~ 


e* — δ =0.75(e*% + €*) 
(1-0.75)e* =(1 + 0-75) e* 
0-25e% =1-75e* 


χη. 175. 
(ey τρῶς "7 


e* Ξε 7 = 42-6458 
But remember that εἴ cannot be negative for real values of x. 
Therefore οἷ = 2-6458 is the only real solution. 


ἦρχ =In 2-6458 = 0-9731 
tanh! 0-75 = 0-9731 
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2 5 Log. Form of the Inverse Hyperbolic Functions 
Let us do the same thing in a general way. 
To find tanh’! x in log. form. 
As usual, we start off with: Let y=tanlt'x -. x =tanhy 
eh 


Se τὸς MeeVee gs ey 
--- τα ἡ, ε΄ -- ο΄ Ξχίο τὸ 
ete” ( ) 

e(1-x)= 67. τχ)Ξ S(1 +x) 

2y 1τχ 67 
[τ = =e 
1-x 
lt+x 
ἢν τ [125] 
J y = tanh txe#in{ = 
So that tant! 0-5 =41n ἴω 
=} In 3 =4(1-0986) =0-5493 


_ And som tankr’ (-0- ist FS tholshedest essere 
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πΠΟΠΠΟΠΠΟΠΠΠΟΠΩΠΠΠΗΠΠΠΠΠΠΠΠΠΠΠΗΠΠΕΠΠΌΘΏΠΠΕΒΒΕ 


lt+x 
For, tanh” tx=$in{i*2| 
. lo. Ὡς} 0-6 1 0.4 
. tanh" (-0-6) Ξ 9 In {τος =5 In ΤΕ 
Ξα In 0.25 2.5 0.9163 
2.6137 
=4(-1-3863) oe 
=—0-6932 
Now, in the same way, find an expression for sinh’ x. 
Start off by saying: Lety=sinti'x ὦ. x = sinh y 
Beer 
fe ey aes Ss ae ee 
5 x Jee 2x we -» 2x 
(ec)? — 2x(e”)-1=0 Now finish it off. 
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Result: sinh *x =In{x +-V(x?+1)} 27] 


im) Oo [ae ood HOooo000go0o000 o0 
For (e’)? — 2x(e”)-1=0 
ay = 2% +V/(4x? +4) _ 2x t2V (x7 + 1) 
2 2 
=xtV@?+1) 


e” =x +V(x? +1) or eY =x-V(x? + 1) 
At first sight, there appear to be two results, but notice this: 
In the second result, V(x? +1) >x 

᾿ς eY =x — (something >x) i.e. negative. 
Therefore we can discard the second result as far as we are concerned 
since powers of e are always positive. (Remember the graph of e*.) 
The only real solution then is given by e” =x ἐν +1) 

= = sink! x= ne νοῦ + ὭΣ 


Finally, let us find the eae expression for cosh! x 2 8 
Vtg 
Let y=cosh'x . x =coshy το +e 


Ὁ tank 2 (= 2x(e”) +1=0 
oY = MAEVE) 2s a αὐτὸ 


᾿ 6) =x t+V(x?-1) and e? =x-V(x?-1) 
Both these results are ἀν since ψν( αὖ -- Ι) <x. 


ἜΝ ἘΠῚ 0. 
However, lores ee =1) χεναῖ- ἡ x -Vix?=-1) 
Xeni = ἢ). 


πὴ VON 
So our results can be written 


eY =x +(x? — 1) and e” = : 


x +(x? ~1) 
=o εν -- 1) or fe ἐνο-- Π)}! 
Ὁ ΞΙπίχ τ (2 -1)} or In {x τ να -1)} 
. cosh? x = + In{fx +(x? -- Π)} 


Notice that the plus and minus signs give two results which are symmetri- 
cal about the y-axis (agreeing with the graph of y = cosh x). 
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29 Here are the three general results collected together. 
sinh x = Indx + f(x? + η) 
cosh! x = In {x + (x? — 1)| 


7%) 


-Ι ΞΡ 
tanh x +in{;=— 


Add these to your list in your record book. They will be useful. 
Compare the first two carefully, for they are very nearly alike. Note 


also that (i) sinh’! x has only one value. 
(ii) cosh” x has two values. 


So what comes next? We shall see in frame 30. 


Hyperbolic Identities 

3 0 There is no need to recoil in horror. You will see before long that we 
have an ea‘y way of doing these. First of all, let us consider one or two 
relationshi 9s based on the basic definitions. 


(1) The first set are really definitions themselves. Like the trig. ratios, 
we have reciprocal hyperbolic functions: 


(i) cothx (i.e. hyperbolic cotangent) = 


tanh x 
(ii) sech x (i.e. hyperbolic secant) = Some 
(iii) cosech x (i.e. hyperbolic cosecant) = ἘΠΕῚ 


These, by the way, are pronounced (i) coth, (ii) sheck and (iii) co-sheck 
respectively. 

These remind us, once again, how like trig. functions these hyperbolic 
functions are. 


Make a list of these three definitions: then turn on to frame 31. 
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. sinhx _e*—e* εὐ +e* 31 
(2) Let us consider aie oD 
ex -—e* 
= —__——= tanh x 
ex t+e* 
ἜΕΕ sinh x Very much like | 
᾿ cosh x sin 6 
tan θ = —— 
COS a{ 
(3) Cosh x =4(e* +e*); sinh x =4(e* -- &*) 
Add these results: cosh x + sinh x = e* 
Subtract: cosh x — sinh x = εχ 


Multiply these two expressions together: 
(cosh x + sinh x) (cosh x — sinh x) = e*.e* 
᾿ς cosh2x — sinh?x = 1 


[in trig., we have cos? + sin?@ = 1, so there is a difference in } 


sign here. 
On to frame 32. 
(4) We just established that cosh?x — sinh?x = 1. 3 2 
 5Πηχ 1 


aes Deak = 
Divide by cosh?x: cosh2x cosh2x 


1 -- tanh?x = sech?x 
sech?x = 1 — tanh?x 
{Something like sec?6 = 1 + tan70, isn’t it?} 


(5) If we start again with cosh*x — sinh*x = 1 and divide this time by 
sinh*x, we get 


cosh?x _ {π- Ὁ 
sinh?x sinh?x 
᾿ς coth?x ~ 1 = cosech?x 
᾿ς cosech?x = coth?x — 1 


{ In trig., we have cosec?6 = 1 + cot?6, so there is a sign ctference 
here too. 


Turn on to frame 33. 
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3 3 (6) We have already used the fact that 
coshx +sinhx =e* and coshx—sinhx=¢* 


If we square each of these statements, we obtain 


34 cosh?x + 2 sinh x cosh x + sinh?x = e2* 


cosh?x — 2 sinh x cosh x + sinh?x = εχ 


So if we subtract as they stand, we get 


4 sinh x cosh x = e?* — ει 
2X κα, Χ 


“. 2 sinh x coshx = a mee = sinh 2x 


᾿ς sinh 2x = 2 sinh x cosh x 
If however we add the two lines together, we get 


3 5 2(cosh?x + sinh?x) = e?* + ¢?* 
2x 2x 
υ 2 : 2 + 
. cosh*x + sinh*x =——z—~ = cosh 2x 


᾿ς cosh 2x = cosh?x + sinh?x 
We already know that cosh?x — sinh?x = 1 
᾿ς cosh*x = 1+ sinh?x 
Substituting this in our last result, we have 
cosh 2x = 1 + sinh?x + sinh?x 
᾿ς cosh 2x = 1 + 2 sinh?x 
Or we could say cosh?x — 1 = sinh2x 
*. cosh 2x = cosh?x + (cosh?x — 1) 
᾿ς cosh 2x =2 cosh?x — 1 


Now we will collect all these hyperbolic identities together and com- 
pare them with the corresponding trig. identities. 


These are all listed in the next frame, so turn on. 
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Trig. Identities Hyperbolic Identities 
(1) cotx = I/tanx coth x = 1/tanh x 
sec x = I/cosx sech x = I/cosh x 
cosec x = 1/sinx cosech x = 1/sinh x 
(2) cos?x + sin?x = 1 cosh?x — sinh?x = 1 
sec?x = 1 + tan2x sech2x = 1 — tanh?x 
cosec*x = 1 + cot?x cosech?x = coth?x — 1 
(3) sin 2x = 2 sinx cosx sinh 2x = 2 sinh x cosh x 
cos 2x = cos’x — sin?x cosh 2x = cosh?x + sinh2x 
=1~2sin?x =1+2sinh?x 
= 2cos*x— | = 2 cosh?x — 1 


If we look at these results, we find that some of the hyperbolic 
identities follow exactly the trig. identities: others have a difference in 
sign. This change of sign occurs whenever sinx in the trig. results is 
being converted into sinh?x to form the corresponding hyperbolic 
identities. This sign change also occurs when sin2x is involved without 
actually being written as such. For example, tan2x involves sin2x since 
sin*x 
cos?x" 
with tan?x when it is being converted into tanh2x 

οὶ χ “P72 oo Ἴ ” coth?x 

eosee x "Ὁ" 1 *  cosech?x 
The sign change also occurs when we have a product of two sinh terms, 
e.g. the trig. identity cos(A + B) = cos A cos B — sin A sin B gives the 
hyperbolic identity cosh(A + B) = cosh A cosh B + sinh A sinh B. 

Apart from this one change, the hyperbolic identities can be written 
down from the trig. identities which you already know. 


For example: 


tan?x could be written as The change of sign therefore occurs 


— 2tanx _ 2tanhx 
tan 2x Tans becomes tanh 2x = i S4tanhie 


So providing you know your trig. identities, you can apply the rule 
to form the corresponding hyperbolic identities. 


36 
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37 


Relationship between Trigonometric and Hyperbolic Functions 
From our previous work on complex numbers, we know that: 


εἶθ =cos 6 +j sin @ 


and &} =cos@ —jsiné 
Adding these two results together, we have 
gO ΕἼ ee τς ae as 
38 
10 4&8 
So that, cos 6 = © 5 ᾿ 


cae ex~t+e* |. : 
which is of the form—.—., with x replaced by (0) 


2 


39 


Here, then, is our first relationship. 
cos 8 = cosh j@ 
Make a note of that for the moment: then on to frame 40. 


4 


If we return to our two original statements 

εἶθ =cos6 +jsin@ 

εἶθ = cos —jsiné 
and this time subtract, we get a similar kind of result 
je iO = 


ere "-Ὁ- ΡΝ 
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ca 42 
sinh j@ 


So, sinh j@ =j sin 0 
Make a note of that also. 


So far, we have two important results: 43 

(i) cosh j@ = cos 6 
(ii) sinh j@ =j sin 9 

Now if we substitute @ = jx in the first of these results, we have 
cos jx = cosh(j?x) 
= cosh(-x) 

 cosjx=coshx — [since cosh(—x) = cosh x] 
Writing this in reverse order, gives 
coshx =cosjx Another result to note. 


Now do exactly the same with the second result above, i.e. put 6 = jx 
in the relationship j sin 6 = sinh j@ and simplify the result. What do you get? 


For we have: j sin 8 = sinh 10 
j sin jx =sinh(j? x) 
= sinh(-x) 
=—sinh x [since sinh(—x) =—sinh x] 
Finally, divide both sides by j, and we have 
sin jx =j sinhx 


Now on to the next frame. 
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45 


Now let us collect together the results we have established. They are 
so nearly alike, that we must distinguish between them. 


sinh jx =j sin x 
cosh jx = cos x 
and, by division, we can also obtain 


Copy the complete table into your record book for future use. 


| sin jx =j sinhx 


cos jX = cosh x 


46 


Here is one application of these results: 


Example 1. Find an expansion for sin(x + jy). 
Now we know that 


sin(A + B) = sin A cos B+ cos Asin B 

᾿ς sin + jy) = sin x cos jy + cos x sin jy 
so using the results we have listed, we can replace 
COS JY DY υρλυνυυνοννυκέονος 
and 510. 1» DY. cesseccasseeesecesecees 


4] 


| cos jy = cosh y | sin jy =j sinh y | 


So that ' ; ; 3 
sin(x + jy) = sin x cos jy + cosx sin jy 


becomes sin(x + jy)= sin x cosh y + j cosx sinh y 


Note: sin(x + jy) isa function of the angle (x + jy), which is, of course, 
a complex quantity. In this case, (x + jy) is referred to as a Complex 
Variable and you will most likely deal with this topic at a later stage of 
your course. 

Meanwhile, here is just one example for you to work through. 

Find an expansion for cos(x — jy). 


Then check with frame 48. 
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cos(x — jy) = cosx cosh y Ὁ sin x sinh y 48 


Here is the working: 
cos(A — B)=cos A cos B+ sin A sin B 
᾿ς cos(x — jy)= cos x cos jy + sin x sin jy 
But cos jy = cosh y 
and sin jy =j sinhy 


᾿ς cos(x — jy) = cos x cosh y +j sin x sinh y 


49 


All that now remains is the test exercise, but before working through 
it, look through your notes, or revise any parts of the programme on 
which you are not perfectly clear. 


Then, when you are ready, turn on to the next frame. 
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50 Test Exercise — ΠῚ 


1 


. If L= 2C sinh a find L when H = 63 and C = 50. 


. Ify? = 1.8 L tanh 234. find » when d= 40 and L = 315. 


. On the same axes, draw sketch graphs of (i) y = sinh x, (ii) y=coshx, 
(iii) y = tanh x. 


1 + sinh 2A + cosh 2A 


- Simplify Jan JA —cosh 2A 


. Calculate from first principles, the value of 
(i) sin? 1-532 (ii) cosh? 1.25 


. If tanhx =f, find e* and hence evaluate x. 
. The curve assumed by a heavy chain or cable is 
= mak 
y =C cosh C 


If C= 50, calculate (i) the value of y when x = 109, 
(ii) the value of x when y = 75. 


Ϊ 


. Obtain the expansion of sin(x — jy) in terms of the trigonometric and. 
hyperbolic functions of x and y. 
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Further Problems — ΠῚ 


1. Prove that cosh 2x = 1 + 2 sinh2x. 


2. Express cosh 2x and sinh 2x in exponential form and hence solve, 


for real values of x, the equation 
2 cosh 2x -- sinh 2x =2 


3. If sinh x = tan y, show that x = In(sec ν + tan y). 


4. Ifa =c coshx and b Ξ ὁ sinh x, prove that 


(a + b)?e?* =a? ~p? 


5. Evaluate (i) tani’! 0-75, (ii) cosh! 2. 


af x? ἘΞ οὶ = 

6. Prove that tanh ἜΣ " In x, 

1+j 
2 

and ὃ to 4 significant figures. 


7. Express (i) cosh 


8. Prove that (i) sinh(x + y) = sinhx cosh y + cosh x sinh y 
(ii) cosh(x +) = cosh x cosh y + sinh x sinh y 


Hence prove that 
tanh x + tanh y 


+ Ξ-- ____ 
ane ty) 1 + tanh x tanh ν 


\o 


x? 


a 


10. Solve for real values of x 
3 cosh 2x =3 + sinh 2x 


l+tanhx 4, 


1 Jo ey 
11. Prove that 1 tanh x 


12. It ¢ = tanh = prove that sinh x = i= 


solve the equation 
7 sinh x + 20 cosh x = 24 


t + 
Ξ 3 and cosh x = 


. Show that the co-ordinates of any point on the hyperbola 


and (ii) sinh 14 in the form a + jb, giving a 


2 
= -ῷ: = I can be represented in the form x = α coshu, y = b sinhu. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


θ 
Ifx = ποῦ, 
x=In tan{ + 


sinh x = tan @. 


Given that sinh x 
the forma + jb. 


Ἶ 


, find e* and εἶ, and hence show that 


= In{x + V(x? + 1)}, determine sinh ' (2 + ἢ) in 


If tan(5] = tan A tanh B, prove that 


Prove that sinh 30 


Ifx +jy = tan'(e? 
sin b 


tanh 2y = cosha’ 


2 


Ifr “5 sinh at + sin at 


Prove that tanh! 


Given that sinh’!x 
of x, 


cosh at — cos at 


sin 2A sinh 2B 


Ie 1 + cos 2A cosh 2B" 


= 3 sinh θ + 4 sinh?9. 


—cos ὃ 


———, and that 
sinh a 


18 ), show that tan 2x = 


} calculate ἃ when a = 0.215 andr =5. 


ae latn x 
x? +a? α΄ 


=In{x + V(x? + 1)}, show that, for small values 


3 5 
PI Ee Se Χ 

ay-> + 
sinh “x +x 6 * 40° 
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Programme 4 


1 Determinants 
You are quite familiar with the method of solving a pair of simultaneous 
equations by elimination. 


e.g. To solve 2x+3y+2=0 ... (i) 
3x+4y+6=0 ... (ii) 
we could first find the value of x by eliminating y. To do this, of course, 


we should multiply (i) by 4 and (ii) by 3 to make the coefficient of y the 
same in each equation. 


So 8x +12y+ 8=0 
9x +12y +18=0 


Then, by subtraction, we get x + 10 = 0, i.e. x =—10. By substituting back 
in either equation, we then obtain y = 6. 


So finally, x=-10, y=6 
That was trivial. You have done similar ones many times before. In just 
the same way, if 
ayxtbyytd,=0 ... (i) 
a,x tba,y+d,=0 ... (ii) 


then to eliminate y we make the coefficients of y in the two equations 
identical by multiplying (i) by «0... and (ii) DY ..... ieee 


2 (i) by δ, and (ii) by δι 


Correct, of course. So the equations 
ayxtbyyt+d,=0 
a,x t bay +d,=0 
become a,b,x + by byy + bad; =0 
a2b,x + by bay + bid, =0 


Subtracting, we get 
(a,b, — 4,b;)x + bad, — bid, =0 


so that (a,b, —a2b,)x = διά, — bod, 
Then Mots Ie ΔΝ ots 
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x= bid, — body 


ayb2—azb, 


In practice, this result can give a finite value for x only if the 
denominator is not zero. That is, the equations 
a,x +byy +d, =0 


a,x + boy td, =0 
give a finite value for x provided that (a,b, —a2b,) # 0. 


Consider these equations: 
3x + 2y-5=0 


4x +3y-7=0 
In this case, a, = 3, δι =2, a. =4, by =3 
ab, —a,b, = 3.3-—4.2 
= 9- 8=1 
This is not zero, so there ber be a finite value of x. 
will not 


| 4 


The expression a1, -- αχϑι is therefore an important one in the solu- 
tion of simultaneous equations. We have a shorthand notation for this. 


a, δι 
a,b,—a,b, = 
' a, by 
a, by ; 
For b to represent a,b, — ab; then we must multiply the terms 
ay D2 


diagonally to form the product terms in the expansion: we multiply 


a b 
; and then subtract the product “Vie. oS and ee 
2 a2 
3 7} 3 7 
e.g. Ξ = = 3.2-5.7=6- 35 =-29 
5 2 2| {5 
6 5] {6 5 
So = = Soiree tee 
1 2 2) {1 
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6 5 


=12-5-|7| 
2 


ΠΌΠΟΙ ΠΟ ΏΒΕΠΕΏ 


ὈΘΘΌΘΠΠΒΌΌ 


a, δι 


a, ὃ 
rows and two columns) and represents a,b, —@2b;. You can easily 


remember this as. +~a—--—~. 


Just for practice, evaluate the following determinants: 


4 2 7 H 7 
ἌΝ (ii) eal (iii) 


is called a determinant of the second order (since it has two 


| 
4 -3 


(i) 


Finish all three: then turn on to frame 6. 


— nes POE ESSE 


(i) 5 s|-43-s2=12-102(2] 


4 
(ii) s|-73-64=21-24= [58 


=2-3)- 4.1 =-6-4=[-10| 


DonoDooooo 


7 
6 


«in |? 1 
iti en 


gpaneco0onn on oo0000n0o000 


go0ognoceo0 


Now, in solving the equations {a,x +b,y +d, =0 
a,x tb,ytd,=0 
δια, -- bod 
“3 —2"! and the numerator and the denominator 
ab, ~ayb; 
can each be written as a determinant. 


we found that x = 


bya, — bod, του ες Σ ξύν οένος 5 Ay by τ Ag dy Ξ3..«Ἅ«ννονοννννννννν 
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If we eliminate x from the original equations and find an expression 


for y, we obtain [ed τοι 


a,b, -α5ι 

So, for any pair of simultaneous equations 
ayxxtbyy+d,=0 
a,x t+ boyy td,=0 


_ aya τ 42a; 


x= bid, -- brady 
a,b, ab, 


we have 
ab, — aby 


and y= 


Each of these numerators and denominators can be expressed as a 
determinant. 


So, Me wahewsDebedeslesscetecee ANG Y Ξ.....ἀἐεννονονννννννννον 


x eo Sees 1 
by, dy ay, a, ay δι 
δ: d, a2 4 ΟῚ δ: 


Make a note of these results and then turn on to the next frame. 
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ῃ So if axtbyytd,=0 
a,x + bay td, =0 
x -ν 1 
Th = a SS τος: 
= δὶ de Nay Ql aye δι 
by dy a, a, a, be 


Each variable is divided by a determinant. Let us see how we can get 
them from the original equations. 


(i) Consider 5 * 


1 1 


. Let us denote the determinant in the denominator 


by dy 
by ay 
by dz 


To form A, from the given equations, omit the x-terms and write down 
the coefficients and constant terms in the order in which they stand. 


by Ay, ie. A; = 


axtbytd,=0 | δι ay 
gives 
ax + bay +d,=0 δ, a, 
d 
(ii) Similarly for » let A, = eg 
1 1 a, ad 
a ὦ, 


To form A, from the given equations, omit the y-terms and write down 
the coefficients and constant terms in the order in which they stand. 


ayxtbytd,=0 |. a ay 
gives A, = 
αγχ + boy +d,=0 ay d, 
Ὡς : 1 
(iii) For the expression mi denote the determinant by Ao. 
1 1 ' 
a ὃ 


To form Ay from the given equations, omit the constant terms and write 
down the coefficients in the order in which they stand 


axtbytd=0 |. αι δὶ 
gives ; 
a,x + boy +d, =0 aa; 09 
᾿ x Ξ- we = 1 
Note finally that Δι A, Δα 


Now let us do some examples, so on to frame 10. 
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Example I. To solve the equations & +2y+19=0 


3x +4y+17=0 
The key to the method is 
Ar Δ; do 
To find Ag, omit the constant terms 


10 


5 2 
. Do = seo =54~-3.2=20-6=14 
Δ ΔοΞΙ4.... ὦ 
Now, to find Δι, omit the x-terms. 
ἢ Ay Se istticeetecidcavsetacteoee 
Δι Ξ-42 1 
2 19 Ἶ 
for Δι = =34-76=-42 ... (ii) 
4 17 
Similarly, to find A, , omit the y-terms 
5 19 τς 
2=), W =85-57=28 ... (iii) 


Substituting the values of Δι, Δ), Ag in the key, we get 


Now for another example. 
Example 2. Solve by determinants | 2x +3y-14=0 


3x-2y+ 5=0 


First of all, write down the key: 


ae εὐ, 
Ar A, Ao 
(Note that the terms are alternately positive and negative.) 
Th Mo ee ee oe (i) 
en = =-4-9=-13 ... (i 
; 32 


Now you find A; and A, in the same way. 
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13 Δι =-13; A, =—-52 


For we have 2x +3y-14=0 
3x-2y+ 5=0 


em 


=15—-28=-13. .. Δ, =-13 


[PH ἢ." 


=10-(-42)=52 -. A, =52 


ae 


So that — ss 


and Δι =-13; A, =52; Ap =-13 


Be Sage x=1 
- -Δ). 52. ᾿ = 
yA. Ξ13 acer area 
Do not forget the key x pod 
Δι Δ, Ao 


with alternate plus and minus signs. 
Make a note of this in your record book. 


14 Here is another one: do it on your own. 
Example 3. Solve by determinants 
4x -- 3y + 20 =0 
3x +2y- 2=0 


First of all, write down the key. 
Then off you go: find Aj, Ai and A, and hence determine the values 
of x andy. 


When you have finished, turn on to frame 15. 
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15 


Here is the working in detail: 


4x —3y + 20=0 x Pies deans 
3x +2y- 2=0 Δι A: Ao 
4 -3 
2 =8-(-9)=8+9=17 
os 28 τι 
-3 20 
Δι Ξ =6- 40 =-34 
2 - 
4 2 
Ay = | [+-8- 60 =-68 
3. :32 
oA 34. ᾿ Ξ --- 
x Bo 17 Di Fae 2 
_ ~ Ar ~ 768 __ = 
Δ 17 τ 


πασΠαΠ πα ΠΠΠΠ ΠΠΠΠ ΠΠ ΠΠ ΠΠΠΟ ΠΟ ΠΠ ΘΠ ΒΗ 
Now, by way of revision, complete the following: 


@ | 5 6 | 
i ΞΞ δ cuccassichs Yas tostbuneeeeees 
7 4 
Gi) 5. τ | 
ii - ΠΡ seed 
-3 τά 
( . i) a a 
iii Fa eteia eaaebiee sete 
δ ς 
(iv) | PO ae manne ne κθο 
rs 
Here are the results. You must have got them correct. 16 


(i) 20-42 =-22 
(ii) -20 - 6 =-26 


(iii) ac — bd 
(iv) ps τᾷ 


For the next section of the work, turn on to frame 17. 
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Determinants of the third order 
17 A determinant of the third order will contain 3 rows and 3 columns, thus: 


ay, by Cy 
a, by ὁ, 
a3 b3 C3 


Each element in the determinant is associated with its MINOR, which 
is found by omitting the row and column containing the element concerned. 


; : , αι ἄχ δι σι! 
| e.g. the minor of a, is obtained *+---4-------"- 
b3 C3 1 @q b, C4 
4 | 
'a3! b3 63 


C2 


the minor of b, is obtained - --4--+----4 


a3 C3 a, ! ba C2 
3 fae 
a3 | b3' 03 
προ ύρλνς τα Ὁ dep teat 
᾿ _ [42 be : δι i ey! 
the minor of c, is obtained ‘- -------- ἐτττοὶ 
a3 3 a4 δ, , ἐ ! 
1 
i Π : ' \ 
So, in the same way, the minor of @y is .............4- a3, b3 Ὶ C31 


18 


since, to find the minor of a,, we simply ignore the row and column con- 
taining d,,i.e. {ΠῚ 
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Evaluation of a third order determinant 2 0 
To expand a determinant of the third order, we can write down each 

element along the top row, multiply it by its minor and give the terms 

a plus or minus sign alternately. 


a by αι 
tp Ἐν Δι ὁ} δι] 4 ὁ) +e, | a2 δ, 
2 θγχ 0) Ξ 

bs C3 a3 63) Ω3 b3 


Then, of course, we already know how to expand a determinant of the 

second order by multiplying diagonally, Pn τὶ 

Example 1. 1 3 

45 7|= | 
4 8 


5 ia 7 
4 8 2 8 


+2\4 | 
24 


1(5.8 — 4.7) — 3(4.8 -- 2.7) + 2(4.4-- 2.5) 
= 1(40 — 28) — 3(32- 14) + 2(16 ~ 10) 

= 1(12)— 3(18) + 2(6) 
=12-54+12=-30 


Here is another. 21 


Example 2. 3.2 5 
3|6 7|[-2]4 7|+5|4 6 

6 7 |= 
5 9.2 2. 2 2.9 


fl 


3(t2 63) = 2(8 -- 14) τ 5(86-- 12) 
Ξ3(-51)-- 2(-6) + 5(24) , 
=—-153 12 120 Ξ--2} 
Now here is one for you to do. 
Example 3. Evaluate 2075 
4 6 3 
8 9 1 


Expand along the top row, multiply each element by its minor, and 
assign alternate + and ~ signs to the products. 


When you are ready, move on to frame 22. 
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2 2 Result 


For 


sl ia 3|+5 
9 1 8 1 


e 
8 9 


2(6 — 27) — 7(4 ~ 24) + 5(36 -- 48) 
= 2-21) -- 7-20) + 5(-12) 
=-42 + 140-60 = 38 
We obtained the result above by expanding along the top row of the 
given determinant. If we expand down the first column in the same way, 


still assigning alternate + and — signs to the products, we get 
27 5 


46 3 
891 


+8 


aoe τ᾿ 
9 1 


6 3 


“i 5 
9 1 


u 


2(6 — 27) -- 4(7 — 45) + 8(21 — 30) 
= 2(-21) — 4-38) + 8(-9) 
Ξ--42 + 152-72 = 38 

which is the same result as that which we obtained before. 


23 


We can, if we wish, expand along any row or column in the same way, 
multiplying each element by its minor, so long as we assign to each 
product the appropriate + or— sign. The appropriate ‘place signs’ are 


given by Si i ee 
aope gS 
t+-+- + 
ae eer 
etc., etc. 
The key element (in the top left-hand corner) is always + . The others are 


then alternately + or —, as you proceed along any row or down any column. 
So in the determinant 137 


569 
42 8 
the “‘place sign” of the element 9 is «0.0... cece 
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24 


since in a third order determinant, the ‘place signs’ are 


yi pe Remember that the top left-hand element 
Seber always has a + place sign. The others 
+—- + follow from it. 
Now consider this one 372 
6 8 4 
19 5 
{f we expand down the middle column, we get 
3.7 2 
-—7\6 4]+8]3 2]--9}3 2 
6 ὃ 4)Ξ 
1.5 1 5 6 4 
19°55 


Finish it off. Then move on. 


Result 2 5 


--7ὃ 
for -~716 4/+8 43 Anke (| 
il 5 1 25 6 4 


=—-7(30 -- 4) + 8({5 -- 2) -- 9112 — 12) 
=—7(26) + 8(13)— 9(0) 
Ξ--182 Ἐ104---78᾽ 
So now you do this one: 
Evaluate | 2 3 4) by expanding along the bottom row. 
6 1 3 
5 7 2 


When you have done it, turn to frame 26. 
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2 6 Answer 


119 
We have [2 3 4] and remember 1 See 2 
1.3 = ob 
52 + = + 
-" de 4)+2/2 i 
1 3 6 3 6 1 
= 5(9— 4 -- 7(6 — 24) + 2(2- 18) 
= 5(5) -- 7(-18) + 2(-16) 
= 25 + 126-32=119 
One more: 
Evaluate [1 2 8] by expanding along the middle row. 
73 1 
4 6 9 
Result 143 
For I aie 8131 Th ‘| 
= 6 9 4 9 4 6 
4 9 


—7(18 — 48) + 3(9 -- 32) — 1(6 -- 8) 
-͵7(-30) + 3(-23) — 1(-2) 
210-69 + 2= 143 


ὉὩΠΠΠΘΟ ΠΕ ΠΕΠΠΕΟΠΟΠΒΠΒΘΠΒΕΒΠ 


oO 


QO 


a 


Π 


oO 


oo 


We have seen how we can use second order determinants to solve 
simultaneous equations in 2 unknowns. 
We can now extend the method to solve simultaneous equations in 


3 unknowns. 


So turn on to frame 28. 
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Simultaneous equations in three unknowns 2 8 


Consider the equations 
ax thy +C4Z +d; =0 


aX + boyy +c,z +dz=0 
a3x + b3y +32 + d3=0 


If we find x, y and z by the elimination method, we obtain results that 
can be expressed in determinant form thus: 


x -y 2 = ΞΙ 
δι ec, ἃ, . a, cy dy ἢ a δι dy a by Cy 
by Cy dy 4) Cy dy a, by a, a, by Cy 
b3 c3 dy 43 C3 d3 a3 b3z d3 a3 b3 C3 


We can remember this more easily in this form:— 


where A, = the det. of the coefficients omitting the x-terms 


Ay = ΕΣ] 35 5. ” 39 ΕᾺΣ ” y-terms 
As ons 39 ” ” 55 ἊΨ 39 55 z-terms 
ΟΞ οὖ. ΝΣ Ἦν ἰὼ ” constant terms. 


Notice that the signs are alternately plus and minus. 
Let us work through a numerical example. 


Example 1. Find the value of x from the equations 
2x+3y- z—- 4=0 
3x + yt2z-13=0 

x+2y—-5z+11=0 


First the key: oat =4 = 


To find the value of x, we use = =F ie. we must find A; and Ao. 
1 0 
(i) to find Ap, omit the constant terms. 
23 -1 
211. 121-313. 2/-113 1 
Ao =|3 1 2)= 
25 1 5 12, 
12 -5 
=~18+51—-—S5=28 


(ii) Now you find Δι, in the same way. 
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29 


Ay Ξ-56 


for A, =|3 -1 -4 |=3(22-65) +1(11 + 26)—4(-S—4) 


1 2 -13}= 3(-43) 1057) - 4-9) 
2-5 11 =—-129 + 37+ 36 


=-129 + 73 =—56 
x] x -ἰ 

But wet = 

¥ ἊΣ ity =56 28 
_56_ τ 
x=5e=2 ΞΖ 


Note that by this method we can evaluate any one of the variables, 
without necessarily finding the others. Let us do another example. 


Example 2. Find y, given that 
(ee y-5z+11=0 
x- yt z—- 6=0 
4x + 2y—-3z+ 8=0 
First, the key, which is .............c eee 


30 


To find y, we use 


Therefore, we must find A, and Ao. 
The equations are ‘(xt yp-Szt+11=0 
x- yt z- 6=0 
4x +2y-3z+ 8=0 
To find A,, omit the y-terms. 


2 - 11 
2| 1 -6|+5]1 τό 
A,=|1 1 -6|= 
-3. 8. Ι4 8 
4 -3 8 


=3 


= 2(8 — 18) + 5(8 + 24) + 11(-3 — 4) 


=~-20 + 160-77 = 63 


To find Ap, omit the constant terms 
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31 


Ay = 721 
for 2001 45 
ee Ἵ εἰ: ar el, a 
2. 3 4 -3 4 2 
4 2 3 
= 2(3 -- 2) -- 17-3 - 4) - 52 + 4) 
=2+7-30=-21 
Dek . νεῶ,.- 63 
So we have i ἃ, oly Bo 21 
A eee 


The important things to remember are 
5 Xp owe el 
key: — = = 
(i) The key Ro es 
with alternate + and -- signs. 


(ii) To find Δι, which is associated with x in this case, omit the x-terms 
and form a determinant with the remaining coefficients and con- 
stant terms. Similarly for Δ), A3, Ag. 


Here is a short revision exercise on the work so far. 3 2 
Revision Exercise 
Find the following by the use of determinants. 
1. x+2y—-3z- 3=0 
2x- y- z-11=0 Find y. 
3x+2y+ z+ 5Ξ0 


2. 3x —4y + 22+ ΠῚ 
x+5y—3z+ 2=0 Find x and z. 
Sx +3y- zt 6=0 | 


3. 2x-2y- z- 3=0 
4x +5y-2z+ 3=0 Find x, y and z. 
3x +4y-3z+ 7=0 


When you have finished them all, check your answers with those given in 
the next frame. 
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3 3 Here are the answers: 


1. yp=-4 
2. x =-2; z=5 
3. x=2; γΞ-1; 2=3 
If you have them all correct, turn straight on to frame 52. 
If you have not got them all correct, it is well worth spending a few 


minutes seeing where you may have gone astray, for one of the main 
applications of determinants is in the solution of simultaneous equations. 


If you made any slips, move to frame 34. 


34 


The answer to question No. 1 in the revision test was 


Did you get that one right? If so, move on straight away to frame 41. 
If you did not manage to get it right, let us work through it in detail. 


The equations were x+2y-3z- 3=0 
2x- y- z-11=0 
3x t+2y+ z+ 5=0 


Copy them down on your paper so that we can refer to them as we go 
along. 
The first thing, always, is to write down the key to the solutions. In 
this case: 
Me 
By 
To fill in the missing terms, take each variable in turn, divide it by the 


associated determinant, and include the appropriate sign. 
So what do we get? 


On to frame 35. 
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35 


The signs go alternately + and --. 
In this question, we have to find y, so we use the second and last terms 
in the key. 


So we have to find A, and Ag. 


To find Ay, we ........... wed δή έτος tbacd codekeseasaieta duces veeate tessa ctayee 


form a determinant of the coefficients omitting those of the y-terms. 


So 1-3 -3 
A, =|2 -1 -| 
3.1 5 


Expanding along the top row, this gives 
=e ae -11 
1 5 3 08 


2 = 


hee τ 
3 1 


We now evaluate each of these second order determinants by the usual 
process of multiplying diagonally, remembering the sign convention that 


Nand a 


So we get Ag = oo... eeeeeeeeeeseeeeees 
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3] 


for Ay = 1(-5 + 11) + 3010 + 33) — 30 + 3) 
= 6 + 3(43)— 36) 
=6+129-15=135-15=120 
“ Ay = 120 
We also have to find Ao, i.e. the determinant of the coefficients omit- 
ting the constant terms. 


So 


that 
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40 


Ay Ξ-30 


for Ao = ΙΕ + 2)~ 2(2 +3) — 3(4 +3) 
Ξ 1(() = 25) 3(7) 
= 1-10-21 =-30 


So Ag Ξ--30. 

=42 -120__ 

So we have y > 30 4 
. y=-4 


Every one is done in the same way. 

Did you get No. 2 of the revision questions correct? 

If so, turn straight on to frame 51. 

If not, have another go at it, now that we have worked through No. 1 
in detail. 


When you have finished, move to frame 41. 


= 4 


The answers to No. 2 in the revision exercise were 


Did you get those correct? If so, turn on right away to frame 51. If not, 
follow through the working. Here it is: 


No, 2 The equations were 
3x -4y + 2z+8=0 
x +S5y—3z+2=0 
Sx +3y- z+6=0 
Copy them down on to your paper. 
The key to the solutions is: 


om 
Δι 


Fill in the missing terms and then turn on to frame 42. 
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42 eal 


Δι Δ, Δ: NG 


We have to find x and Ζ. .. We shall use 


Ἄς Τοῖς ὡς Δὲ 
δι Lo Ao 
Ζ -1 ὃ A3 
and — =— i Ξ--- 
Δ2 Ao Do 


So we must find Δι, A3 and Ag. 
(i) To find Δι, form the determinant of coefficients omitting those of 
the x-terms. 


43 


Now expand along the top row. 
=4|=3' "2 Γ 2 | 5 ὦ 

A; = 
—1 6 3 6 


5:7=3 


+8 


Determinants 


A, = 48 44 


for Δι =—4(-18 + 2) — 2(30 -- 6) + 8(-5 + 9) 
=—4(-16) — 2(24) + 8(4) 
= 64-48 + 32 = 96-48 = 48 
Δ Δι Ξ 48 


(ii) To find A3, form the determinant of coefficients omitting the z-terms. 


46 


+4/1 2 


5 6 


εὐ" 2 +8 


A, = 
> 13 6 


a 
53 


Now evaluate the second order determinants and finish it off. So that 


On to frame 47. 
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1 


since As = 3(30— 6) + 4(6 — 10) + 86 — 25) 
= 3(24) + 4(-4) + 8(-22) 
=72-16-176. 
= 72-192 =-120 

Δ. Δ: =—120 


(iii) Now we want to find Ag. 


Ay =|... 


Now expand this along the top row as we have done before. Then 
evaluate the second order determinants which will appear and so find the 
value of Ao. 

Work it right through: so that 
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5 -3 1 -3 1 ͵ 
3 - 5. -l 5.3 
= 3(-5 +9) + 4(-1 + 15) 126 -- 25) 
= 3(4) + 4(14) + 2(-22) 

=12+ 56-44 

= 68 --44-24 

᾿ς Ao Ξ24 


for 


+4 +2 


i 


So we have: Δ, = 48, A3 Ξ-- 120, Ap = 24 


Also we know that 


49 


eo) ee 
gra PO EHO | 


Well, there you are. The method is the same every time — but take 
care not to make a slip with the signs. 


Now what about question No. 3 in the revision exercise. Did you get 
that right? If so, move on straight away to frame 52. 
If not, have another go at it. Here are the equations again: copy them 
down and then find x, y and z. 
2x-2y- z-3=0 
4x + 5y—2z7+3=0 
3x +4y—-3z+7=0 


When you have finished this one, turn on to the next frame and check 
your results. 
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51 Answers to No. 3 


2-1 3 
Δι =| 5 -2 = 54 
4 -3 
2) 1, 3 
Δ; =| 4 -2 = 27 
3°53). 7 
2.2253 
Δ: =| 4 5 = 81 
3 4 7 
2.52 =] 
Ayo =| 4 5 -2|Ξ -27 
3 4 -3 
x ae -- Ar 54. 
ἈΠ το a a= ae 
x=2 
y_ 1 A, 27 
—— = —— _ --ς. Ξ-Ξ. ---| 
2 Δο “ Ao —27 
ysl 
eS 1 As 81 =-3 
A3 Ao. Ao -27 
z=-3 


All correct now? 


On to frame 52 then for the next section of the work. 
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Consistency of a set of equations 5 2 
Let us consider the following three equations in two unknowns. 
3x- y-4=0 (i) 
2x + 3y-8=0 (ii) 
x- y-4=0 (iii) 


If we solve equations (ii) and (iii) in the usual way, we find that x = 1 and 
y=2. 

If we now substitute these values in the left-hand side of (i), we obtain 
3x -y-4=3-2-—4=-3 (and not 0 as the equation states). 

The solutions of (ii) and (iii) do not satisfy (i) and the three given 
equations do not have a common solution. They are thus not consistent. 
There are no values of x and y which satisfy all three equations. 


If equations are consistent, they have ἃ ......cceee ceeeeeeeeeeeees 


Let us now consider the three equations 


3x+ y—-5=0 (i) 
2x +3y-8=0 (ii) 
x-2y+3=0 (iii) 


The solutions of (ii) and (iii) are, as before, x = 1 and y = 2. Substituting 
these in (i) gives 


3x t+y-5=3+2-5=0 


i.e. all three equations have the common solution x = 1, y = 2 and the 
equations are said to be ὁ ........«νννννννννννν 
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consistent 


Now we will take the general case 


a,xtb,yt+d,=0 (i) 
a,x +b,y+d,=0 (ii) 
a,x + b3y +d3=0 (iii) 
| If we solve equations (ii) and (iii), 
ie. a,x + boy +d,=0 
a3x + b3y +d3=0 
X25 yi od 
we get = = 
6 ae Car 
b, d a, ἃ a, b 
oe Δ, 2 2) ἘΞ 2 42 ofa Re 
b3 d3 a3 dy a3 by 
Ay A, 
so that x=— and y=-— 
ore a 
If these results also satisfy equation (i), then 
Δ —A, 
ay—* + by — +d, =0 
1 Δο 1 Ao 1 
ie. ay: Ay — by Δ), τάν δο = 0 
bn, a a, da a, b 
ie, ay eed Fr a tdi |? *| =0 
b3 d3 a3 3 a3; bz 
ay by αι 
1.6. a. by dy ΞΟ 
a3 ὃ3 d3 


which is therefore the condition that the three given equations are 
consistent. 


So three simultaneous equations in two unknowns are consistent if the 
determinant of coefficients is... 
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55 


Example 1. Test for consistency a+ y- 5=0 


x+4yt+ 1=0 
3x- y—-10=0 
For the equations to be consistent Qh al 5.55 


1 4 1 must be zero. 


3 -1 -10 
21 -5 
=2) 4 Il-t}1 1|-5}} 4 
14 1 
πὶ -10/ |3 -10 3 -1 
3 τὶ -10 


= 2(-40 + 1)— 1(-10- 3) - 5-1 -- 12) 
= 2(-39) — (-13)- 5613) 
=—78 13 165 =—-78+78=0 
The given equations therefore 


ibwitaueanidavaaness consistent. 
(are/are not) 
are 56 

Example 2. Find the value of k for which the equations are consistent. 

3x t+ yt 2=0 3 1 2 

4x +2y- k=0 For consistency, |4 5. -~]=9Q 

aie ae 2-1 3k 

Ἢ 2 il -k| 124 ‘| 
- πὶ 3k 2 3k 2 -1 


3(6k — k) -- 1(12k + 2k) + 2-4-4) =0 
Δ 15k-14kK-16=0 ὁ k-16=0 -. k=16 
Now one for you, done in just the same way. 
Example 3. Given x+(k+1ljy+1=0 
2kx + Sy -3Ξ0 
3x + Ty +1=0 
Find the values of k for which the equations are consistent. 
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87 


1 


k=2 or 5 
The condition for consistency is that 
1 k+1 1 
2k 5 -3|Ξ0 
3 7 1 
Δ 1|5 -3|π|Ἠ|1 τ 1)}2Κ -3[11|2Κ "- 
7 i! 3.1 3.7. 


(5 +21)—(k τ 1) (2k + 9) τ(14Κ-- 15)Ξ0 
26 — 2k? — 11k-9+14k-15=0 
2k? +3k+2=0 
1 2k? -3k-2=0 - (2k+1)(kK-2=0 

1 


ΔΙ k=2 or k=5 


Finally, one more for you to do. 

xt+ yp- k=0 
kx - 3y +11=0 
ax+4y- 8=0 


Example 4. 
Find the values of k for consistency when 


For 1 1 -k 
-3 11/= 0 
2 4 -8 


1]-3 11 ie ee =3 
| 4 : 2 -8 2 4 
Δ (24 -- 44) -- (8k -- 22) -- Κ(άκ + 6)Ξ.0 
Δ ~20 + 8k + 22 — 4k? - 6k =0 
Ak? + 2k +2=0 
. 2k? -k-1=0 .. Qk+1)(K-1)=0 


|= ὁ 


eo gee - 
Ὁ ΚΞῚ ork 2 
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Properties of determinants 5 9 
Expanding a determinant in which the elements are large numbers can be 

a very tedious affair. It is possible, however, by knowing something of the 
properties of determinants, to simplify the working. So here are some of 


the main properties. Make a note of them in your record book for future 
reference. 


1. The value of a determinant remains unchanged if rows are changed to 
columns and columns to rows. 


a, a, 


δι ὃ 


a, by 


| 42 δ 
2. If two rows (or two columns) are interchanged, the sign of the 
determinant is changed. 


a, by —la, by 


a, by a, by 
3. If two rows (or two columns) are identical, the value of the deter- 
minant is zero. αι αι , 


ay a2 


4. If the elements of any one row (or column) are all multiplied by a 
common factor, the determinant is multiplied by that factor. 


ka, kb, k 


a, by 


a, δι 


a, by 


5. If the elements of any one row (or column) are increased (or decreased) 
by equal multiples of the corresponding elements of any other row (or 
column), the value of the determinant is unchanged. 


αι ἜΚθι δι αι δι 
a,+kb, b2 a4 by 
0 5] 0 5 oo ΘΟΠΠΌΌΠΠΕΠ a [5] noo 5 


NOTE: The properties stated above are general and apply not only to 
second order determinants, but to determinants of any order. 


Turn on now to the next frame for one or two examples. 
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Example 1. Evaluate μὴ 429 


369 371 
Of course, we could evaluate this by the usual method 


(427) (371) — (369) (429) 


which is rather deadly! On the other hand, we could apply our knowledge 
of the properties of determinants, thus: 


427 429 427 429 -- 427 
| 369 371 | 369 37] -- 369 
427 2 
i 2 | 


| | 


| (Rule 5) 


Rule 5 
369 2 ( ) 


= (58)(2)— (0) = 116 
Naturally, the more zero elements we can arrange, the better. 
For another example, move to frame 61. 


61 


Example 2. Evaluate 


Τ᾿ 2. +2 
43 5 column 2 minus column 3 will 
give us one zero 
4 2 7 
1 0 2 
2 4 - 5 column 3 minus twice (column 
1) will give another zero 
4-5 7 
0 0 
= 4 -2 -3 Now expand along the top row 
ἐπ 5: 3} 
—2 -3 We could take a factor (-1) from 
Ξ -ς -] the top row and another factor 
(-1) from the bottom row. 
CHYC1)|2 3 
5: 1 
Next frame. = 1(2— 15) = “ie 
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Example 3. Evaluate 422 62 
24 2 
224 


You do that one, but by way of practice, apply as many of the listed 
properties as possible. It is quite fun. 


When you have finished it, turn on to frame 63. 


The answer is , but what we are more interested in is the method 63 


of applying the properties, so follow it through. This is one way of doing 
it; not the only way by any means. 


4.22 We can take out a factor 2 from 


2 4 2 eachrow, giving a factor 23, i.e. 
8 outside the determinant. 
2 2 4 
8| 2 Ι 
= 121 column 2 minus column 3 will 
give one zero in the top row. 
1 1 2 
8) 2 01 column 1 minus twice (column 
᾿ 1 11 3) will give another zero in the 
1-12 same row. 
δι eae a Expanding along the top row will 
= -1 11 now reduce this to a second order 
.3.-1 2 determinant. 
8j-1 1 
= Now row 2 + row 1 
3 -l 
5 8 ig 1 | 
-4 0 
Ξ- a ἢ = -8(-4) = 32 
4 0 a 
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64 


When you have done it, move on to the next frame. 


Here is another type of problem. χ ὁ 3 
Example 4. Solve the equation ς χε! 4° 12H) 
mB. A! Ox se 


In this type of question, we try to establish common factors wherever 
possible. For example, if we add row 2 and row 3 to row 1, we get 
(x+2) (+2) α 12) 
Θ᾽ xt 1 = 0 
—3 τά x-2 
Taking out the common factor (x + 2) gives: 
(x+2)} 1 1 1 
5 xtl1 1 =0 
-3Ξ. τά x-2 
Now if we take column 1 from column 2 and also from column 3, what 
do we get? 


We now have (x+2)] 1 0 0 
5 x-4 τά |=0 
3 -l .xtl 
Expanding along the top row, reduces this to a second order determinant. 
(x+2)|\x-4 -4 
-1 χει 


If we now multiply out the determinant, we get 
(x +2) [(@- 4) @ + 1)—4] =0 
J. (x + 2) (x? — 3x - 8) =0 
Δ ΧΈΖ2ΞΟ or x*-3x-8=0 


which finally gives x=-2 or x =3 eve 


Finally, here is one for you to do on your own. 


Example 5. Solve the equation 


5 x 3 
x+2 2 1/=0 
-3 Qs τἀ 


Check your working with that given in the next frame. 
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Result: 
x=-4 or 1476 


Here is one way of doing the problem: 


5 x 3 
x+2 2 a oe Adding row 2 and row 3 
to row 1, gives 
=3 2 x 


x+4 x+4 χά 
= Take out the common 
ce ὩΣ ; : factor (x + 4) 


-3 2 x 

(x +4) J l } Take column 3 from 
x+2 2 1 =0 column | and from 
3 2 Ἶ column 2 

(x+4)} 0 0 1 
cae i ι[- 0 This now reduces to 


second order 
SHES 2X YX 


(e+4)|xtho bye Ὲ Subtract column 2 from 
-x-3 2-x column 1 
+4 1 
υ 7 ‘i =0 We now finish it off 
ἘΞ pe 
᾿ς (x +4) Qx-x? +5)=0 
.x+4=0 or x?-2x-5=0 
which gives x =-4 or x=1+V/6 
0 i] B [5] oo [5] Πα 515 ἢ ὦ Ὁ πὶ δὶ εἰ τὶ σι αὶ "ἡ δ᾽ ὦ QO 0 [ 


You have now reached the end of this programme on determinants 
except for the Test Exercise which follows in frame 67. Before you work 
through it, brush up any parts of the work about which you are at all 
uncertain. If you have worked steadily through the programme, you 
should have no difficulty with the exercise. 
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67 Test Exercise — IV 


Answer all the questions. Take your time and work carefully. There is 
no extra credit for speed. 
Off you go then. They are all quite straightforward. 


Π ΠΠ ΠΕ ΠῚ ΓΒ Π Π ΓΠ Π ΕἸ [ἢ ΓἸ ΓΠ ΕἸ Π] Π] Π Γ᾿ ΓΠ Π Ὁ ΠΕ Π ΕΒ Ὁ Ὁ ΓΙ [] ΠῚ ΠῚ ΠῚ ΓΠ Π] ΠῚ ἢ 
1. Evaluate (a){1 1 2 (b) {1 2 3 

21 1 3.1. 2 

121 23 1 


2. By determinants, find the value of x, given 
2x +3y- z-13=0 
x-2yt2z+ 3=0 
3x + yt z-10=0 


3. Use determinants to solve completely 
x-3y+4z-S5=0 
2x+ yt z-3=0 
4x +3y+5z-1=0 


4. Find the values of k for which the following equations are consistent 
3x + ὃν k=0 
2x + yr- 5=0 
(A+ 1)x + 2y—-10=0 


5. Solve the equation 


x+1 -S -6 
=] x 2 1|=0 
=3 2 χεὶι 


Now you can continue with the next programme. 


QO ΠὈΠΩΟΠΘΟΠΒΟΩΠΠΟΠΟΠΠΠΗΠΠΠΠΒΙΗΠΕ gaa [5 
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Further Problems — IV 


1. Evaluate 


2. Evaluate 


(i) 


(i) 


11 


34 


3. Solve by determinants 


9 13 
17 19 


3° 35 
10 -18 
6 38 


4x — Sy + 7z=-14 
9x +2yv+3z= 47 
x- y-Sz= I} 


4. Use determinants to solve the equations 


5. Solve by determinants 


6. Find the values of A for which the following equations are consistent 


4x — 3y + 2z=-7 
6x + 2y — 3z = 33 
2x-4y- 2=-3 


3x + 2y — 2z = 16 
4x +3y+3z= 2 
2x- yt z=] 


(ii) | 1 
2 
3 


(ii)} 155 226 81 
112 39 


77 
74 


5x +(Atl)y—-5=0 
(A-1)x + 7y+5=0 
3x + Syvt+1=0 


428 
535 
642 


111 


861 
984 
1107 


37! 


7. Determine the values of & for which the following equations have 
solutions other than x = y =0 


4x —(k-2)yp- 5=0 


2x + 


y-10=0 


(kK+1)x - 4y- 9=0 


Programme 4 


8. (a) Find the values of k which satisfy the equation 
k 10 
1k 1/=0 
Olk 


(b) Factorise i i 1 


9. Solve the equation 2 3 


2x+3 6 |=0 
3 4 xt6 

10. Find the values of x that satisfy the equation 
x 3+x 24x 


2 2 2 
11. Express 1 1 1 
a? b? ce 


(ὁ τῶ} (c+ayP (α τ} 
as ἃ product of linear factors. 
12. A resistive network gives the following equations. 
23 — 42) + SG3 — ἢ) = 24 
(i, —i3) + 2ig +, -h1)= 0 
S(i, —i3) + 2G, —ig) +i = 6 
Simplify the equations and use determinants to find the value of i, 
correct to two significant figures. 


13. Show that @ + b + c) isa factor of the determinant 
bte a a 
cta ὃ 65 
α τὸ ς οϑ 


and express the determinant as a product of five factors. 
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14. Find values of k for which the following equations are consistent. 
xt+(l+k)y+ 1=0 
(2+k)x + Sy - 10=0 
x + Ty + 9=0 
15. Express | 1 +x? yz 1] asa product of four linear factors. 
lt+y? zx 1 
1122 xy 1 


16. Solve the equation |x+1 x+2 3 
2 %x+3 x+1/=0 


x+3 1 x+2 


17. If x, y, z, satisfy the equations 
(5M, + M2)x—M,y=W 
—M,x + 2M.y + (Mi —M,)z =0 
Moy + (GM ἘΜ) = 0 
evaluate x in terms of W, My and Mp. 
18. Three currents, i, i2, ’3, in a network are related by the following 
equations. 2i, + 315 + 8i3 = 30 
64, -Ἕἴ i, +2i,= 4 
3. — 127, + 81, = 0 
By the use of determinants, find the value of i, and hence solve com- 
pletely the three equations. 
19. If k(x-a)t+2x-z=0 
kv -a)+2py-—z=0 
kK(z-a)-x~y+2z=0 


show that x = Riise) Ie 


kK? +4k +2 


Η 


20. Find the angles between @ = 0 and θ = π that satisfy the equation 


1+ sin? cos?6 4 sin 20 
sin?0 1 + cos?@ 4sin2@ | =0 


sin? cos? 1+4 sin 20 
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1 Introduction: scalar and vector quantities 
Physical quantities can be divided into two main groups, scalar quantities 
and vector quantities. 
(a) A scalar quantity is one that is defined completely by a single number 
with appropriate units, e.g. length, area, volume, mass, time, etc. Once the 
units are stated, the quantity is denoted entirely by its size or magnitude. 
(b) A vector quantity is defined completely when we know not only its 
magnitude (with units) but also the direction in which it operates, e.g. 
force, velocity, acceleration. A vect«: quantity necessarily involves 
direction as well as magnitude. 


So, (0) a speed of 10 km/h is a scalar quantity, but 
! (ii) a velocity of ‘10 km/h due North’ is ao... eee quantity. 


vector 


A force F acting at a point P is a vector quantity, since to define it 


/ completely we must give 
f wees (i) its magnitude, and also 
Ler Gi itso eis 
“2...--- τ- 
Ρ̓ 
3 

So that: 

(i) A temperature of 100°C is a ....es.ceeeeeee: quantity. 

(ii) An acceleration of 9-8 m/s” vertically downwards is a... 

quantity. 
(iii) The weight of a 7 kg mass is ἃ ........ eee quantity. 
(iv) The sum of £500 is a «oe ee quantity. 


(v) A north-easterly wind of 20 knots is 4... quantity. 
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(i) scalar, (ii) vector, (iii) vector, (iv) scalar, (v) vector 4 


Since, in (ii), (iii) and (v), the complete description of the quantity 
includes not only its magnitude, but also its 00.00... 


9 


A vector quantity can be represented graphically by a line, drawn so that: 
(i) the length of the line denotes the magnitude of the quantity, 
according to some stated vector scale, 
(ii) the direction of the line denotes the direction in which the vector 


quantity acts. The sense of the direction is indicated by an arrow 
head. 


e.g. A horizontal force of 35 N acting to the right, would be indicated by 
a line --_——» and if the chosen vector scale were 1 cm =10N, 
the line would be «0... cm long. 


Vector representation 


The vector quantity AB is referred 
to as hats 

AB or a 
The magnitude of the vector 
quantity is written [ΑΒ], or! Z|, 
or simply AB, or a (i.e. without 
the bar over it). 
Note that BA would represent a vector quantity of the same magnitude 
but with opposite sense. 


A 


a 
Kk 838-55 A BA=-AB=-@ 
On to frame 7. 
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7 Two equal vectors 


If two vectors, a and δ, are said to be 
equal, they have the same magnitude 
and the same direction. 


ΩΙ 
σι 


Ifa=5,then (i) α =b (magnitudes equal) 
(ii) the direction of ἃ = direction of 5, i.e. the two vectors 
are parallel and in the same sense. 


Similarly, if two vectors a and Bb are such that b =—a@, what can we say 
about (i) their magnitudes, 
(ii) their directions? 


(i) Magnitudes are equal. 
(ii) The vectors are parallel but opposite in sense. 


ie. if b =—a, then 


οἱ 
a 


Types of vectors 


(i) A position vector AB occurs when the point A is fixed. 


(ii) A line vector is such that it can slide along its line of action, e.g. a 
mechanical force acting on a body. 


(iii) A free vector is not restricted in any way. It is completely defined 


by its magnitude and direction and can be drawn as any one of a set 
of equal-length parallel lines. 


Most of the vectors we shall consider will be free vectors. 


So on now to frame 10. 
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Addition of vectors 10 


The sum of two vectors, AB and BC, is defined as the single or equivalent 
or resultant vector AC 


To find the sum of two vectors ὦ and b, then, we draw them as a chain, 
starting the second where the first ends: the sum ¢ is then given by the 
single vector joining the start of the first to the end of the second. 

e.g, If p =a force of 40 N, acting in the direction due East 
g=aforceof30N, ” » » » due North 


f : . 
then the magnitude of the vector sum r of these two forces will be ........... 


i 


for Pap? +q? 
= 1600 + 900 = 2500 
r=+/2500= SON 


The sum of a number of vectors @+b+Z+d+.... 
(i) Draw the vectors as a chain. 


(ii) Then: 
D @+b=AC 
AC +¢@=AD 
1. @+b+7=AD 
Ε ᾿ AD+d=AE 
Ὶ .atbtcetd=AE 


i.e. the sum of all vectors, ὦ, δ, Z, d, is given by the single vector joining 
the start of the first to the end of the last — in this case, AE. This follows 
directly from our previous definition of the sum of two vectors. 

R 


Q T Similarly, 
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12 


Now suppose that in another case, we draw the vector diagram to find the 
sum of @, b, €, ἃ, δ, and discover that the resulting diagram is, in fact, a 
closed figure. 


d What is the sum of the vectors 
a, b,@, d, @, in this case? 


Think carefully and when you have 
decided, move on to frame 13. 


Sum of the vectors = 0 


For we said in the previous case, that the vector sum was given by the 
single equivalent vector joining the beginning of the first vector to the 
end of the last. 

But, if the vector diagram is a closed figure, the end of the last vector 
coincides with the beginning of the first, so that the resultant sum is a 
vector with no magnitude. 


Now for one or two examples. 


Example 1. Find the vector sum AB + BC + CD + DE + EF. 

Without drawing a diagram, we can see that the vectors are arranged 
in a chain, each beginning where the previous one left off. The sum is 
therefore given by the vector joining the beginning of the first vector to 
the end of the last. ae 

”. Sum = AF 
In the same way, 
AK + KL ΙΡεΡοξ ὼς 
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τ 14 
Right. Now what about this one? 

Find the sum of ΑΒ -- CB + CD-ED 
We must beware of the negative vectors. Remember that —CB = BC, i.e. 
the same magnitude and direction but in the opposite sense. 
Also -ED = DE 


Ὁ AB-CB+CD- = AB+BC+CD+DE 


- ΔῈ. 


Ὁ 
! 


Now you do this one: 


Find the vectorsum AB+BC—-DC-— AD 


When you have the result, move on to frame 15. 


sf ὥς ΝΣ 


7 = 15 


AB + BC—- DC- AD = AB+BC+CD+DA 


and the lettering indicates that the end of the last vector coincides with 
the beginning of the first. The vector diagram is thus a closed figure and 
therefore the sum of the vectors is 0. 


Now here are some for you to do: 
G) POF OR:+ RS#ST = vcunkceck 
(i) AC +CL—ML = ρος 
(ii) GH+HI+IK+KL+LG6 = oo. 
(iv) AB+BC+CD+DB = oe 


When you have finished all four, check with the results in the next frame. 
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16 Here are the results: 


(i) PQ+QR+RS+ST=PT 
(ii) AC +CL-ML=AC+CL+IM=AM 
(iii) GH+HJ+JK+KL+LG=0 


[Since the end of the last vector coincides with the 
beginning of the first.] 
(iv) AB+BC+CD +DB= AB 
ὃ The last three vectors form a closed 
figure and therefore the sum of these 
three vectors is zero, leaving only AB 
to be considered. 
A B 
Now on to frame 17. 


17 Components of a given vector 


Just as AB + BC + CD + DE can be replaced by AE, so any single vector 
PT can be replaced by any number of component vectors so long as they 
form a chain in the vector diagram, beginning at P and ending at T. 

- 7~_ 

boo” OS Ξ 
e.g. oa 8 


δ᾽ / PT =7+b+T+d 
\ 
—————S— Ὁ 
Example 1. 
ABCD is a quadrilateral, with G and H the mid-points of DA and BC 
respectively. Show that AB + DC = 2GH 


8 We can replace vector AB by any 


chain of vectors so long as they start 
at Aand end at B 


τὶ e.g. we could say 


AB = AG + GH+ HB 


@ 
x 


Similarly, we could say 
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So we have 
A 


G 


es Petey ek ge ee eee ets 
.. AB+DC = AG+GH+HB+DG+GH+ HC 
= 2GH+ (AG + DG) + (HB + HC) 


Now, G is the mid point of AD. Therefore, vectors AG and DG are equal 
in length but opposite in sense. 


DG =-A 
| Similarly | HC=—HB 
.. AB+DC = 2GH+(AG - AG) + (AB -- ΗΒ) 
= 2GH 
Next frame. 
Example 2. 


Points L, M, N are mid points of the sides AB, BC, CA, of the triangle 
ABC. Show that 


(i) AB+BC+CA=0 


(ii) 2AB+3BC+CA=21C 
(iii) AM+BN+CL=0. 
A (i) We can dispose of the first part 
straight away without any trouble. 
We can see from the vector diagram 


that AB + BC + CA =O since these 
B ς three vectors form ἃ 


148 


Programme 5 


2 0 closed figure 
Now for part (ii). 


To show that 2AB + 3BC + CA=2LC 


A 
A A 
L 
L N L ι, 
εἴδους οὗν ᾿ 
Β M δ B B Cc 


From the figure 
AB=2AL; BC=BL+IC; CA=CL+LA 


᾿ς 2AB+3BC+CA = 4AL+3BL+3LC+CL+LA 
Now BL=~-AL; CL=-[C; LA=-AL 


Substituting these in the previous line, gives 


2 AB +3 BC+ CA Ξ cooccccccccccccsccees 
21 
For 2AB+3BC+CA = 4AL+3BL+3LC+CL+LA 


= 4QAL—3AL+3LC-LC-— AL 


= 4AL—-4AL+3LC-LC | 


= 2LC 
Now part (iii) 
To prove that AM + BN + CL=0 | 
From the figure in frame 20, we can say 
AM = AB + BM 
BN = BC +CN 
Similarly [εἰ ἘΠ" 
22 CL=CA+ AL 
So AM+BN+CL = AB+BM+BC+CN+CA+ AL 
= (AB + BC + CA) + (BM + CN+ AL) 


(AB + BC + CA) + 4(BC + CA + AB) 


. 
| 
3 
Fe cpa cueduncevea onascbiaecveeaebveenadeeette oun it off. : | 
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| AN+BN+CL=0 | 
Since AM+BN+CL = (AB+ BC +CA)+4(BC+CA + AB) 
BC + CA isa closed figure. Vector sum =0 
+ AB isa closed figure .. Vector sum =0 
Δ AM+BN+CL=0 
Here is another. 
Example 3. 


ABCD is a quadrilateral in which P and Q are the mid points of the 
diagonals AC and BD respectively. 


Show that AB+AD+CB+CD=4 PQ 


First, just draw the figure: then move on to frame 24. 


— 24 


Sa 


A D 
To prove that AB + AD + CB + CD = 4 PQ 
Taking the vectors on the left-hand side, one at a time, we can write 


AB = AP + PQ + QB 


Adding all four lines together, we have 
‘AB + AD +CB+CD = 4PQ+2AP+2CP+ 2QB+2QD 
= 4PQ + 2(AP + CP) + 2(QB + QD) 
Now what can we say about (AP + CP)? 
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26 


AP + CP=0 


Since P is the mid point of AC“. AP=PC 


2] 


B+QD=0 
Since Q is the mid point of BD QD =-QB 
OB + OD = QB - OB =0 
AB+ AD+CB+CD=4PQ+0+0 
=4PQ 


28 


Here is one more. 
Example 4. 


Prove by vectors that the line joining the mid-points of two sides of a 
triangle is parallel to the third side and half its length. 


A 
Let Dand E be the mid-points of AB 
and AC respectively. 
0 E 
B Cc 
We have DE = DA + AE 


Now express DA and AE in terms of BA and AC respectively and see if 
you can get the required results. 


Then on to frame 29. 
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DE = DA + AE 
=$BA+4AC 
=4(BA + AC) 

DE =4BC 


29 


ΔΙ DE is half the magnitude (length) of BC and acts in the same direction. 


ie. DE and BC are parallel. 


Now for the next section of the work: turn on to frame 30. 


The vector OP is defined by its 
magnitude (r) and its direction (@). 
It could also be defined by its two 
components in the OX and OY 
directions. 


i.e. OP is equivalent to a vector ὦ in the OX direction + a vector ὃ in the 
OY direction. 
i.e. OP =a (along OX) + ὁ (along OY) 
If we now define 7 to be a unit vector in the OX direction, 
then @=ai 
Similarly, if we define j to be a unit vector in the OY direction, 
then δ) 
So that the vector OP can be written ὁ 5 
r=aitbj 
where i and 7 τὸ unit vectors in the OX and OY directions. 
Having defined the unit vectors above, we shall in practice omit the 


bars over the / and j, in the interest of clarity. But remember they are 
vectors. 


30 
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31 Let Zy =2i+47 and Z4 Ξ δὲ ὁ 2) 


Z, +z, =OB 
=(2+ 5)it+ (4+ 2)7 
= 71 Ὁ 6] 


i.e. total up the vector components along OX, 
and ” ” ” 35 25 ” OY 
Of course, we can do this without a diagram: 
If Ζι =3i+27 and 7, Ξ4ϊ1 13) 
Ζ, +Z, =3it2j+4it 37 
=7j +5] 


And in much the same way, 22 —2Z1 = -.escceeeeeeeseeees 


32 2, -Ζι =litlj 


for 24-71 =(4i+ 3f)- Git 2) 
= 4i + 3j-3i- 2; 
=lit lj 


Similarly,if %, =Si-—2j; % =3it3/; Zs =4i- (7, 
then (i) Ζι +7, +73 Ts κε ους αὐ ssdaeds 


and (ii) Ζι —Z, τ Ζ3 F cceccesssccseesteces 


When you have the results, turn on to frame 33. 
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(121 ; Gi)-2i-47 
Here is the working: 


(i) 2, +2 ἐΖῃ = 51-- 2 31 3} Ὲ41-- 1} 
Ξ(61τ3 τ4)͵τ(35--Ξ2 -- 1)} 
= 12) 

(ii) Ζι — 2, — 23 = (Si- 2ἢ.- (3i + 3/)- (4i- If) 
=(5-3-4)i+(-2-3+1)j 
=-2i-4; 

Now this one. ae. ΜΝ = 
If OA Ξ- 315) and OB=Si-— 2), find AB. 


As usual, a diagram will help. Here it is: 
Y 


First of all, from the diagram, write 
down a relationship between the 
vectors. Then express them in terms 
of the unit vectors. 


33 


AB = 21 -- 7] 


for we have OA + AB=OB (from the diagram) 
.. AB=OB-OA 
= (Si- 27)-(3i + S/= 21- 7] 
On to frame 35. 


Vectors in space 7 


The axes of reference are defined by 
the ‘right-hand’ rule. 


OX, OY, OZ form a right-handed set 
if rotation from OX to OY takes a 
right-handed corkscrew action along 
the positive direction of OZ. 


along the positive direction of 1.00.0... 


h 
| Similarly, rotation from OY to OZ gives right-hand corkscrew action 
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Vector OP is defined by its 


components 
a along OX 
δ΄ ” OY 
ec ” OZ 


Let i = unit vector in OX direction, 
] = ” 99 ” OY 35 
k = ” 29 39 ΟΖ 39 
Then OP =aitbj+ck 
Also OL? =a? +b? and OP? = OL? +c? 
OP? =a? +b? τοῦ 
So, if F=aitbj+ck, then r= (a? +b? +c”) 


This gives us an easy way of finding the magnitude of a vector expressed 
in terms of the unit vectors. 


Now you can do this one: 
If PQ =4i+3j+2k, then [ΡΟ] 5 ...... ὕμνος 


27 ΠΡΌ] = v29 - 5.385 


For, if PO =4i+3j+2k 
|PO| = (4? + 3? +27) 
= (1619 τ 4) Ξ «29 = 5-385 


Now move on to frame 38. 
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Direction cosines 3 8 


The direction of a vector in three dimensions is determined by the angles 
which the vector makes with the three axes of reference. 


Let OP =F =ai+bj+ck 


Then 

a_ Ss ik 

7 = COs a . 2=rcosa 

b_ = 

7 = cos B b=rcos 

CL 

= cos c=rcosy 
χ Also a+b? +c? =p? 


᾿ς r? costa +r? cos?B +r? cos*y =r? 


ἡ cos?@ + cos?B + cos*y = 1 


If =cos a@ 
m=cosB then 12 +m? +n? =] 
n =cosy 


Note: [l, m, nj. written in square brackets are called the direction cosines 
of the vector OP and are the values of the cosines of the angles which the 
vector makes with the three axes of reference. 
So for the vector F=aitbj.tck 
Bae Be du 
ξεν m=>; n== and, of course r= ψί(α +b? +c?) 
So, with that in mind, find the direction cosines [1, m,n] of the vector 
F= 3i-2j+ 6k 


Then to frame 39. 


7=3i-2j+ 6k 39 
.a@=3,b=-2,c=6 r= V(9+4+ 36) 
r= /49=7 
Υ avalon cave ae -6 
εἰπῆ ay ee 


Just as easy as that! On to the next frame. 
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40 Scalar product of two vectors 
If A and B are two vectors, the scalar product of A and B is defined as 
AB cos 6, where A and Bare the magnitudes of the vectors A and B, and 
θ is the angle between them. 


The scalar product is denoted by 


AB (sometimes called the ‘dot 
product’, for obvious reasons) 


wi) 


“. A.B= AB cos@ In either case, the 
= A X projection of Bon A result is a scalar 


or BX ” >A” B quantity. 


τι For example 


QA.OB = er, a 
For, we have: 
B 
OA.OB = OA.OB.cos θ 
Y = 5,7.cos 45° 

᾿ Α Ι _ 35/2 
45 Ἐπ τάς τς See 

‘ 5 33) 5 


Now what about this case: 


The scalar product of ἃ and ὁ 


σι 

" 
g) 
> 

{ft 
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Ea 


since, in this case, a.b =a.b.cos 90° =a.b.0=0 


So, the scalar product of any two vectors at right-angles to each other is 
always zero. 


And in this case now, with two vectors in the same direction, @ = 0°, 


42 


since @.b. = a.b.cos 0° =a.b.1 =a.b 


Let A=ayitbijtck 
and B= α,ρὶ Ἐδ2} Ὁ οχκ 
Then A.B = @i + byj t+ οι Κλ) (αχὶ + 84] + Ck) 


=,a,i.i+ Q,boi.j +ayCi.k + δια, }. 1 + byb2j.j 
+ byC4j.k + ¢Q5k.i +c,bykj + 01C,k.k 


This will simplify very soon, so do not get worried. 
For i.i=1.1.cos 0° = 1 
ἡ 1ΞῚ; PPE Te BB™ 1 νι, (i) 
Also i.j = 1.1 cos 90° = 0 
Lj=O; j.K=0; k=O. (ii) 


So, using the results (i) and (ii), we can simplify the expression for A.B 
above to give 


Now suppose our two vectors are expressed in terms of the unit vectors. 


| 
F Ro etgances 
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44 A.B=a,a, +byb, + οι, 


since A.B Ξαια41 +4,b,0 +a,¢,0 + bya,0 Ἐδι821 + byc,0 
+¢0;4,0 +01b,0 + ¢4C21 
. A.B =a,a, + b,b, Ἔσο, 

i.e. we just sum the products of coefficients of the unit vectors along 

corresponding axes. 
eg. If A=2i+3j+5k and B=4i+1j+6k 

then AB =2.4+3.1+56 

=8 +3 +30=41 + AB =41 

One for you: If P=3i—2j+1k; Q=2i+3j-4k, 


then PO= A2ciendae 
45 
for P.Q= 3.2 + (-2).3 + 1-4) 
Ἐρ δ ΞΡ. χρ τοῖς κά ΡΟ =-4 


Now we come to: 


Vector product of two vectors 

The vector product of A and B is written A X B (sometimes called the 
‘cross product’) and is defined as a vector having the magnitude AB sin 0, 
where @ is the angle between the two given vectors. The product vector 
acts in a direction perpendicular to A and B in such a sense that A, B, and 
(A XB) form a right-handed set — in that order 


|(A X B)|= AB sin 8 


Note that B X A reverses the direction 
of rotation and the product vector 
would now act downward, i.e. 


(BX A) =-(A X B) 


Ϊ 
1 
Ι 
! If6 = O°, then|(A X B)]= wee 
ἡ andif 6 =90°, then|(A X B)|= owe 


Le  ἑ Ὃἤδυππνσι..... 


Vectors 


d= 0° |(AX B)l=0 
6=90°,|(AX B)|=AB 


If A and B are given in terms of the unit vectors, then 
A=ayitbyjtck and B=ayi Ὁ }4] οἷ 
Then AX B= (qi t+ byjtcyk) X oi t 84} cok) 
=4,a,i Xi Ἕ a,b,iXj + a1C,iXk ἘΠ δια χὶ 
ἘΡ44] Χ] Ἐρῤιο ὰ Κα + C1ank Xi Ἔ Cybook Xj 
+eye,kXk 
But iX i= 1.1.sin 0° =0 
ERE PRPS KK Oo estas (i) 


Also i Xj = 1.1.sin 90° = 1 in direction OZ, ie. iX j=k 


LEMP SOR 
PRESEOS pte δ διε τυ ϑος δὶ (ii) 
kXi=j 


And remember too that 
ixXj=-GXi) 
jX k=-(k Xj) since the sense of 


rotation is reversed. 
k Xi=-(@Xk) 


Now with the results of (i) and (ii), and this last reminder, you can 


simplify the expression for A X B. 
Remove the zero terms and tidy up what is left. 


Then on to frame 47. 


46 
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4] 


AX B= (byCq -- baci) i + (αχοι — 4162) ) + (αχθ — @abi)k 


for AX B= a440-+ a1b2k + ἀχο2({) + bya2(-k) + b1b,0 
+ byCoi + Cyayj + c,d, (i) + cxc,0 
= (byCq — bye) i + (@2¢1 ~ 4102) j + (α.8 —anbi)k 
Now we could rearrange the middle term slightly and rewrite it thus: 
AX B= (byc2 — ba¢1)i — (ατο — 4201) j + (αιθ -- Gabi )k 


and you may recognize this pattern as the expansion of a determinant. 
So we now have that: 


if A=aitbyjt+eyk and B=a,itbjtcok 
then AXB=|i j κα 

a, by Gy 

a, bz ὁ 


and that is the easiest way to write out the vector product of two vectors. 
Note: (i) the top row consists of the unit vectors in order, i, 7, Κα 

(ii) the second row consists of the coefficients of A 

(iii) the third row consists of the coefficients of B. 


Example. If P=2i+4j+3k and Q=1i+Sj-2k first write down 
the determinant that represents the vector product P X Q. 
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PX Q=-231+ 77+ 6k 


So, by way of revision, 
(i) Scalar product (‘dot product’) 

AB=ABcos@ ascalar quantity. 
(ii) Vector Product (‘cross product’) 


Also 


A X B= vector of magnitude AB sin @, acting in a direction 


=| i j ok 
24 3 
£52 

=i/4 3|π||2 3 
5 -2 1 -2 


= i(-8- 15)—j(-4-3)+k(10-4) 


= -231+ 77+ 6k 


to make A, B, (A X B) a right-handed set. 


AXB=i j κα 


a, by Cy 


a, θ Cy 


And here is one final example on this point. 
Example. Find the vector product of P and Q, where 


for 


P=3i-4j+2k and Q=2i+5j- 1k. 


“PX Q=-6i t+ 77+ 23k | 


49 


" 


" 


i jk 
3 τά 2 
2 5-1 
i|-4 21-3 2 
5, [2 -1 


+k 


3 -4 
2. 5 


i(4— 10) -- [{:3 -- 4) + Κ(15 + 8) 


—6i+ 77+ 23k 


On to frame 51. 
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ay Angle between two vectors 
Let A be one vector with direction cosines [/, m,n] 
» 'B be the other vector with direction cosines [/', m',n'] 
We have to find the angle between these two vectors. 


Let OP and OP’ be unit vectors 
parallel to A and B respectively. 
Then P has co-ordinates (/, m,n) 
and P’ ” mt (l',m',n') 


Then (PP’)? - ([-- [72 +(m—m')? +(n-n'p? 
=1?—211'+1'2 +m? -2.mm'+ m? +n? -2nn'+n”? 
= (1? +m? +n?) + (U2 +m? +n'2)— 2(Π + mm + nn’) 
But (12 +m? +n?) = 1 and (I? + m'? +n’?) = 1 as was proved earlier. 
(PP) = 2-200 tim! tn!) icc (i) 
Also, by the cosine rule, 
(PP’)? = OP? + OP’? — 2.0P.0P” cos θ 


1 + 1 -—2.1.l.cos@ { OPand OP’ are 
Ξ 2-- DOS Oaks (ii) | unit vectors 


So, from (i) and (ii), we have: 
(PP’)? = 2— 2(11' + mm! + nn’) 
and (PP’)?=2-—2cos0 


u 


52 


i.e. just sum the products of the corresponding direction cosines of the 
two given vectors 


So, if {l, m,n] = [0-5, 0-3, -0-4] 
and [1', m',n'] = [0-25, 0-6, 0-2] 
the angle between the vectors is 0 = wo... 
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6=77 


for, we have 
cos 6 = 11 + mm! + nn’ 


= (0-5) (0-25) + (0-3) (0-6) + (0-4) (0-2) 


= 0125 + O18 - 0-08 
= 0308 - 008 = 0-225 
6=77° 


NOTE: For parallel vectors,@ Ξ 05 ..ὄ 1 +mm' +nn'=1 
For perpendicular vectors, 0 =90°, .. Il’ +mm!'+nn'=0 


Now an example for you to work: 
Find the angle between the vectors 


P=2i+3j7+4k and Q=4i-3j+2k 


First of all, find the direction cosines of P. You do that. 


for 


ΔΊ [,m,n] = ὭΣ: 331: eae 
aa n/29’ ./29’ /29 


Now find the direction cosines [{΄, m', π΄] of Ὁ in just the same way. 


| When you have done that, turn on to the next frame. 
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since γ' =|Q\=V(4? +3? +2?) =V16+94+4)=V29 
ay [l',m',n'] has 4 , -3 ᾿ eee 
29° /29’ /29 
We already know that, for P, 
πον. 
V29’ ν29᾽ /29 


So, using cos θ =//' + mm’ + nn’, you can finish it off and find the angle 


6. Off you go. 
56 
ae 4 3 (3) 4 2 
for cos9 = —. --- SE eis 
J29' 725 * ν᾽ 729 * 29° 29 
iO 9... 8. 
29. .29 29 
Emi ane 
= 59 = 0-2414 6=762 


5] 


Direction ratios 
If OP =ait+bj +ck, we know that 


|OP|=r =a? +b? +c? 
and that the direction cosines of OP are given by 


-4 _b ΕΠ: 
ἰΞ-, m=—, n=— 
r r r 
We can see that the components, a, b,c, are proportional to the direction 
cosines, /, m,n, respectively and they are sometimes referred to as the 
direction ratios of the vector OP. 
Note that the direction ratios can be converted into the direction cosines 


by dividing each of them by r (the magnitude of the vector). 


Now turn on to frame 58. 
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Here is a short summary of the work we have covered. Read through it. ἢ 8 


Summary 


1. Ascalar quantity has magnitude only ; a vector quantity has both 
magnitude and direction. 


2. The axes of reference, OX, OY, OZ, are chosen so that they forma 
right-handed set. The symbols i, j, k denote unit vectors in the direc- 
tions OX, OY, OZ, respectively. 


If OP =ai + bj τ ck, then|OP| = = (a? +b? +c?) 


3. The direction cosines [1,m,n] are the cosines of the angles between 
the vector and the axes OX, OY, OZ respectively. 


a b c 
For any vector ba m=, n== 


and I? +m? +n?=1. 


4. Scalar product (‘dot product’) 
AB=ABcos@ where @ is angle between A and B. 
If A=a,itbyjt+c,k and B=ayit bajt cok 
then A.B =a1a9 + bib, + C12 


5. Vector product (‘cross product’) 
AX B= (AB sin 8) in direction perpendicular to A and B, so that 
A, B, (A X B) form a right-handed set. 


Also AXB=|i ) k 
ay by Cy 
a by Cy 
6. Angle between two vectors 


cos 6 = 1] τ mm' +n’ 
For perpendicular vectors, { + mm’ + nn’ = 0. 


All that now remains is the Test Exercise. Check through any points that 
may need brushing up and then turn on to the next frame. 
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5 g Now you are ready for the Test Exercise below. Work through all the 
questions. Take your time over the exercise: the problems are all straight- 
forward so avoid careless slips. Diagrams often help where appropriate. 
So off you go. 


Text Exercise — V 


1. If OA = 4i + 37, OB = 6i— 2j, OC = 2i—j, find AB, BC and CA, and 
deduce the lengths of the sides of the triangle ABC. 


2. IfA = 21 + 2j—k and B = 31-- 6j + 2k, find (i) AB and (ii) A X B. 


3. Find the direction cosines of the vector joining the two points 
(4, 2, 2) and (7, 6, 14). 


4. If A = 5i+ 4j + 2k, B= 41-- 5] + 3k, and C= 2i—j — 2k, where i, j, 
k, are the unit vectors, determine 
(i) the value of A.B and the angle between the vectors A and B. 


(ii) the magnitude and the direction cosines of the product vector 
(A X B) and also the angle which this product vector makes 
with the vector C. 
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Further Problems — V 


1. 


10. 


The centroid of the 16 triangle OAB is denoted by G. If O is the origin 
and OA = 4i + 37, OB = 6i—j, find OG in terms of the unit vectors, 
fand). 


. Find the direction cosines of the vectors whose direction ratios are 


(3, 4, 5) and (1, 2, -3). Hence find the acute angle between the two 
vectors. 


. Find the modulus and the direction cosines of the vectors 


31 + 77-4k,i— 5j— 8k, and 6i— 2j + 12k. Find also the modulus 
and the direction cosines of their sum. 


. If A= 21 Ὁ 4] -- 3k, and B =i + 3j + 2k, determine the scalar and 


vector products, and the angle between the two given vectors. 


. If OA = 27 + 3j-k, OB =i — 21 + 3k, determine 


(i) the value of OA.OB 
(ii) the product OA X OB in terms of the unit vectors 
(iii) the cosine of the angle between OA and OB 


. Find the cosine of the angle between the vectors 21] + 3j ~k and 


3i— Sj + 2k. 


. Find the scalar product (A.B) and the vector product (A X B), when 


(i) A=i + 2j-k, B= = 2i+ 3jtk 
(ii) A= 27+37+4k, B=S5i-2jt+k 


. Find the unit vector perpendicular to each of the vectors 2i-j+k 


and 31 + 4j—k, where 7,7, k are the mutually perpendicular unit 
vectors. Calculate the sine of the angle between the two vectors. 


. IfA is the point (1,—1, 2) and B is (1, 2, 2) and C is the point 


(4, 3, 0), find the direction cosines of BA and BC, and hence show 
that the angle ABC = 69°14’. 


If A = 3i-j+2k, B=i+ 3j— 2k, determine the magnitude and 
direction cosines of the product vector (A X B) and show that it is 
perpendicular to a vector C = 91 + 27+ 2k. 
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11. 


13. 


A, B, Care vectors defined by A = 8ὲ + 2j- 3k, B= 31-- 6}: 4k, and 
C = 2i—2j—k, where i,j,k are mutually perpendicular unit vectors. 


(i) Calculate A-B and show that A and B are perpendicular to each 
other 


(ii) Find the magnitude and the direction cosines of the product 
vector (A X B) 


. If the position vectors of Pand Qarei + 3j— 7k and δὶ -- 2] Ὁ 4k 


respectively, find PQ and determine its direction cosines. 


If position vectors, OA, OB, OC, are defined by OA = 2i- j + 3k, 
OB = 3i + 2]-4k, OC =—i + 3j — 2k, determine 
(i) the vector AB 
(ii) the vector BC 
(iii) the vector product AB X BC 
(iv) the unit vector perpendicular to the plane ABC 
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DIFFERENTIATION 


Programme 6 


Standard Differential Coefficients 

Here is a revision list of the standard differential coefficients which you 
have no doubt used many times before. Copy out the list into your note- 
book and memorize those with which you are less familiar — possibly 
Nos. 4, 6, 10, 11, 12. Here they are: 


+ 
y= fle) a 
1. xn nx) 
2: ex ex 
3. ekx kekx 
4. a* a~.\Ina 
55 In x ee 
6. log, x ᾿ 
x. Ina 
7. sin x cos X 
8. cos X — sin x 
9. tan x sec? x 
10. cot x — cosec? x 
11. sec x sec x.tan x 
12. cosec x — cosec x.cot x 
13. sinh x cosh x 
14. a cosh x sinh x 


The last two are proved on frame 2, so turn on. 
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The differential coefficients of sinh x and cosh x are easily obtained 2 
by remembering the exponential definitions, and also that 


Ae} =e* and Hes =—e* 


Psa, ὦ 
(Gi) y=sinhx yoy 


: ἂν εἰ -|(ε). εἴ +e* 


aes ee 5 = cosh x 
: 4 (sinh x) = cosh x 
“dx 
(ii) y =coshx yao ee 
Xa (eX) xX ον 
Ξε ACE FEE = sinh x 0 


. a ἘΠΕῚ 
᾿ ἃ. (938 .χ) sinh x 


Note that there is no minus sign involved as there is when differen- 
tiating the trig. function cos x. 7 
We will find the differential coefficient of tanh x later on. 


Move on to frame 3. 


First of all cover up the list you nave copied and then write down the 
differential coefficients of the following. All very easy. 


1. x 11. cosx 
2. sin x 12. sinhx 
3. e* 13. cosec x 
4. Inx 14. a 

5. tanx 15. cot x 
6. 2* ~ 16. αὐ 

7. secx 17. x* 

8. cosh x 18. log, x 
9. logig x 19. Vx 

10. e* 20. e*/? 

When you have finished them all, turn on to the next frame to check your 


results. 
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4 Here are the results. Check yours carefully and make a special note of 
any where you may have slipped up. 


1. 5x4 11. —sinx 

2. COS x 12. cosh x 

3. 3ε5. 13. — cosec x.cot x 
4. 1}x 14. 0 

5. sec? x 15. — cosec? x 

6. 2* In 2 16. a*lna 

7. sec x.tan x 17. -4χ 

8. sinhx 18. 1/( Ina) 

oe | 

9. 1/(x In 10) 19. dx 2 = 1/(2/x) 
10. e* 20. 1." 


If by chance you have not got them all correct, it is well worth while 
returning to frame 1, or to the list you copied, and brushing up where 
necessary. These are the tools for all that follows. 


When you are sure you know the basic results, move on. 


5 Functions of a function 


Sin x is a function of x since the value of sin x depends on the value of 
the angle x. Similarly, sin(2x + 5) is a function of the angle (2x + 5) since 
the value of the sine depends on the value of this angle. 


But (2x + 5) is itself a function of x, since its value depends on x. 
1.6. (2x + 5) is a function of x 
If we combine these two statements, we have 


sin(2x + 5) is a function of (2x + 5) 


” 352. 35 35 


” a function of x 


Sin(2x + 5) is therefore a function of a function of x and such expressions 
are referred to generally as functions of a function. 


So ein Y is a function of a function of ........ cece 
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i.e. sin(2x + 5) is a function of (2x + 5) 


Differentiation 


since eS" Y depends on the value of the index sin y and sin y 6 


depends on y. Therefore e*'" ¥ is a function of a function of y. 


O DOoDo0oOoOoOo0oO000 0 
We very often need to find the differential coefficients of such func- 
tions of a function. We could do them from first principles: 


Example 1. Differentiate with respect to x, y = cos(5x — 4). 


Let u=(5x-4) .. y=cosu ἡ ay =—sin u =—sin(5x — 4). But this 


gives us ey. not o To convert our result into the required coefficient 
dy ἂν du 
we use ie dk i.e. we multiply @ Ai Ὁ (which we have) ον - = to obtain 


2 (which we want); Seis found from the substitution u = er 


1.6, — Ξ 5, 
ax d 
ὥς {cos(Sx -- 4)}=—sin(5x -- 4) Χ 5 Ξ -- βἰη(δχ -- 4) 
So you now find from first principles the differential coefficient of ᾽ 


y=e* (As before, put μ = sin x.) 


fem ae cos x. esi χ 7 


For: y=e!"* Putu=sinx ἡ γΞ οἱ Dott 


dy ἂν du du _ 
BU aa ae and ay cosx 


wen ΧῚΞ esin x cos x 
This is quite general. 

If y = f(u) and u = F(x), then ae ae 1.6. if y =In ᾿ς where F 
is a function of x, then 


dx dF dx Fdx 


So, if y =In sin x ἂν. 1 


Ξ -cosx Ξ οοἱ x 
dx sinx 


It is of utmost important not to forget this factor Σ so beware! 


--......-..--ὄ.- «ἀπ ϑσδδδδπαπειπδιι μῃ 
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8 Just two more examples: 


(i) y=tan(S5x--4) Βαβίο standard form is y = tan x, oy = sec? x 


In this case (5x — 4) replaces the single x 


Ὁ ἐν- sec?(5x -- 4) X the diff. of the function (5x — 4) 


ax 
= sec?(5x — 4) X 5 =5 sec?(5x — 4) 
(ii) py = (4x - 3} Basic standard form is y = x°, x = 5x4 
Here, (4x ~ 3) replaces the single x 
ne Φ- 5(4x -- 3)* Χ the diff. of the function (4x -- 3) 
= §(4x -3)*X 4 = 20(4x-3)* 
So, what about this one? 3 
dy a 
fy= + ee hed accu ελεφευξος : 
If y = cos(7x + 2), then or 
oe = cos(7x + 2) | Φ Ξ-7 sin(7x + 2) 
ΘΠΠΠΕ ΠΕ ΠΟΌΏΠΕΗ ΠΕΣ ΠηΠ ooaqg 0 


Right, now you differentiate these: 


1. γξ(άχ - 5) 

2. y=e* 

3. y=sin 2x 

4. y=cos(x?) 

5. y=In(3 -- 4 cos x) 


The results are on frame 10. Check to see that yours are correct. 


Differentiation 


Results: 1 0 


1. y=(4x-5)° a 6(4x — 5)".4 = 24(4x — 5)" 


2 dy Ἢ = 
= asx BS = po X44 Vea 
2. ye n° (-1) =-e 
3. y =sin 2x ΤΡ = cos x. 2= 2 c0s 2x 
= 2 ν᾽. 2 Ξ-- : 2 
4. y=cos(x*) ὭΣ sin(x?).2x =—2x sin(x*) 
ἄν 1 : 4 sin x 
= - pe SE ee 4 = ὁ 
ὭΣ eee a dx 3-4cosx (asin x) 3-4 cosx 
oo Qo noo0annonoooooon00ng 5] oo 


Now do these: 


y= esin 2x 
y =sin? x 
y =In cos 3x 


y = cos*(3x), 
y = logio(2x — 1) 


Sp MND 


10. 


Take your time to do them. 
When you are satisfied with your results, check them against the results in 
frame 11. 


Results: TI 


6. y= esin2x @ = esin 2X. cos 2x = 2 cos 2x. eS!" 2* 


@ - sinx cos x = sin 2x 


7. y=sin? x 


ὃ. y=Incos 3x VS sin 3x) = --3 tan 3x 


dx cos 3x 
9. y =cos3(3x) o = 3 cos?(3x).(-3 sin 3x) =—9 sin 3x cos?3x 
oe ΜΝ dy = 1 " 2 
δ Oe mie οι ΣΉ 10 


All correct? Now on with the programme. Next frame please. 
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12 


Of course, we may need to differentiate functions which are products 
or quotients of two of the functions. 


1. Products 
If y = uy, where u and v are functions of x, then you already know 
that d d d 
ay = Ὁ + oe 
dx Ge” de 
eg. If y =x?.sin 3x 
then τ: =x>.3 cos 3x + 3x? sin 3x 


= 3x?(x cos 3x + sin 3x) 


Every one is done the same way. To differentiate a product 
(i) put down the first, differentiate the second; plus 
(ii) put down the second, differentiate the first. 


So what is the differential coefficient of e?* In 5x? 


13 


ἂν. “χ 
ze ς + 2 In Sx) 


for y = e?* In 5x, ie. u=e?*, v=In Sx 


dx 5x 


= ales +2 In 5x) 


ὧν ere 1 5 Ἐ 262 ΧΊ]η 5x 


Now here is a short set for you to do. Find τ; when 


1. y=x? tanx 
2. y=e5*(3x +1) 
3. y=x cos 2x 
4. y=x3 sin 5x 
5. y =x? In sinh x 


When you have completed all five move on to frame 14. 
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Results: 1 4 


1. y=x?tanx ᾿. @ = x2 sec?x + 2x tan x 


= x(x sec?x + 2 tan x) 
2. p=e (3x41) 1 Ὁ Ὲ e* 3 + 5e5*(3x + 1) 
= e5*(3 + 15x + 5) = e5*(8 + 15x) 
3. y=xcos2x ᾿. oy ye x2 sin 2x) + 1.cos 2x 
= cos 2x — 2x sin 2x 
dy 


4. y=x? sin 5x ia 5 cos 5x + 3x? sin 5x 
= x?(5x cos 5x Ὁ 3 sin 5x) 

5. y =x? In sinh x ἡ Do : cosh x + 2x In sinh x 
dx sinh x 


= x(x coth x + 2 In sinh x) 


So much for the product. What about the quotient? 


Next frame. 
2. Quotients 15 
In the case of the quotient, if μ and are functions of x, and y =o 
du dv 
ἂν "ax ax 
then eo τς τ᾿ 
Ἐχάηιρὶο. Jee sin3x ὧν (x + 1) 3 cos 3x -- sin 3x.1 
B ἡ ττ’ (ἐς (+1)? 
Sie ΤΩ ex i - Ιη χ. 26 
Example 2. If = = -------- -- 
si eX > Ox eX 
ies 
: ex 2 In x) 
1~2Inx 
x 
= 2x 
If you can differentiate the separate functions, the rest is easy. 
You do this one. If y = ee o veesnsh eases! 
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ἃ (ses se sin 2x + cos 2x) 
dx x 
ΓΕ (ss 2) _x?(-2 sin 2x) -- cos 2x.2x 
ἀχὶ x cf 

_ 72x(x sin 2x + cos 2x) 


x4 


- τῷ sin 2x + cos 2x) 


for 


So: Fory=uy, Pe | ei λέξεσι EE (i) 


al 
Ul 

= 

a 


Be sure that you know these. 


You can prove the differential coefficient of tan x by the quotient 


method, for ify =tanx, y= SOS 


Then by the guoriont rule, = τὰ 


᾿ * de sabeatn κλῦθι (Work it through in detail) 
ΕΣ 
sin x . αν _cosx. cos x + sin x. sin x 
for = ee ΞΞ ξεν --τοξ. τε 
cos x ax cos*x 
= —5— = sec?x 
cos*x - 
In the same way we can obtain the diff. coefft. of tanh x 
Stantese = sinhx . dy _coshx.coshx— sinh x.sinh x 
— δ ak Se =e 2 a τὁοὸὐ  παα-- τὺ ς 
a cosh x ἄχ. cosh*x 
_ cosh?x — sinh?x 
cosh?x 
=—,— = sech?x 
cosh’x  * 


5 = (tanh x) = sech?x 


Add this last result to your list of differential coefficients in your note-book. 
So what is the diff. coefft. of tanh(5x + 2)? 
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2 (tanh (5x + 2)|= 5 sech?(5x + 2) 18 


for we have: If 2 (tanh x} = sech?x 
ax 


chek 2 {tanh (5x +2)} = sech?(Sx + 2) X diff. of (Sx +2) 
= sech?(5x + 2) X 5 


= 5 sech?(5x + 2) 


Fine. Now move on to frame 19 for the next part of the programme. 


1; 


19 


Logarithmic differentiation 

The rules for differentiating a product or a quotient that we have revised 
. ᾿ : u 

are used when there are just two-factor functions, i.e. uy or π When there 


are more than two functions in any arrangement top or bottom, the diff. 
coefft. is best found by what is known as ‘logarithmic differentiation’. 


It all depends on the basic fact that tin x} Ξ- 1 and that if x is 
ax x 


: d _1dF ‘ A Rake 
replaced by a function F then a {In F} Fax Bearing that in mind, 


; μν 
let us consider the case where y = emi) where u, v and w — and also y — 


are functions of x. 
First take logs to the base e. 


Iny =Inu+Iny—Inw 


Now differentiate each side with respect to x, remembering that u,v, w 
and y are all functions of x. What do we get? 
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So to get Y by itself, we merely have to multiply across by y. Note that 


when we do this, we put the grand function that y represents. 
aed ἐὰ τάς, Τῶν 
dx wtlu ἂν ν ax τ | 
This is not a formula to memorize, but a method of working, since the 
actual] terms on the right-hand side will depend on the functions you start 
with. 
Let us do an example to make it quite clear. 
x? sinx dy 
cos ax? find G 


The first step in the process 15......ὅἍνοννονννοννονννννννννννν 


If y= 


21 To take logs of both sides 


_ x? sinx 
cos 2x 


: : : d - 
Now diff. both sides w.r.t. x, remembering that an ΕΞ Fae 


Δ In y = 1In(x?) + In(sin x) — In(cos 2x) 


1 dy_1l 1 1 : 
--.--ΦΞ.Ξ. ----. + < - .(-- 
y dx x? 2 age COON ae Oe {2 5102) 


= 24+ cot x +2 tan 2x 
Σ dy _x? sin x 
“dx cos 2x 


(3: cot x + 2 tan 2x| 
This is a pretty complicated result, but the original function was also 
somewhat involved! 

You do this one on your own: 

If y =x*e* tanx, then ὭΣ τα asthe ot: 


ax 
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Here is the working. Follow it through. 
y=xte®* tanx Ὁ. In y =In(x*) + In(e**) + In(tan x) 


ld 1 
=. B=. 4x3 + πὸ 303% 
yax x e tan 
2 
= 4434 See% 
x tan x 
d ec? 
Da xte™ tanx (24345 ~| 
x x tan x 


There it is. 
Always use the log. diff. method where there are more than two func- 


tions involved in a product or quotient (or both). 


Here is just one more for you to do. Find, given that 


eX 


»* cosh 2x 


Working. Check yours. 
ἂν 4x 3 
oe. Pe we = -Ἰ -] 
»* x3 cosh 2x In y = In(e**) — In(x*) — In(cosh 2x) 


έν  πν 
τ dx εἶ 4e x3 3x cosh 2x 2 sinh 2x 
= 4-3-2 tanh 2x 
x 
4x 
ee {4-2 2 tanh 2x| 
x 


dx x3 cosh 2x 
Well now, before continuing with the rest of the programme, here is a 


revision exercise for you to deal with. 


Turn on for details, 
182 


Programme 6 


24 Revision Exercise on the work so far. 


Differentiate with respect to x: 


1. 


2. 


(i) In 4x (ii) In(sin 3x) 
e°* sin 4x 


sin 2x 
2x +5 


(3x + 1) cos 2x 


e2x 


x sin 2x cos 4x 


When you have finished them all (and not before) turn on to frame 25 
to check your results. 


183 


Differentiation 


Solutions 
i = Ly 1 "a= 1 
᾿ Ξ : .ὧὦν 1 
Gi) y=Insin3x 2 ae aaa cos 3x 
= 3 cot 3x 
. dy 


2. y=e* sin 4x a εὖ. 4 cos 4x + 3e>* sin 4x 


= e3*(4 cos 4x + 3 sin 4x) 


3 yo . dy _ (2x +5) 2 cos 2x — 2 sin 2x 


xt+5 " dx (2x + 5)? 


_ (3x + 1) cos 2x 
ae eee 


4, 
. Iny = In(3x + 1) + In(cos 2x) -- oe 


Re + 
yadx 3xtl or 


-(-2 sin 2x) - ae 2e?* 


ΤΟΝ is 
ee 2 tan 2x -- 2 


dy = CET TO | 


ae Α τ 2 tan 2χ -- 2] 


3 
3x +1 


5. y=x° sin 2x cos 4x 
x a = In(x*) + In(sin 2x) + In(cos 4x) 


. 1 aye 4. 2 08 2x 1 
tee ἘΞ Ξ-- τ = 
y ax as sin 2x cos 4x ὭΣ 


ak 


+2 cot 2x -- 4 tan 4x 


d 
= x? sin 2x cos 4x{ 2+ 2 cot 2x- 4 tan 4x} 


So far so good. Now on to the next part of the programme on frame 26. 
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2 6 Implicit functions 


If y =x? — 4x + 2, y is completely defined in terms of x and y is called an 
explicit function of x. 

When the relationship between x and y is more involved, it may not be 
possible (or desirable) to separate y completely on the left-hand side, 

e.g. xy + sin y = 2. In such a case as this, y is called an implicit function 
of x, because a relationship of the form y = f(x) is implied in the given 
equation. 

It may still be necessary to determine the differential coefficients of y 
with respect to x and in fact this is not at all difficult. All we have to 
remember is that y is a function of x, even if it is difficult to see what it 
is. In fact, this is really an extension of our ‘function of a function’ 
routine. 

x? + y? = 25, as it stands, is an example of an .........ἐονννόνεννον function. 


2] x? + y? = 25 is an example of an | implicit | function. 


ΠΡ ΕΘ ΒΕ ΓΕ ΞΕ ΒΕ ΕΠ ΠΕΝΕΠΠῊΓΓΕἊΠΊΕΙ ΠΕ ΕΞ ΕΣ ΠΈΞ 


Once again, all we have to remember is that y is a function of x. So, if 


x? + y? = 25, let us find ay 
dx 
If we differentiate as it stands with respect to x, we get 


Note that we differentiate y? as a function squared, giving ‘twice times 
the function, times the diff. coefft. of the function’. The rest is easy. 


ἂν 
= a δὰ dy χ 
“Ὁ αχ “axe yp 


As you will have noticed, with an implicit function the differential coef- 
ficient may contain (and usually does) both x and ....... 
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ΤΟΝ 


00 0 oo ooo0000n0n00 0 ong 
Let us look at one or two examples. 


dy 
Example 1. lf x* +y?-—2x- 6y +5 =0, find ana 3 Y atx=3,y=2. 


Differentiate as it stands with respect to x. 


2x + 2y 2 - 2- 655 -ο 


is SAR 2H 
- (2y- 8): = 2- x 


a ΣΕΥ Gene ee dy 
men ἀχεάμει. -ϑευτα τος 
G3)? 
= πῃ, = dy 
sees 
o- 3 
d’y β-:2- (-32 1- (ὦ). 
αἱ (3,2) we (23) πο 
ὧν, SO 
pesiog ema 2ε 
Now this one. If x? + 2xy + 3y? = 4, find 2. 
Away you go, but beware of the product term. When you come to 2xy 
treat this as (2x) Ὁ). 


x? + Ixy + 3y? =4 
2x + xB + ay + 6y B= ‘ 29 


ἕ (2x ταν) =— (ax + 2y) 


ac (et 2») 6 τ») 
‘dx = (2x +6y) — (x +3y) 


And now, just one more: 


. ὦν 
3443 2= 
If x? τ γ᾽ + 3xy? =8, find dx Turn to frame 30 for the solution. 
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3 0 Solution in detail: 


x ees 


3x2 +32 ἀπ 3X. ay &Y 4 3y2 =0 


Ὁ 7 + dy) 2 =— οὐ +y?) 


.- SE 
‘a (2 + 2xy) 


That is really all there is to it. All examples are tackled the same way. 
The key to it is simply that ‘y is a function of x’ and then apply the 
‘function of a function’ routine. 


Now on to the last section of this particular programme, which starts on 
frame 31, 


Parametric equations 


In some cases, it is more convenient to represent a function by expressing 
x and y separately in terms of a third independent variable, e.g. y = cos 2t, 
x = sin ¢. In this case, any value we give to ¢ will produce a pair of values 
for x and y, which could if necessary be plotted and provide one point of 
the curve of y = f(x). 

The third variable, e.g. t, is called a parameter, and the two expressions 
for x and y parametric equations. We may still need to find the differen- 
tial coefficients of the function with respect to x, so how do we go 
about it? 

Let us take the case already quoted above. The parametric equations 
of a function are given as y = cos 27, x = sin t. We are required to find 

dy __,d’y 


expressions for—— and —> 
Ρ dx? 


dx 


Turn to the next frame to see how we go about it. 
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BF 


dx 


y=cos 27, x=sint. Find ay and 
dx x 


From y = cos 27, we can get ay —2 sin 2t 


at 
: ax 
From x = sin t, we can get χε 098 ἕ 
dy _ dy at 
that—- =— -- 
We now use the fact tha ἣν πὰ 
dy : 1 
that --.-Ξ-- eee 
so tha oF 2 sin 21. aaa 
=—4 sin f cos fics 
d cos ft 
ay Ξ -- ] 
Ae 4 sin ὦ 


That was easy enough. Now how do we find the second diff. coefft.? We 
cannot get it by finding a? and 4 from the parametric equations and 
joining them together as we did for a first diff. coefft. That method 
could only give us something called 22 a ~ which has no meaning and is 


certainly not what we want. So what do we do? 


On to the next frame and all will be revealed! 


32 


To find the second differential coefficient, we must go back to the 
d? 


very meaning of ἄς ay 
a ἘΞ a (F) - = (-4 sin) 
But we cannot differentiate a function of ¢ directly with respect to x. 
Therefore we say a4 sin ἡ = 24 sin ἡ). = 
ry og. τὸς t. —= 
ee 


Let us work through another one. What about this? 
The parametric equations of a function are given as 

y =3sin6 ~ sin?0, x =cos°@ 
d*y 


. ἂν 
Find dx ἀπά dx? Turn on to frame 34. 


33 


188 


Programme 6 


34 y =3 sin -- sin?  B=3 cos0- 3 sin?6 cos 0 
x=cos9 .... 1 & = 3 cos? (sin 6) 
dé 
=-3 cos?@ sin 6 
ἀν, ἂν 4. ᾿" ἶ 
de ae 7 ROU aw ΓΕ ν, 
a 3 cos? ὦ 
—3 cos*@ sin @ ee θ᾽ θ 
αὖν d [{_ _ ὧν αθ 
Also oF cot a) == ( cot ‘= 
1 
tty Pays sd ς 
(-cosec"d } ~3 cos?@ sin 6 
ἀν el | oy 
dx? 3. cos*6 sin? Me 


Now here is one for you to do in just the same way. 
dye Oe _3+2t dy 
De eet) gar? ge 


When you have done it, move on to frame 35. 


2-3t , ax (1+t)(-3)-(2-32) 


For ee ars ,» ΠΣ τ ara 


. 312, .Ετὴ0)- 9 #20 
Στ τ «Ὁ 7 (+h 
ὧς -3--3Ψ1-2130 5 
αἱ (τὴς ( +t)? 
ἂν. 2:121--3--2} 6 -Ἱ 
dt +t? (+t 
dy _ dy dt τὶ ατὐὴὸ 1 wd 


dx dt ax (+t? πῶ 5 aS 
And now here is one more for you to do to finish up this part of the work. 
It is done in just the same way as the others. 
If x=a(cos@ +6 sin@) and y =a(sin 6-6 cos @) 
ἀν 


. ἂν 
find ae and a 
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Here it is, set out like the previous examples. 3 6 


x =a(cos 6 + 6 sin @) 


oy a = a(- sin 8 +6 cos 8 +sin 8)=a@ cos 6 


y =a(sin θ -- 6 cos 6) 


Pe ® =a(cos 8 +@sin@—cos@) =a@ sin@ 


— - J Ι -- 
md ας 49 sin 6 7 osg 7 tan d 


ἀν ἃ 


a dO 
Wet ἃς (tan 9) = sp(tan 9).ay 


eed 
δες θ. cos 8 


You have now reached the end of this programme on differentiation, 
much of which has been useful revision of what you have done before. 
This brings you to the final Test Exercise so turn on to it and work 
through it carefully. 


Next frame please. 


Programme 6 


3 7 Test Exercise — VI 


Do all the questions. Write out the solutions carefully. They are all quite 
straightforward. 


1. Differentiate the following with respect to x: 
(Gi) tan 2x (ii) (5x + 3) (iii) cosh? x 


(iv) log yo(x? — 3x -- 1) ae 3x (vi) sin? 4x 


(vii) e?* sin 3x ὍΣ: J (ix) > ΤῚΣ 


2 
| uy If x? +y?—-2x + 2y = 23, find oa and oS at the point where 
ν ΧΊΞΊΞΩ, γΞ3. 


3. Find an expression for 7 when 


Vv 


2y 
Ε If x Ξ:3( —cos θ) and y Ξ3(0 — sin @) find 4 ay and cy > in their 


gsmaplest oem 


xe+y + 4xy? =5 
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Further Problems — VI 


1. Differentiate with Ss tox: 


Ie (i) In feats) ἷ (ii) Teens + tan x) Yas cos*x 
\ 


cos xX — sin x 


dy x sin x — x? 
2. Find & ge nen OY τῷ (ii) y = nf | 
1 +cosx 


ef 
e+] 


3. Ifyisa function of x, andx = 


ὧν τῶν 
show that at χα x) 


τ ἂν 3 3 ab 
: — tyr = 
4. Find ἧς when χ + γ΄ - 3xy 


cosh x — i 


δος ἣν = esin?5x ii) y = Inj —-—__ 
_5. Differentiate: (i)y =e (ii) y infor 


feat) x-23/ 
(iii) y = ΠΕ ni 5) ] 
6. Differentiate: (i) y =x? ΠΝ (ii) y = inf? - 


*Inx 


(ai) y= FNS 


Neg 


If (x-y)? =A(x τ y), prove that (2x + y) 2: =x+2y. 


8/' Ifx? —xy +y?=7, find 2 and ry at x =3,y=2. 


2 
κοι Ifx? +2xy +3y?=1, prove that (x + 363 +2=0. 


10. ἔχ ΞΊη tan and y = tan 6 — 8, prove that 


ay — tan?6 si θ +2sec 6 
Fs (0 θ sin @ (cos 8 + 2 sec 8) 
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11. 


15. 


16. 


20. 


If Ξ 3 e?* cos (2x -- 3), verify that 4 2 4 ae + 8y=0. 

The parametric equations of a curve are x = cos 20, y=lt+sin 26. 
d*y 
ae 
a tae between x and y. 


Find Ων and—at@ = 1/6. Find also the equation of the curve as 


Ify ={x +V1 9] 3/2 | show that 


4 +x) ἜΖ 2 -9y=0 


2 
Find and at if x =a cos?6, y =a sin°6. 


d? 
Ifx = 3 cos 6 — cos36, y=3sin 6 -- sin°6, express ΕΣ and -- et wee in terms 
οὔθ. 


Show that ν = €?’"* sin 4mx is a solution of the equation 


d? ad 
az t 4m & + 20m?y = 0 


2 
If y = sec x, prove that y d”y 7=(2) +y4 


Prove that x = Ae sin pt, satisfies the equation 


aE 4p? +k? )x =0 
Ify=e# (A cosh qt + B sinh qt) where A, B, q and k are constants, 
show that 


d? 
on Ἑ 2 9} at (kK? - αν =0 
: _ 4 sinh x — 3 dy _ 5 
Sinn Y = 43 sinh.x MOM het. ΤΕΣ τ ΤΊ 
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DIFFERENTIATION APPLICATIONS 


PART 1 


Programme 7 


Ί Equation of a straight line 
The basic equation of a straight line is y = mx +c, 


Ξ -ὃδν ὦ 
where m = slope ΤῊ - 


c Ξ intercept on real y-axis 
Note that if the scales of x and y 


are identical Ὁ = tan 6 
dx 


e.g. To find the equation of the straight line passing through P(3,2) and 
Q(-2,1), we could argue thus: 


Line passes through P, i.e. whenx =3,y=2 .. 2=m3+c 

Line passes through Q, i.e. whenx=-2,y=1 %. 1=m/(-2)+e. 

So we obtain a pair of simultaneous equations from which the values 
of γι and ὁ can be found. Therefore the equation is .........Ὄννοννννννννοννν 


2 We find m = 1/5 and c = 7/5. Therefore the equation of the line is 


baa ae 
=—+— = 
Yasts, ie. Sy=xt+7 


ἸΠΩΠΠ ΒΟ ΒΟ ΒΕ ΘΟ ΠΠ ΟΠ ΠΟ ΠΠΕΌΠΟΠΟΠΠΠΠΌΠΟΠΠΠΕΠ 


Sometimes we are given the slope, m, of a straight line passing through 
a given point (x1, 1) and we are required to find its equation. In that 
case, it is more convenient to use the form 
yi =m(X—x1) 
For example, the equation of the line passing through the point (5,3) 
with slope 2 is simply ........00......00. which simplifies to... 


Turn on to the next frame. 
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y~3=2(«-5) 3 
ie.y-3=2x-10 2 Ea 


ΠΩ ΠΏΒΌΠΕΌΠΕΠΠἪΈΕἊΩὮὮ Π ΠῚ Π Π ΠῚ ΓΠ [} ΓἸ Γ [} ΓΙ [} [ἢ 


Similarly, the equation of the line through the point (--2,-- 1} and 


having a slope : is 
1 


y-CD=5{x-C} 
ytd =5(x +2) 
2y+2=x+2 


2 


So, in the same way, the line passing through (2,-3) and having 
Slope (—2) ὅδ το eee 


For y ~(-3) = -2(x - 2) 
“yt3s-2xt+4 (Ὁ y=1-2x 


oog00g No000000GCOO00000ono0c0o0gg ΠσΠΟΠΌΠΕΠ 


Right. So in general terms, the equation of the line passing through the 
point (x,,¥1) with slope mis ooo eeeceeeees 


Turn on to frame 5. 
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5 ypr-y, =m(x-x,) | It is well worth remembering. 


Oo oan oo00000008 QO 
So for one last time: 
Ifa point P has co-ordinates (4,3) and the slope m of a straight line 
through P is 2, then the equation of the line is thus 


y-3=2-4) 
=2x—-8 
. ps2x-5 


The equation of the line through P, perpendicular to the line we have 


just considered, will have a slope m, , such that mm, =~—1 
1.6. my = -<. And since m = 2, then m, =— - This line passes through 
(4,3) and its equation is therefore 

y-3=-4(¢-4) 


2 
=-x/2+2 
y=-545 2y =10-x 
6 If m and m, represent the slopes of two lines perpendicular to each 
other, then mm, =—-1 or m, = - 


Consider the two straight lines 
2ν Ξάχ--5 and 6y =2-3x 
If we convert each of these to the form y =m x +c, we get 
(i) ΠΤ: and Gi) y=- dial 
2 2° 3 


So in (i) the slope m = 2 and in (ii) the slope m, =— + 


. ᾿ ; 1 
We notice that, in this case, m, =— Pe or that mm, Ξ -- 


Therefore we know that the two given lines are at right-angles to each 
other. 


Which of these represents a pair of lines perpendicular to each other: 
(i) y=3x—-S5 and 3y=x+2. 

(ii) 2y=x—-S5 and y=6-x. 

(iii) y-3x—-—2=0 and 3y+x+9=0. 

(iv) 5y—x=4 and 2y + 10x +3=0. 
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Result: 
(iii) and (iv) 
oc NO00000000000000000e00n0000oO008 a 


For if we convert each to the form y = mx + c, we get 


x,2 


(i) y=3x-5 and y=3 3 


m= 3 
(ii) γεξ-Ξ and y=-x + 6 
1 
m= 7;m,=-l mm, #-1 


m=33m,=-% mm, Ξ- 
(iv) y=242 and y=-sx-3 
1 
m=s3m,=-S ὁ. mm =- 


Do you agree with these? 


Not perpendicular. 


Not perpendicular. 


Perpendicular. 


Perpendicular 


Remember that ify =mxtce and y=m,x+c, are perpendicular 


to each other, then 


_ : _ 1 
mm, Ξ --Ἰ, ie.m, δ τ" 


Here is one further example: 


A line AB passes through the point P (3,—2) with slope -ὸῷ . Find its 
equation and also the equation of the line CD through P perpendicular 


to AB. 


When you have finished, check your results with those on frame 9. 
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1 
8 Equation of ΑΒ: ἘΞΑ ΞΖΗΞῚΞ 5-3) 
x3 
-*_! 
Στ 2.5) 


2ytx+1=0 


hess, 1 


Equation of CD: slope m, =~ ig soy Be 2 
y ~(-2) = 2(x -- 3) 
yt+2=2x-6 
y=2x-8 
So we have: 


10 ; mm, =-l 


o0o0000g0G6 od ogon0nag0o0n0gn00gg ΠΠΌΏΌΠΕ oO 


And now, just one more to do on your own. 

The point P(3, 4) is a point on the line y = 5x — 11. 
Find the equation of the line through P which is perpendicular to the 
given line. 
That should not take long. When you have finished it, turn on to the 
next frame. 
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1 


For: slope of the given line, y = 5x —11 is 5. 


slope of required line = — : 


The line passes through P, i.e. when x = 3,y =4. 


I 
y~4=-<(x-3) 
Sy~-20=-x+3 ὁ Syt+x=23 
oooco0oag ΠΩ nooocoDgoooo0nR oo00000 g 


Tangents and normals to a curve at a given point. 
The slope of a curve, y = f(x), at a point P on the curve is given by the 


slope of the tangent at P. It is also given by the value of @ at the point P, 


x 
Y : ; 
Ἴ which we can calculate, knowing 
y=f(x) the equation of the curve. Thus 
ΓΞ we can calculate the slope of the 
erie tangent to the curve at any point P. 
ie) x 


What else do we know about the tangent which will help us to 


determine its equation? 


We know that the tangent passes through P, i.e. whenx =x,,y=y,. 
NO00090000 9ODDO0G0000D0D0000D00DnDoDoDDo0DoDonn0g0 12 
Correct. This is sufficient information for us to find the equation of the 
tangent. Let us do an example. 
e.g. Find the equation of the tangent to the curve y = 2x3 +3x?2 -2x-3 
at the point P,x =1,y =0. 
= = 6x? + 6x-2 

[dy : ᾿ 
Slope of tangent ={—— =6+6-2=10, ie.m=10 

dx x=1 


Passes through P, i.e.x =1, py =0. 
Yi =m(x —x,) gives y-O= 10(x-1) 
Therefore the tangent is y= 10x—10 


We could also, if required, find the equation of the normal at P which is 
defined as the line through P perpendicular to the tangent at P. We know, 


for example, that the slope of the normal is ....................... 
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13 


-] 


Slope of normal ~ Slope of tangent 7 


i 
10 


9 ΠΩΠΟΘΠΌΠΟΠΕΠΗΕΘΘΠΕΠ ΠΕ ΠΓΙΠΈΕΙΕΙΕΙΕΙΈΕΙ 


The normal also passes through P, ie. when χξξὶ, y =0. 


ἡ Equation of normal is: y—0= = (x- 1) 


1l0v=-x+1 l10yt+x=1 


That was very easy. Do this one just to get your hand in: 
Find the equations of the tangent and normal to the curve 
y =x? — 2x? τ3χ- 1 at the point (2,5). 
Off you go. Do it in just the same way. 


When you have got the results, move on to frame 14. 


14 


Tangent: y= 7x-9 Normal: 7y + x = 37 


Here are the details: 
yon = 2x? ι3χ- 1 
ν dy _ 2 - οἱ ὧν = —-&®+3= 
ae 3x* —4x+3 .. AtP(2,5), ae 12-8+3=7 
Tangent passes through (2,5), ie. x =2,y=5 


y-5=7(x-2) Tangent isy =7x—9 
ae ΥΜΥῚ 
slope oftangent 7 


Normal passes through P (2, 5) 


For normal, slope = 


ey eet eee 

ee ee ὦ 2) 

Ty -35=-x+2 
Normal is Ty + x = 37 


You will perhaps remember doing all this long ago. 


Anyway, on to frame 15. 
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The equation of the curve may, of course, be presented as an implicit 15 
function or as a pair of parametric equations. But this will not worry you 
for you already know how to differentiate functions in these two forms. 
Let us have an example or two. 
Find the equations of the tangent and normal to the curve 
x? + y? + 3xy— 11 =O at the point x =1,y=2. 
First of all we must fina at (1,2). So differentiate right away. 
dy 
ax 


(2y + 3x) 2 = (2x + 3y) 


2x + 2y ΕΣ + 3x + 3y =0 


ὧν 2x+3y 


dx 2yt3x 
Therefore, atx =1,y = 2, 


Now we proceed as for the previous cases. 


Tangent passes through(1,2) «Ὁ y-2=-a3(x- 1) 


Ty —14=-8x +8 
*. Tangent is 7y + 8x = 22 
Now to find the equation of the normal. 


=i 


a Slope of ees 


ee 
8 


Normal passes through (1,2) .. y-2= 8 1ᾳ Ξ:1) 
ὃν -16=7x-7 


“. Normal is 8y = 7x Ἐ9 That’s that! 
Now try this one: aa ον 


Find the equations of the tangent and normal to the curve 
χὸ +x?y + y? ~7=O at the point x =2,y =3. 
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1 Results: 


| Tangent: 3ly + 24x = 14] | | Normal: 24y =31x+ 10 


Here is the working: 
xet+x*%y ty? —7=0 


dy dy 
perigee) ἃ. ΘΠ 
3x* +x + 2xy + 3y ae 0 


dy . dy __3x* +2xy 
2 2.52 = 2 =e 
(x? + 3y7) ἥχ ~(3x* τ 2xy) ix xT + 3y? 


dy. 12412. “δὴ 
* ΑΓ(2,3) a 4427 3! 


(i) Tangent passes through (2,3) ἡ. y-3=- Ξ (x — 2) 
3ly — 93 =-24x + 48 Δ 3ly + 24x = 141 
(ii) Normal: slope = + . Passes through (2,3) ..») —3 (x — 2) 
24y -72=31x-62 .. 24y =31x + 10 


Now on to the next frame for another example. 


Now what about this one? 
ἷ 31 12 
The parametric equations of a curve are x = τε τῷ; 
Find the equations of the tangent and normal at the point for which 
t=2. 
First find the value of ΞΣ when ¢ = 3. 
. 30 , dx_(1+t)3—-3t_3+3t-3t_ 3 
*"lte “ad πτὴῆξ (ty (τὴς 
seks 2 OPIS Bet DP aT. Sree 
τε “a G+ +e +0? 
ἂν ὧν dt 22εἰ (τὴ ΞΡ ΟΣ See eee 8 
dx dt’ dx (l+t 3 3 dx 3 


To get the equation of the tangent, we must know the x and y values of a 
point through which it passes. At P— 

3t 6 
+t 1+2 


_6_ = 
τ,.2, ae 


+ 
- 


1 
Continued on frame 19. 
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So the tangent has a slope of 8 and passes through (2, 2) 19 
.. Its equation is yr 4.8 α--2) 


3ν -4-δχ-- [6 .-. 3ν Ξ 8χ -- 12 (Tangent) 
-Ι 3 


{ i ἀρυρικίδουυ, οὐ ἜΜ, το 
For the normal, slope ΠΤ ΤΥ ΤΤ ΤΥ ΝΕ: 


Also passes through (2, 4) ἦν a 3 = -3 (x - 2) 
24y — 32 =—-9x + 18 ἡ 24y + 9x Ξ 50 (Normal) 


Now you do this one. When you are satisfied with your result, check 
it with the results on frame 20. Here it is: 
If» = cos 2Γ and x = sin ¢, find the equations of the tangent and 


π 
normal to the curve at t = ra 


Results: 20 
Tangent: 2y + 4x =3 Normal: ἄν = 2x +] 


Working: d 
y=cos2t -. as —2 sin 21 Ξ --ά sint cost 
tt . AX 
x =sint ees 0st Γ 
ἂν ἂν dt _~—4sintcost__, . 
dx dt dx cost ne 
= τ dy _ — 1 Τ -- 1 ΞΞ -- 
At ἐξ δ’ ὥς 4 sin δ 4(5) 2 
᾿ς slope of tangent =—2 
Passes through x= sin 2 = 0-5; y= cos a= 0-5 


6 3 
“. Tangent is y -4 =—-2(x - 5 J Qy-1l=-4x+2 
Δ 2y + 4x =3 (Tangent) 
Slope of normal = ἐ . Line passes through (0-5, 0-5) 
Equation is y -ἰ Ξ Sex = 7 
. 4y-—2=2x-1 
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21 Before we leave this part of the programme, let us revise the fact that 
we can easily find the angle between two intersecting curves. 


Since the slope of a curve at (x, ,¥1) is given by the value of 2 at 


that point, and = tan 6, where @ is the angle of slope, then we can 


use these facts to determine the angle between the curves at their point 
of intersection. One example will be sufficient. 
e.g. Find the angle between y? = 8x and x? + y? = 16 at their point of 
intersection for which y is positive. 

Y 


First find the point of intersection. 
i.e. solve y? = 8x and 
x? +y? =16 
We have x? + 8x =16 2.x? +8x—-16=0 


x= DO EM(64 + 64) -8 Ξ νΊ28 


2 2 
Ἢ 2 2 2 
x = 1-657 or [-9-655] Not ἃ real point of 
intersection. 


When x = 1-657, y? = 8(1-657) = 13-256, y = 3-641 
Co-ordinates of Pare x =1-657, y=3-641 


Now we have to find o for each of the two curves. Do that. 


i 2 = a dy _ dy 4 4 1 5 
22 DR ay a eR ee λα edo Pee 
tan 0, = 1-099 +. 6, =47°42' 
(ii) Similarly for x? + y? =16 
dy .dy_ x__ 1657 _ 
JZ = {= -- = - 1 
Se oar a aa 7 a 


tan 0, =—-0-4551 +. 6. =-24°28' 


Finally, 6 =6, —0, = 47°42’ — (-24°28') 
= 47°42' + 24°28 
=72°10' 
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That just about covers all there is to know about finding tangents and 23 
normals to a curve. We now look at another application of differentiation. 


Curvature 


The value of Φ at any point on ἃ curve denotes the slope (or direction) 


of the curve at that point. Curvature is concerned with how quickly the 
curve is changing direction in the neighbourhood of that point. 
Let us see in the next few frames what it is all about. 


24 


Let us first consider the change in direction of a curve ) =f (x) between 
the points P and Q as shown. The direction of a curve is measured by the 
slope of the tangent. 


= f(x) 
Y Ye) 


Slope at P= tan 6, = ea} 


ΖΡ 
Slope at Q=tan 6, = {2| 
Q 


These can be calculated, knowing 
the equation of the curve. 
From the values of tan θ᾽ and tan 8, the angles 6, and 6, can be found 
from tables. Then from the diagram, 9 = 0, ~6,. 

If we are concerned with how fast the curve is bending, we must 
consider not only the change in direction from P to Q, but also the 
length of oo. which provides this change in direction. 
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25 


i.e. we must know the change of direction, but also how far along the 
curve we must go to obtain this change in direction. 

Now let us consider the two points, P and Q, near to each other, so 
that PQ is a small arc (= ὃ 5). The change in direction will not be great, 
so that 1{ is the slope at P, 
then the angle of slope at Q can 
be put as0 +60. 


The change in direction from P to Ὁ is therefore 60. 
The length of arc from P to Qisés. 
The average rate of change of direction with arc from P to Q is 
the change in direction from P to Ὁ 66 
the length of arc from P to Q “δε 
This could be called the average curvature from P to Q. If Q now moves 


down towards P, i.e. 8s > 0, we finally get which is the curvature 


at P. It tells us how quickly the curve is bending in the immediate 
neighbourhood of P. 


2 ἢ In practice, it is difficult to fina? since we should need a relationship 
between θ and s, and usually all we have is the equation of the curve, 
y = f(x) and the co-ordinates of P. So we must find some other way 
round it. 
Let the normals at P and Q meet 
in C. Since P and Q are close, 
CP = QC (ΞΕ say) and the arc PQ 
can be thought of as a small arc 
of a circle of radius R. Note that 
PCQ = 66 (for if the tangent turns 
through 66, the radius at right 
angles to it will also turn through 
the same angle). 
You remember that the arc of a circle of radius which subtends an angle 
@ radians at the centre is given by arc = 76. So, in the diagram above, 
arc PQ = 6S = ....eeeseeeeesteeeees 
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2] 


Σ .δθ 1 
5s=R66 .. 35° R 


If 8s +0, this becomes Ξε which is the curvature at P. 


That is, we can state the curvature at a point, in terms of the radius R 
of the circle we have considered. This is called the radius of curvature, 
and the point C the centre of curvature. 


: dé. 
So we have now found that we can obtain the curvature τς if we have 
some way of finding the radius of curvature R. 
If R is large, is the curvature large or small? 


If you think ‘large’, move on to frame 28. 
If you think ‘small’ turn on to frame 29. 


28 


Your answer was : ‘If R is large, the curvature is large.’ 


DOAooO0n0noog0gon NO00R0CHo0o00CoOCoOooOoooooooOD 


7 6 : 
This is not so. For the curvature = = and we have just shown that 


1 
ge Ἐ΄ R is the denominator, so that a large value for R gives a smal] 
value for the fraction τς and hence a small value for the curvature. 


You can see it this way. If you walk round a circle with a large radius R, 
then the curve is relatively a gentle one, i.e. small value of curvature, but 
if R is small, the curve is more abrupt. 


So once again, if R is large, the curvature is ...................... 
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29 If R is large, the curvature is 


do _ 
Correct, since the curvature — 
το ἃς Ἐξ 


[π᾿ gono0onn0ooonnooon000n000cn0000 ooo 


im) 


In practice, we often indicate the curvature in terms of the radius of 
curvature R, since this is something we can appreciate. 

Let us consider our two points P and Q again. Since 5s is very small, 
there is little difference between 
the arc PQ and the chord PQ, or 
between the direction of the chord 
and that of the sos ae 


So, when 6s +0,2- tan @ 


dy _ ds 
= tan 0. Differentiate with respect to s. 


ἐν sae Ἧν 


dé 
= cec2pe 
“ : Ξ cos 6 = Ξοοῦθ ae 
d@_d*y 
3 — Ἐς. 
seeds dx? 


Now sec36 = (sec29)?/? = (1 + tan29)3/? = (1 τ ~) Ἵ" 


d’y 
— «(ὦ 3/2 
do 1 oy, eg) 
s dy d“y 
(1+@y| dx? 


Now we have got somewhere. For knowing the equation y = f(x) of 
the curve, we can calculate the first and second differential coefficients 
at the point P and substitute these values in the formula for R. 

This is an important result. Copy it down and learn it. You may never 
be asked to prove it, but you will certainly be expected to know it and to 
apply it. 


So now for one or two examples. Turn on to frame 30. 
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Example 1, Find the radius of curvature for the hyperbola xy = 4 at the 3 0 
point x =2,y=2. 3/2 


[5] 


Ξ oo vl qd. Ξ--4χ 2 a 
xyt4 cp μα agi; Wao_4y a 
dy He ὃ 
and “Σ BX Ξττ 
ἂν 4 dy 8 
At (2,2 = =--=-1,=4 == 
(2,2) 4 ἷς dx’ 8 : 


/2 3/2 
“Re τοὺ } ana Ξ 2)}}} = 2/2 


, R= 2/2 = 2.828 units. 
There we are. Another example on frame 31. 


Example 2. If y =x + 3x? —x3, find Rat x =0. 
; dy? 3/2 31 
= or 


d*y 
dx? ‘ 
Dat 6x-3e : . Atx= 02 - (2) =] 
dx 
ay d?y 
= “At x =0, 
Ge 8 Gar Ὁ 


ge feiblt 2° 2v2_y2 
6 6 6 3 


. R= 0-471 units 
Now you do this one: 


3 
Find the radius of curvature of the curve y? == at the point ( 1 5) 


When you have finished, check with the solution on frame 32. 
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32 


Here is the solution in full. 

y are % 2y Bae 2a 
ΚΟΤΕ 

8y (6x) — 3x? ao 


dx ὃν "dx? 64 y? 
1\ d?y_24-243 24-18 3 
t 1 72 Ξ is =o 
At(1,7) ες “7g ie 8 
ayy? 3/2 9 \ 3/2 [3 3/2 
+(— -- — 
ti (2) | ΕἸΣ ee) ὁ 8 125. 125 .5. 
ey “3 3 3° 64 24 24 
dx? 8 8 


ὦ R=5-21 units 


Of course, the equation of the curve could be an implicit function, as 
3 3 in the last example, or a pair of parametric equations. 


eg. Ifx=6-—sin@ and y = 1 — cos 6, find R when @ = 60° = 3 


Ξθ -- ςἱ . ax -- 
x=6-siné@ Fg 1—cos @ Bay a6 


- 600 Ga pe - ἄν, ν3 
Ατἱθ Ξ 60΄, 5ῖηθ5Ξ 5» 0505 5 Ὡς i 
dy ἃ sin 6 ἃ j sin@ dé 
“dx? dx \1-—cos6J dé \l—cosé} 


_ (1 = cos 8) cos 6 ~ sin @. sin 8 1 
(1 -- cos 6) "1 —cos 6 


_ cos @—cos*@—sin?@ _ cos@-1 __ —1 
(1 — cos 6)* (l—cos6)> (1 —cos6)* 


32 23 
{13}}} 2 . 8 Ξ-- .. R=-2 units 


-4 -ὰ -4 
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You notice in this last example that the value of R is negative. This 34 
merely indicates which way the curve is bending. Since R is a physical 
length, then for all practical purposes, R is taken as 2 units long. 
If the value of R is to be used in further calculations however, it is 
usually necessary to maintain the negative sign. You will see an example 
of this Jater. 


Here is one for you to do in just the same way as before: 
Find the radius of curvature of the curve x = 2 cos*6, y = 2 sin?@, 


at the point for which 6 =55 45°. 


Work through it and then go to frame 35 to check your work. 


Result: 
35 
For x =2 cos?@ B= 6 cos? (sin 6) =—6 sin 6 cos? 6 
=2sin?@ ᾿ Lae οε 29 cos@ 
dy ἀν d@_ 6sin?@ cos 6 = sind _ | ὃ 
dx d@°dx —6sin@ cos?@ cos 6 ae 
=45° a-) . @) = 
At = 45° =-1 ἘΞ i 
Py ἃ ( _d d@_—_ -sec”9 
Iso “dx? oak tan 6} =F an | dx —6 sin 6 cos? 


I 
6 sin 8 cos*@ 


. o αν -4ν2 _ 22 
. At @ = 45° - --- 
dx? 6( ao G) 6 


: (1 «Ὁ (1 al 


a ee 3/2 
dy WwW? "2/2 7 
dx? =e 
_3.2V2 
2/2 


. R=3 units 
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Centre of curvature. To get a complete picture, we need to know also the 
3 6 position of the centre of the circle of curvature for the point P(x4,¥1)- 


If the centre C is the point (h,x), 
we can see from the diagram that: 
h=x,-LP=x, —Rsin@ 

k=y, +LC=y, + Reosé 


That is, | h=x, —Rsin@ 
k=y, +Reosd 


where x, and y, are the co- 
ordinates of P, R is the radius of 
curvature at P, θ is the angle of 


slope at P, i.e. tan 6 = dy 
dx} p 


37 Example. Find the radius of curvature and the co-ordinates of the centre 


11-- . 
of curvature of the curve y = 3 a at the point (2, 3). 
dy _(3—-x) (-4)- (11. — 4x) C1) 12 + 4x + 4x __ ol 
—_— ee -- 
dx (3 -x) (3-x) (3 =x)? 
ie = dy ced Ξ-- 5 dy ‘ = 
a Atx =2, ὭΣ τ as bis Gy 1 


fp =F (6-}} 26 ταῦ DG 


x 
d*y -2 
= =_*=-2 
Atx as Get 1 
ἀν. Ἶ 
_+G fn? ar ὦ 
By 7: Ὲ 
ax” 
R=-y2 
Now before we find the centre of curvature (h, k) we must find the angle 
of slope θ from the fact that tan @ -ὦ at Ρ. 
ie.  tan@=—1 .. 6 =—45° (θ measured between + 90°) 
᾿ς sin 0 = oe and cos 6 =... 
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38 


Π o g9o0gnonoaooocona! oo ooo00 


So we have: xX, =2,y, =3 


1 
“h= x, —Rsin@ = 2-(-y2) Cops 2-1=LA=l 
k=y, + Reos 6 =3 +(-V2) (Gq) =3-1=2,k=2 


᾿ς centre of curvature C is the point (1,2) 


NOTE: If, by chance, the calculated value of R is negative, the minus sign 
must be included when we substitute for R in the expressions for ἢ and k. 


Next frame for a final example. 


-——. 


Example. Find the radius of curvature and the centre of curvature for 3 9 
the curve y = sin?@, x = 2 cos θ, at the point for which @ =F. 


Before we rush off and deal with this one, let us heed an important 
WARNING, You will remember that the centre of curvature (A, k) is 
given by 

h=x,-Rsin@ 
k=y,+Rcoosé 
6 is the angle of slope of the curve at the point being considered 


1.6. tan@ = [2] 
Ρ 


Now, in the problem stated above, θ is ἃ parameter and not the angle 
of slope at any particular point. In fact, if we proceed with our usual 
notation, we shall be using @ to stand for two completely different 
things — and that can be troublesome, to say the least. 

So the safest thing to do is this. Where you have to find the centre of 
curvature of a curve given in parametric equations involving 6, change the 
symbol of the parameter to something other than 6. Then you will be safe. 
The trouble occurs only when we find C, not when we are finding R only. 


and in these expressions 
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4ῃ So, in this case, we will re-write the problem thus: 


Find the radius of curvature and the centre of curvature for the curve 
y = sin?t, x = 2 cost, at the point for which t -Ξ 

Start off by finding the radius of curvature only. Then check your 
result so far with the solution given in the next frame before setting out 
to find the centre of curvature. 


At R=-2-795, ie. 2-795 units 


Here is the working. 
y=sin’t Be rsint cose 


= .ax_ og. 
x= 2 cost. 2 sin t 


a ας lant | 
bee We ρος poeta See 
Att=60, = cos 60 5 Ὧν 52 
αν _d dt _ sint _ i 
Also ΩΣ = + τος ἡ - [cos ἡ ς aa 2 
By «Αἱ 
ἄχ τ 2 
dy \2)\ 3/2 1) 3/2 
er” Gd” μγ» 
ay ae | 
dx? 2 
τ 2δν 5. Sy5 _=5 (2:2361) 
8 4 4 
= ISO? = 2795] 


R =-2-795 


All correct so far? Move on to the next frame, then. 
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Now to find the centre of curvature (h, k) 


h =X, —Rsin@ 
k=y, +Reos@ 
SO ἄς το σους ο 
where tan@=~ =-= ἡ. 6 =-26°34 (@ between + 90°) 
dx 2 
᾿ς sin(—26°34') = -0-4472; cos(-26°34') = 0-8944 
Also x, =2 cos 60° = 2.51 
2 
=sin? 60° =1¥3)" -3 
y, =sin* 60 [ 3) 4 


and you have already proved that R = —2-795. 
What then are the co-ordinates of the centre of curvature? 


Calculate them and when you have finished, move on to the next frame. 


42 


Results: h=-0-25; k =-1-75 


For: h = 1 — (-2.795) (-0-4472) 0-4464 
=1-1.250 pens 
0.0969 

ὉΠ h=-0-25 
and k = 0-75 + (-2-795) (08944) 0-4464 
= 0.75 — 2.50 1.9515 
0-3979 


ὡς k=-1-75 


Therefore, the centre of curvature is the point (-0-25, -1-75) 


This brings us to the end of this particular programme. If you have 
followed it carefully and carried out the exercises set, you must know 
quite a lot about the topics we have covered. So turn on now and work 


the Test Exercise. It is all very straightforward. 


43 
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44 Test Exercise— VII 


Answer all questions 


1. Find the angle between the curves x? + y* = 4 and Sx? + y? =5 at 
their point of intersection for which x and y are positive. 


2. Find the equations of the tangent and normal to the curve 


10 
2. 
ye 4-x 


3. The parametric equations of a function are x = 2 cos*6, y = 2 sin3@. 


at the point (6, 4). 


Find the equation of the normal at the point for which 6 =f 45°. 


4. Ifx =1+sin 26, y =1 + cos @ + cos 20, find the equation of the 
tangent at 9 = 60°. 


5. Find the radius of curvature and the co-ordinates of the centre of 
curvature at the point x = 4 on the curve whose equation is 
yx? +5 Inx— 24. 


2 
6. Given that x = 1 + sin 8, y = sin @ -} cos 26, show that £3 = 2. Find 


the radius of curvature and the centre of curvature for the point on 
this curve where @ = 30°. 


Now you are ready for the next programme. 
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Further Problems—VII 


1. 


Find the equation of the normal to the curve ye Sy at the point 


(3, 0-6) and the equation of the tangent at the origin, 


. Find the equations of the tangent and normal to the curve 


4x? + 4xy + y? = 4 at (0, 2), and find the co-ordinates of a further 
point of intersection of the tangent and the curve. 


. Obtain the equations of the tangent and normal to the ellipse 


y? 


x 
ete i in 8). d 

69 + ὅς 1 at the point (13 cos θ, 5 sin θ). If the tangent an 
normal meet the x-axis at the points T and N respectively, show that 
ON.OT is constant, O being the origin of co-ordinates. 


Thx? y + xy? —x3 -y3 +16=0, fina in its simplest form. Hence 


find the equation of the normal to the curve at the point (1,3). 


. Find the radius of curvature of the catenary y =c cosh (=) at the 


point αι .2).). 


. 1 2x? + y? -- ἄν -- 9x = 0, determine the equation of the normal to 


the curve at the point (1,7). 


. Show that the equation of the tangent to the curve x = 2a cos*t, 


y =a sin*t, at any point PO<t <> is 


x sint + 2y cost— 2a sint cost=0 


If the tangent at P cuts the y-axis at Q, determine the area of the 
triangle POQ. 


. Find the equation of the normal at the point x =a cos 0,y =b sin 6, 


2 
of the ellipse“ + ἘΞ = 1. The normal at P on the ellipse meets the 


major axis of the ellipse at N. Show that the locus of the mid-point 
of PN is an ellipse and state the lengths of its principal axes. 
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11. 


12. 


14. 


15. 


17. 


— x? 


. For the point where the curve y = τῆς passes through the origin, 


+ x? 
determine: 
(i) the equations of the tangent and normal to the curve, 
(ii) the radius of curvature, 
(iii) the co-ordinates of the centre of curvature. 


. In each of the following cases, find the radius of curvature and the 


co-ordinates of the centre of curvature for the point stated. 
2 42 
1 me, Ves 
(i) 15 ΤΊς 1 at (0, 4) 
(ii) y? = 4x -—x? —3 atx =2-5 
(ἰδ y =2 tan 6, x =3 sec @ at 6 = 45° 


Find the radius of curvature at the point (1, 1) on the curve 
x3 -2xy τγ ΞΟ. 


If 3ay? = x(x —a)? witha > 0, prove that the radius of curvature at 
the point (3a, 2a) is = 


. Ifx = 26 —sin 26 and y = 1 — cos 26, show that 2 = cot θ and that 


d 
ἂν -l ; . ; 
Σ᾿ 4an*8' If p is the radius of curvature at any point on the 


curve, show that p? = ὃν. 


Find the radius of curvature of the curve 2x? + y? — 6y — 9x Ξ0 at 
the point (1,7). 


Prove that the centre of curvature (h, k) at the point P(at?, 2at) on 
the parabola y? = 4ax has co-ordinates ἢ = 2a + 3at?,, k = —2at?. 


. If p is the radius of curvature at any point P on the parabola 


x? = 4ay, S is the point (0, a), show that p = 2\/[(SP)?/SO], where O 
is the origin of co-ordinates. 


The parametric equations of a curve are x = cost +f sinf, 

y =sint —t cost. Determine an expression for the radius of curvature 
(p) and for the co-ordinates (h,k) of the centre of curvature in terms 
of ἢ. 
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18. Find the radius of curvature and the co-ordinates of the centre of 
curvature of the curve y = 3 In x, at the point where it meets the 
x-axis. 


19. Show that the numerical value of the radius of curvature at the point 
2(a +x,)3/? 
qil2 
of curvature at the origin O and S is the point (2, O), show that 

OC = 2(OS). 


(x1,¥1) on the parabola y? = 4ax is: . If C is the centre 


20. The equation of a curve is 4y? = x?(2 ~x?). 
(i) Determine the equations of the tangents at the origin. 


(ii) Show that the angle between these tangents is tan! (2/2). 
(iii) Find the radius of curvature at the point (1, 1/2). 
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DIFFERENTIATION APPLICATIONS 


PART 2 


Programme 8 


1 Inverse trigonometrical functions 


You already know that the symbol sin ‘x (sometimes referred to as 
‘arcsine x”) indicates ‘the angle whose sine is the value x’. 

e.g. sin’ 0-5 = the angle whose sine is the value 0-5 

= 30° 
There are, of course, many angles whose sine is 0-5, e.g. 30°, 150°, 390°, 
510°, 750°, 870°, .. .. etc., so would it not be true to write that 
sin’! 0-5 was any one (or all) of these possible angles? 

The answer is no, for the simple reason that we have been rather 
lax in our definition of sin! x above. We should have said that sin"! x 
indicates the principal value of the angle whose sine is the value x; 
to see what we mean by that, move on to frame 2. 


The principal value of sin’' 0-5 is the numerically smallest angle 
(measured between 0° and 180°, or 0° and~-180°) whose sine is 0-5. 
Note that in this context, we quote the angle as being measured from 0° 
to 180°, or from 0° to -180°. 

In this range, there are two 
angles whose sine is 0-5, ie. 30° 
and 150°. The principal value of 
the angle is the one nearer to the 
positive OX direction, i.e. 30°. 

sin 0.5 = 30° 
and no other angle! 


Similarly, if sin @ = 0-7071, what is the principal value of the angle 6? 


When you have decided, turn on. 
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Principal value of @ = 45° 3 


for: sin@ =0-7071 .. In the range 0° to 180°, or 0° to -180°, the 
possible angles are 45° and 135°. 
Υ The principal value of the angle is 
the one nearer to the positive OX 
axis, i.e. 45°. 
sin '0-7071 = 45° 


Oo oO im} oaaqo0gnandgd im) [5] oo Oo 
In the same way, we can find the value of tan! /3. 
If tan 6 =\/3 = 1-7321, then 6 = 60° or 240°. Quoted in the range 0° to 
180° or 0° to -180°, these angles are @ = 60° or -120°. 
Pp 


qa Υι Ys 


The principal value of the angle is the one nearer to the positive OX 
direction, i.e. in this case, tan 4/3 = oo. 


tan! 4/3 = 60° 4 


Now let us consider the value of cos! 0-8192. 


From the cosine tables, we find one angle whose cosine is 0-8192 to be 
35°. The other is therefore 360° — 35°, i.e. 325° (or —35°). 


Of course, neither is nearer to OX: they are symmetrically placed. In 
such a situation as this, it is the accepted convention that the positive 
angle is taken as the principal value, i.e. 35°, -. cos! 0-8192 = 35° 


So, on your own, find tan™ (-1). Then on to frame 5. 
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5 


For, if tan 6 =—1, 8 = 135° or 315° P 


In the range 0° to + 180°, these angles are 135° and —45°. 
The one nearer to the OX axis is—45°. .. Principal value = —45°. 


tan”! (-1) = -45° 
Now here is just one more: 
Evaluate cos! (-0-866) 


Work through it carefully and then check your result with that on frame 6. 


cos! (-0-866) = 150° 


For we have: y 


cosE=0-866 .. E=30° 

.@ =150° or 210° 

In the range 0° + 180°, these 
angles are θ = 150° and —150° 
Neither is nearer to the positive 


OX axis. So the principal value is 
taken as 150°. 


cos”! (0-866) = 150° 


Ὺ 
So to sum up, the inverse trig. functions, sin"'x, cos” x, tan™'x 
indicate the p.......... eee Veretexstecsteseedies of the angles having the value 
of the trig. ratio stated. 
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principal value 


Differentiation of inverse trig. functions 

Sin! x, cos"!x, tan”!x depend, of course, on the values assigned to x. 
They are therefore functions of x and we may well be required to find 
their differential coefficients. So let us deal with them in turn. 


(i) Let y = sin’'x. We have to fing SY 


First of all, write this inverse statement as a direct statement. 
yposin'x ἡ. x=siny 


Now we can differentiate this with respect to y and obtain ay 


ἘΣ » ἀπ 5 
ays ob 
dx cosy 


Now we express cos y in terms of x, thus: 
We know that cos”y + sin?y = 1 
᾿ς cos?y = 1 —sin*y = 1 —x? (since x = sin y) 
᾿ς cosy =/(1-x?) 
ὦ Ὁ 


. ἃ τ ; 
Now you can determine rate κα] in exactly the same way. 


Go through the same steps and finally check your result with that on 
frame 9. 
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Here is the working: 


Let y=cos!x 2. x =cosy 
: vor ἂν =! 
“ad et Ae sin y 
cos*y +sin?y=1 +. sin?y=1-—cos*y=1—-x? 
sin y = /(1—x?) 
ἦν. τὶ ὦ costx} = an 5 
ax VU -x?) dx ‘} Vx?) 


So we have two very similar results 


(i) 4 srt} - 1. 
dx “(1--χῦ) 
᾿ ᾿ Different only in sign. 
sey ἘΡΡ. “1 ee he 
(ii) ax [ως x| (1x?) 
Now you find the differential coefficient of tan’! x. The working is 


slightly different, but the general method the same. See what you get and 
then move to frame 10 where the detailed working is set out. 


10 = tan? x }= u 
dx 1+x? 


Working: Let y=tan'x ἡ. x=tany. 
αν" ety = Lt tanty = 1 +x? 
ΕΝ 2 ΚΙΩΝ " 3 
dy dx 1+x 
1 


Let us collect these three results together. Here they are:- 


4ἀ{--.} 1} ; 
ax sin Ixy f= να =x) Ἐν (i) 
d ἐπα; οὐ δον, ἘΞ By 
ΓΟ Ὁ βο ρου ξτι ονοε εν δ (ii) 
raed lar eed ΕΣ ΤῊΝ (iii) 


Copy these results into your record book. You will need to remember them. 
On to the next frame. 
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Of course, these differential coefficients can occur in all the usual 11 
combinations, e.g. products, quotients, etc. 


Example 1. Find @ , given that y =(1 —x?) sin! x 
Here we have a product 


ΑΘ τα τὰ ae yt sin x. -2x) 


=J(1-x?)-2x.sin x 


Example 2. If y = tan”! (2x — 1), find = dy 


dx 
This time, it is a function of a function. 
dy _ ἘΞ τῆς τοῖς 0. 2ΞΞ ee 
dx 1+(2x-1)?° 1+ 4x? -4x+1 
2 1 


~ 24 4x? 4x ~ 2x? -2Χ + 1 


and so on. 


12 


Here you are. Here is a short exercise. Do them all: then check your 
results with those on the next frame. 
Revision Exercise 
Differentiate with respect to x: 

1. γ5 πη} Sx 

2. y=cos? 3x 

3. y=tan! 2x 
4. y=sin (x?) 
5 


. prx? sin*(5) 


When you have finished them all, move on to frame 13. 
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13 Results: 
1 


Ps ; ® 
= W 5x5 3. 
ΣΟΥ ΕΞ, Ὡἰτὸ ὩΣ I = 25 TBF 
= μὴ -ί 
2. = 1 SF ete Set = ςπο ἀρου ται 
ὑπ ον, τ aay τ ἢ 
ὌΝ πε ἢ ΒΕ epee 
3. y=tan’ 2x τς i+ (a? oa ag rig .3 
on dy _ 1 2x 
4. y=sin' (x?) .. Φ 
dx ΤΠ Fy Ty 
=y2 gpl {X ote eee x 
5. y Ξ χ' sin ee: * vie ® 3 αὐ 2x. sin” wo(2) 


= ae. = dae (3) 
wie) 


τ 2x. sin! (3) 


Right, now on to the next frame. 


14 


Differential coefficients of inverse hyperbolic functions 


In just the same way that we have inverse trig. functions, so we have 
inverse hyperbolic functions and we would not be unduly surprised if 
their differential coefficients bore some resemblance to those of the 
inverse trig. functions. 

Anyway, let us see what we get. The method is very much as before. 


: Ree dy 
= 1 _— 
(ὃ y=sinh'x To find ie 


First express the inverse statement as a direct statement. 
rere ‘ dx dy 1 
=sinhx .x=sinhy 7. —=coshy . = 
} y dy Pree dx coshy 


We now need to express cosh y in terms of x 


We know that cosh?y —sinh?y =1 .. cosh?y = sinh’y + 1 =x?41 
cosh y = V(x? + 1) 
d 1 ἃ Εν ΓΕ 
ΩΣ Je +1)" ax {sian x}= V(x? +1) 
Let us obtain similar results for cosh! x and tanh”! x and then we will 
take a look at them. 
So on to the next frame. 
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-πῇ 15 


We have just established 4 six} 
x 


(αὐ τ 1) 
ii) y=cosh’x (. x=coshy 
ΘΕ 
ἂν vou a sinh y 


Now cosh*y-—sinh*y=1 .. sinh?y =cosh?y—-1=x? -1 
᾿ς sinh y = (x? - 1) 
“ὄν ὃΞἷᾷϑΘΦϑὃβΡνἄς ral -1 "πεῖ; 
ἡ τ. Te =i) ae cosh’ x Vet 7) 
Now you can deal with the remaining one 


1. ἂν 
f = Uae aaa. 
I y = tanh + 


Tackle it in much the same way as we did for tan’ x, remembering this 
time, however, that sech?x = 1 — tanh? x. You will find that useful. 


When you have finished, move to frame 16. 


=e 16 


= 71 — 
y =tanh x ae hos 


for: 
y=tanh’x .. x=tanhy 
7 dx = 2 = -- 2 = -- ;2 μὴ dy — 1 
ay sech*y=1-—tanh*y=1—-x° .. a ae 
a -ιχὶ---} 
i {tanh x| ee 
Now here are the results, all together, so that we can compare them. 
dj. .y | 1 ᾿ 
ὡς [τ x| = Sat aly. eee (iv) 
SG facta Nets k= 
ax {cosh x| Verio ον (v) 
1 : 
(vi) 


G(s fea Ne 
# (tant x}= ΤΣ ce 
Make a note of these in your record book. You will need to remember 


these results. 


Now on to frame 17. 
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1] Here are one or two examples, using the last results. 


Example 1. y=cosh! {32x} 
"dx J/{(3- 2x)? — IF “19 -- 12x + 4x? -- 1) 
Bile δ ed a ae A ee eas 
V(8— 12x + 4x?) A(x? — 3x42) V(x? - 3x +2) 
deed [3Χ oe aad 
Example 2. y = tanh ( 4 ) 
ae ee 3 
a 1-(28)" 4°90 4 
4 16 
οὐδ. 8 2D 
16--9χ "4 16-- 9χ2 
Example 3. y=sinh’ {tanx} 
ν Sati =. ΕΣ sec? x 
dx /(tan?x + 1) a/sec? x 
= sec x 


18 Here are a few for you to do. 


Exercise 
Differentiate: 
1. y=sinh? 3x 
5x 
= -1{ 2 
2. y = cosh (5 ) 
3. y = tanh! (tan x) 
4. y=sinh! V(x? -1) 
5. y = cosh? (e2*) 


Finish them all. Then turn on to frame 19 for the results. 
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Results: 19 


ΠΕ EY et EE Dan, Mite ce ee 
1. y=sinh” 3x .. dx JiGx +h 3 VW(9x? +1) 
_, (5x dy _ Cee, 5 5 
2. y = cosh (> Τὰ ᾿ a 
dx x 25x? 
Jey "Ἢ "ἢ ΜΙ -ἢ 
πὰς ὩΣ 
pee Ξ9) ν(25χ3 -- 4) 
ΜΉΝ ἂν ΘΞΡΞἷ 2y = SCC 
3. y=tanh'(tanx) . ὭΣ eee sec’ x = ree 
4. y=sinh’ {ψ 2 -- 1} 


ἂν. 1 ore: kee ol 
ax Kx? Ξιτὴ: 20 - 1)” (2x) “V(x? -- 1) 


2e?* 


ay y = cosh? (ε2.) - ὦ GT a “ἢ: 2εἦ ΝΣ - )ὴ.--- 


All correct? 


On then to frame 20. 


Before we leave these inverse trig. and hyperbolic functions, let us 
look at them all together. 2 0 


Inverse Trig. Functions Inverse Hyperbolic Functions 
2 
a 


It would be a good idea to copy down this combined table, so that you 
compare and use the results. Do that: it will help you to remember them 
and to distinguish clearly between them. 
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21 Before you do a revision exercise, cover up the table you have just copied 
and see if you can complete the following correctly. 


6. 


If y = sin" x, @ = . 
Ify = costx, 2 =. 
fy =tanx,@ =. 
If y = sinh” 1x, B= 
If y = cosh 1x, 2 = 
If y = tanh ix, ὦ - 


Now check your results with your table and make a special point of 
brushing up any of which you are not really sure. 


22 


Revision Exercise 


Differentiate the following with respect to x: 


1. 


Ln) es ea Ὁ 


Take care with these; we have mixed them up to some extent. 


tan ‘(sinh x) 
sinh’ (tan x) 
cosh ? (sec x) 


tanh"! (sin x) 


: (2) 
gin _ 
a 


When you have finished them all — and you are sure you have done 
what was required — check your results with those on frame 23. 
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Solutions 
1. y = tan” (sinh x) Eltanx| Ξ {τ 
τ @ = ER, cosh x = SEE = sech x 
2. y Ξ sinh’! (tan x) a j sinh” x ᾿Ξ a 


If you have got those all correct — or nearly all correct — 
know quite a lot about the differential coefficients of Inverse Trig. and 


ΐ on” sec?x = HS = sec x 
dx ./(tan?x + oe </sec?x 


d = 
y = cosh (sec x) Ecos x et 
: dy _ 1 ἜΑ 5 secx.tanx 
dx ~/(sec*x -- 1)" ; v/tan? x 
= secx 
y = tanh”! (sin x) Ζ {tan x| ἘΠῚ τ 
᾿ ἂν cos x = Os* = ec x 
“dx 1-- 5ἰη2χ΄ cosex ὦ 
. 1 
y=sin {2| £{sn lq 52) 
.ὧν 1 τι 1 
dx xa a x? 
ψ{.-|-29} “νι- 5) 
ΒΡ 1 _ 1 
era iq? — 2. 42 —-x? 
a\/ ΕΞ ) νί ) 


Hyperbolic Functions. 


You are now ready.to move on to the next topic of this programme, so 


off you go to frame 24. 


you now 


23 
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24 Maximum and minimum values (turning points) 


You are already familiar with the basic techniques for finding 
maximum and minimum values of a function. You have done this kind of 
operation many times in the past, but just to refresh your memory, let us 
consider some function, y = f(x) whose graph is shown below. 


At the point A, ie.at x =x ;,a maximum value of y occurs since at A, 
the y value is greater than the y values on either side of it and close to it. 

Similarly, at B, y isa ...................., since the y value at the point B is 
less than the y values on either side of it and close to it. 


25 At B,y isa value. 


Point of 
inflexion 
ς 


The point C is worth a second consideration. It looks like ‘half a max. 
and half a min.’ The curve flattens out at C, but instead of dipping down, 
it then goes on with an increasingly positive slope. Such a point is an 
example of a point of inflexion, i.e. it is essentially a form of S-bend. 

Points A, B and C, are called turning points on the graph, or 
Stationary values of y, and while you know how to find the positions of 
A and B, you may know considerably less about points of inflexion. We 
shall be taking a special look at these. 


On to frame 26. 
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If we consider the slope of the graph as we travel left to right, we can 26 
draw a graph to show how this slope varies. We have no actual values for 
the slope, but we can see whether it is positive or negative, more or less 
steep. The graph we obtain is the first derived curve of the function and 


3 d ξ 
we are really plotting the values of 7 against values of x 
y = f(x) 
Y (max) Point of 
A inflexion 


We see that at x = χι, X2, x3, (corresponding to our three turning 


points) the graph of o is at the x-axis — and at no other points. 


Therefore, we obtain the first rule, which is that for turning points, 
dy _ 


Turn on to frame 27. 
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d 
2] For turning points, A, B, C, = = 


If we now trace the slope of the first derived curve and plot this 


against x, we obtain the second derived curve, which shows values of 


2 
_ against x. 


Y 


dy 
dx 


d?y 


From the first derived curve, we see that for turning points, 


ay 
dx 
From the second derived curve, we see that 
d’y 
for maximum y, Ae is negative 
αὖν. τι 
for minimum y, ὩΣ is positive 
d? 
for P-of-I, a is zero 


Copy the diagram into your record book. It summarizes all the facts on 
max. and min. values so far. 
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From the results we have just established, we can now determine 28 
(i) the values of x at which turning points occur, by differentiating 


the function and then solving the equation ay =0 


(ii) the corresponding values of y at these points by merely substitut- 
ing the x values found, in y = f(x) 
(iii) the type of each turning point (max., min., or P-of-I) by testing 
2 
in the expression for a 


With this information, we can go a long way towards drawing a sketch 
of the curve. So let us apply these results to a straightforward example in 
the next frame. 


Example. Find the turning points on the graph of the function 2 8 
ye = = Ἐ ~ 2x + 5. Distinguish between them and sketch the graph of 
the function. 
There are, of course, two stages: 
(i) Turning points are given by 5 “ Ξ 
(ii) The type of each turning Bee is determined by substituting the 


roots of the equation 2 = 0 in the expression for ay 


ry is negative, then y is a maximum, 


» 99 positive, » > minimum, 


2909 ” 


zero, » 97 99 > noint of inflexion. 


We shall need both the first and second differential coefficients, so find 


χϑ χϑ ἂν 
them ready. If y = 3.1 2χ + 5, then Dy π and 
d’y = 
dx? ΠΣ 
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Π Ὁ ΠῚ ΕΠ Π ΓΙ ΓΙ ΕΠ ΕἸ [9 ΓἹ ΕἸ [Π [Π [1 ΓΙ ΓΙ ΠΙ [ἢ ΕἸ Γ] [1 [Π ΓΙ [] Γ] Π] ΠῚ Ὁ) ΓΙ ΓΊ ΕἸ [Π Γ] Π! Ὦ Π 
: ; : d 
(i) Turning points occur at ἘΞ =0 


x2? -x-2=0 1 (x-2)(x+1)=0 ὁ x=2andx=-l 
ie. turning points occur at x = 2 andx =—l. 


(ii) To determine the type of each turning point, substitute x = 2 and 


then x Ξ --Ἰ in the expression for pe 
dy ew sing Soy an ae 
Atx = 2, “ὦ Ξ4--ξ1 Ξ.3,1.6. positive .. x = 2 gives »ῃχη. 


Atx =-l, ty. =—2-l,ie. negative .. x =—I gives Vmax. 


Substituting in y = f(x) gives x = 2, min = 14 and x =—1, Vmax = 6 


Also, we can see at a glance from the function, that when x = 0, y= 5. 


You can now sketch the graph of the function. Do it. 


i We know that (i) atx =—1, Vmax = δὲ 
Piece ee 
x, af. Ὁ ἢ a Se τς (ὦ αἷχΞ 2, γρπθ 13 


(iii) atx =0, y=5 


x -{ Ὁ { 2 3 4° 5X 
There is no point of inflexion like the point C on this graph. Move on. 
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All that was just by way of refreshing your memory on work you have 3 2 
done before. Now let us take a wider look at these 


Points of Inflexion 


The point C that we considered on our first diagram was rather a 
special kind of point of inflexion. In general, it is not necessary for the 
curve at a P-of-I to have zero slope. 

A point of inflexion is defined simply as a point on a curve at which 
the direction of bending changes, i.e. from a right-hand bend to a left- 
hand bend, or from a left-hand bend to a right-hand bend. 


The point C we considered is, of course, a P-of-I, but it is not essential at 
a P-of-I for the slope to be zero. Points P and Q are perfectly good points 
of inflexion and in fact in these cases the slope is 


positive 
negative | Which? 
zero 
At the points of inflexion, P and Q, the slope is in fact 3 3 


positive 


Correct. The slope can of course be positive, negative or zero in any one 
case, but there is no restriction on its sign. 


ΠΩΒΠΘΒΒΕΟΠΕΠΘΒΠΟΒΕΟΠΗΕΠΕΠΩΠΠΒΟΠΠΠΠΠΠΟΠΠΟΠΠΕΩ 


A point of inflexion, then, is simply a point ona curve at which there is a 
change in the @ oo... of b 
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24 Point οὗ inflexion: a point at which there is a change in the 


direction of bending 


ΠΟΘ ΠΟΠΟΠΠΕΠΟΕΠΟΠΕΠΠΠΙΠΠΠΠΠΕΠΕΠΠΠΩΩ͂ 


If the slope at a P-of-I is not zero, it will not appear in our usual max. 


: : ὧν. ; 
and min. routine, for = will not be zero. How, then, are we going to 
find where such points of inflexion occur? Let us sketch the graphs of the 


slopes as we did before. 


P and Q are points 
of inflexion, 
In curve 1, the slope is always 
— positive, ie indicating a greater 
positive slope than +. 
Similarly in curve 2, the slope i: 
always negative. 
dy 
In curve 1, ay ~ reaches a minim 
value but zero. 
In curve 2, ἋΣ ~ reaches a maxim 
value but not zero. 
For both points of inflexion, i. 
x=xq4 andx =x; 


: : αν 
We see that where points of inflexion occur oP =0 


᾽ dx? 
So, is this the clue we have been seeking? If so, it simply means that to 
find the points of inflexion we differentiate the function of the curve 
Pe 
twice and solve the equation τὰ Ξ 


That sounds easy enough! But turn on to the next frame to see what is 
involved. 
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We have just found that 3 5 


2 


᾿ : ; d 
where points of inflexion occur =0 


> dx? 


This is perfectly true. Unfortunately, this is not the whole of the story, 
d*y 


for it is also possible for ΖΩ͂ to be zero at points other than points of 


inflexion! 
. d*y . 
So if we solve a 0, we cannot as yet be sure whether the solution 
x =a gives a point of inflexion or not. How can we decide? 
Let us consider just one more set of graphs. This should clear the 


matter up. 


Let S be a true point of inflexion and T a point on y = f(x) as shown. 
Clearly, T is not a point of inflexion. 3 6 


The first derived 


dy 

dx curves could well 
look like this. 

gq? y 

ΠΕΣ 


Notice the difference between the two second derived curves. 
2 


Although oy is zero for each (at x = x¢ and x = x7), how do they differ? 


When you have discovered the difference, turn on to frame 37. 
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In the case of the real P-of-I, the os of ry crosses the x-axis. 


In the case of no P-of-I, the graph ope ry ~ only touches the x-axis 


2 
and τὶ does not change sign. 


ΠΟΠΗΕΠΟΠΩΒΩΠΠΗΠΕΠΠΩΠΠΠΩΠΠΠΠΗΠΠΟΠΠΠΠΟΟΠΠΕΠΠΠΙΩΠΠ 
This is the clue we have been after, and gives us our final rule. 


2y 
For a point of inflexion, a = Q and there is a change of sign of 
as we go through the point. 


(In the phoney case, there is no change of sign.) 


So, to find where points of inflexion occur, ‘ 


(i) we differentiate y = f(x) twice to get ἘΞῚ 
2 

(ii) we solve the equation’ Ὁ =0 

dx 2 


: . da 
(iii) we test to see whether or not a change of sign occurs in ἘΞ as we 


go through this value of x. 
, ἄξνος. 5: 
For points of inflexion, then, aa ΞΟ, with... OFS: odes 


2 
3 8 For a P-of-I, =O with |change of sign 


This last phrase is all-important. 
ΠΠΠΠΠΠΠΠΠΠΠΠΕΠΠΠΟΠΠΠΠΠΕΠΠΟΠΕΠΒΠΠΠ ΠΠΠΕ 
Example 1. Find the points of inflexion, if any, on the graph of the function 


3 2 
γε - ats. 
ee d α3 
(i) Diff. twice. a ax ἀξ; τα ec 


For P-of-I, fy = 0, with change of sign. .. 2x-1=0 ὁ x= 
If there is a P-of-I, it occurs at x = ἰς 1 1 
(ii) Test for change of sign. We take a point just before x = > ie.x =57 4, 


and a point just after x = =, i.e. x ==>+ a, where a is a small positive 


2 2 


: : : : he 
quantity, and investigate the sign of = at these two values of x. 
Turn on. 
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2 
ΤῸ 5624 29 


dx? 
7 Oe Py _ = 
(i) At x 774 ΤΩ =2G- a) : 1-2a-1 
=—2a (negative) 
1 d’y 
(ii) Atx=5+a,0% = 25+) 1=1+2a-1 


= 2a (positive) 
d*y 1 
There is a change in sign of = x2 38 We g0 through x = 5 


: : : 1 
Ὁ There is a point of inflexion at x = 5 


If you look at the sketch graph of this function which you have 
already drawn, you will see the point of inflexion where the right-hand 
curve changes to the left-hand curve. 


Point of 2 
inflexion a 


Example 2. Find the points of inflexion on the graph of the function 40 
y = 3x8 —S5xt44+x4+4 

First, differentiate twice and solve the equation y= 

values of x at which there are possibly points of inflexion. We cannot be 


0. This will give the 


ay We will do that 


sure until we have then tested for a change of sign in ak 


in due course. 


2 
So start off by finding an expression for oy and solving the equation 
ἄν. 
ax? © 


When you have done that, turn on to the next frame. 
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41 We have: y=3xo —Sxt44+x4+4 

2D 2 5x4 -20x3 +1 
᾿ ἄχ 

ok gee 2 = Ey? 

. <5 = 60x? — 60x* = 60x* (x - 1) 
dx 

d’y 
For P-of-l, ὧς > = 0, with change of sign. 


ἡ 60x? (x-1)=0 . x=Oorx=1 


If there is a point of inflexion, it occurs at x = 0,x = 1, or both. Now 
comes the test for a change of sign. For each of the two values of x we 
have found, i.e. x = 0 and x = 1, take points on either side of it, differing 
from it by a very small amount. 


(i) Forx =0 
At x =a, ey = 60(-a)?(-a- 1) 
=(+)(4)(— ti No sign change. 
ity Doe ete Hs POF: 
Atx= +a, ὁ = 60(:α)2(α -- 1) 
=(+)(+)(-) = negative 
(ii) Forx=1 
Atx=1- a, £3 = 601 -a)*(1-a -1) 


᾿ =(+)()(-) = negative | Change in sign. 
Atx=1+a, 54 = 60(1 +a)*(1 τα- © P-of-L. 
= (+)(+)(+) = positive 


Therefore, the only point of inflexion occurs when x = 1, i.e. at the point 
x=1, y=3 


That is just about all there is to it. The functions with which we have 
to deal differ, of course, from problem to problem, but the method 
remains the same. 


Now turn on to the next frame and complete the Test Exercise awaiting 
you. The questions are all very straightforward and should not cause you 
any anxiety. 
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Test Exercise—VIII 
Answer all the questions. 
1. Evaluate (i) cos”! (-0-6428), (ii) tan™! (-0-7536). 
2. Differentiate with respect to x: 
(i) y = sin (3x + 2) 


43 cos! x 
(ii) y = —— 


oe —.2 -1(% 
(iii) y = x* tan (3) 
(iv) y = cosh! (1 — 3x) 
(v) y =sinh™ (cos x) 
(vi) y = tanh! 5x 
3. Find the stationary values of y and the points of inflexion on the 


graph of each of the following functions, and in each case, draw a 
sketch graph of the function. 


(i) y =x? — 6x? + 9x +6 
aes ἢ 
(ii) yex +e 


(iii) y=xe* 


Well done. You are now ready for the next programme. 


42 
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Further Problems— VII 


1. Differentiate (ἢ tan 


. If y? = 6xy — x? — 1, prove that 


1+tanx 
1-tanx 


(ὃ xf —x?)-sin Ja - 


If y= ee τ γ Ῥίον that 


@ (ἃ x2 Ξ αν τ] 


ka d 
9) ὅς La 
Ges ) oe Ἔχ ax 


__,dy ἀν ἀδόξως νοῦν Wx | 
᾿ Find ἐς when (i) y = tan fa 


2x 
ae ὩΣ -1 
(ii) y = tanh [ rai] 


. Find the co-ordinates of the point of inflexion on the curves 


(i) Ξα-2:6 - 
(ii) y = 4x3 + 3x? -᾿8χ-- 9 


. Find the values of x for which the function y = f(x), defined by 


y(3x — 2) =(3x -- 1)? has maximum and minimum values and 
distinguish between them. Sketch the graph of the function. 


. Find the values of x at which maximum and minimum values of y 


and points of inflexion occur on the curve y = 12 Inx + x? — 10x. 


. If 4x? + 8xy + 9y? — 8x -- 24y + 4 =0, show that when ay = 


ty=1 ἀ 2.3... Hence find the maximum and 
xty and 73 Rasy c mi 


minimum values of y. 


. Determine the smallest positive value of x at which a point of 


inflexion occurs on the graph of y = 3 e?* cos(2x — 3). 


dy _ a2 x? 
ἄχ =r and that the maximum 


value of y occurs where x? = 8 + 2/ 14 and the minimum value 
where x? = 8 — 2\/14. 
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10. For the curve y = e™ sin x, express ᾿ in the form Ae~ cos(x + a) 
and show that the points of inflexion occur at x =5+ Κπ for any 


integral value of k. 


11. Find the turning points and points of inflexion on the following 
curves, and, in each case, sketch the graph. 
(ὃ y = 2x? —5x? + 4x-1 


(i) y= ἘΞ} 


(iii) y =x + sin x (Take x and y scales as multiples of 7.) 


12. Find the values of x at which points of inflexion occur on the 
following curves. 
2 
(i) y=e* (ii) y = e?* (2x? + 2x + 1) 
(iii) y =x* — 10x? + 7x +4 
13. The signalling range (x) of a submarine cable is proportional to 


rin (5), where, is the ratio of the radii of the conductor and cable. 


Find the value of r for maximum range. 


3 


3 
14. The power transmitted by a belt drive is proportional to Ty -- > 


where v = speed of the belt, T = tension on the driving side, and 
w = weight per unit length of belt. Find the speed at which the 
transmitted power is a maximum. 


15. A right circular cone has a given curved surface A. Show that, when 
its volume is a maximum, the ratio of the height to the base radius 


is\/2:1. 


16. The motion of a particle performing damped vibrations is given by 
y =e sin 21, y being the displacement from its mean position at 


time 1. Show that y is ἃ maximum when ¢ = : tan? (2) and determine 


this maximum displacement to three significant figures. 


17. The cross-section of an open channel is a trapezium with base 6 cm 
and sloping sides each 10 cm wide. Calculate the width across the 
open top so that the cross-sectional area of the channel shall be a 
maximum. 
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18. 


19, 


20. 


The velocity (v) of a piston is related to the angular velocity (ω) of 


the crank by the relationship v = wr | sin @ + oi sin 26 ; where 


r= length of crank and / = length of connecting rod. Find the first 
positive value of @ for which v is a maximum, for the case when 
l= 4r. 


A right circular cone of base radius r, has a total surface area S 

and volume V. Prove that 9V? =r? (52 — 2ar?S). If S is constant, 

prove that the vertical angle (@) of the cone for maximum volume 
1 


is given by θ = 2 sin” (4). 


Show that the equation 4 ox + au + px = 0 is satisfied by 


di 
x =(At +B) eut/2 , where A and B are arbitrary constants. If 
x ΞῸ and a = C when ἐ = 0, find A and B and show that the 


maximum value of x is = and that this occurs when ἢ = :. 
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PARTIAL DIFFERENTIATION 


PART 1 


Programme 9 


1 Partial differentiation 


The volume V of a cylinder of radius 
r and height A is given by 


V=eanrh 


i.e. V depends on two quantities, the 
values of 7 and h. 


{f we keep 7 constant and increase the height h, the volume V will 
increase. In these circumstances, we can consider the differential coef- 
ficient of V with respect to ἢ — but only ifr is kept constant. 


ie Ie] is written _ 
‘Lah |r constant dh 
ἜΣ the new type of ‘delta’. We already know the meaning of 


ὃ 
τ- and 2 . Now we have a new one, —. a ae =~ is called the partial differential 
coeffi ἔτ of V with respect to A and implies that for our present 


purpose, the value of r is considered as being kept 


2 | constant | 


ΠΠΠΟΠΠΠΟΠΟΠΌΟΌΠΠΠΟΠΠΗΠΕ ΠΟ ΠΟΠΟΒΕΟΠΟΠΟΌΠΕΠΒΕΒΒΕΒΕ 


Ν Ξ πγῆῃ. To find τς we differentiate the given expression, taking all 


symbols except V and ἢ as being constant = πγ2.1 = nr? 
Of course, we could have considered ἢ as being kept constant, in which 
case, a change in r would also produce a change in V. We can therefore 


talk about δὲ which simply means that we now differentiate V = πεζῇ 


with respect to r, taking all symbols except V and r as being constant for 
the time being. av 
3 =n2rh=2arh 
or 
In the statement, V = mr7h, V is expressed as a function of two 
variables, r and A. It therefore has two partial differential coefficients, 
one with respect to v0.0.0... and one with respect to 
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One with respect to r; one with respect to h 


Qa Ω ΞΈΡΕΙ ΠΕ ΞΕ ΕΠ ΕΣ Ε Ε ΕΙ ΠῚ ἘΞ ΞΕ ΕΠ ΠΗ ΕΠ 


Another Example 
Let us consider the area of the curved 
surface of the cylinder. 


A=2arh 
Ἢ is a function of r and h, so we can 
0A 0A 
find-—— 5; and ΗΝ 


Το fin $4 we differentiate the expression for A with respect tor, keep- 


ing - ae symbols constant. 


To find ΔΑ we differentiate the expression for A with respect to h, keep- 


ing all other symbols constant. 


So, if A= 27rh, then 34 = ἘΠ Regen es And a = i eeeeeesees 


Ooo0000ouUn0on0 [5] ooo00gogogunn00 oOo000n0g0o0g00g00 


Of course, we are not restricted to-the mensuration of the cylinder. 
The same will happen with any function which is a function of two 
independent variables. For example, consider z = x? γῇ. 

Here z is Pace of x and y. We can therefore find 32 and = 
G) To fina? =, differentiate w.r.t. x, regarding y as a constant. 


δὲ 
2 a Se 2x y? = 2xy3 
(ii) To find 5 , differentiate w.r.t. y, regarding x as a constant. 
oz λ- 
ὃν = x? 3y? = 3x*y 


Partial differentiation is easy! For we regard every independent 
variable, except the one with respect to which we are differentiating, 
as being for the time being ........ὕ.νννννννοιν 
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5 [constant | 
} DpDoooonoooo0000000 [588] oo OO 


Here are one or two examples: 
u=x?t+xy+y? 


Example 1. 
(i) To find a , we regard y as being constant. 


Partial diff. w.r.t. x of x? = 2x 
(y is a constant factor) 


” ” ” oy 95 xy =y 
» 9 9 y= QQ (y? is a constant term) 
ou 
—= + 
au ox 2ΧῈ 
Gi) To find Sy we regard x as being constant. 

Partial diff. w.r.t. y of x? (x? is a constant term) 
» Ρ»χγεχ (χ isa constant factor) 


” ” cy) γ2 = 2y 
ou 
ΞΕ πχτ 
ὃν χτν 


Another example on frame 6. 


z=x?+y?—2x?y 


6 Example 2. 
2 = 3x? + 0- 4xyp = 3x? — 4xy 
ὃΖ 2 2 2 
τξοῦ = 3y* -- 2x 
ay QO + 3y? -- 2x » 
And it is all just as easy as that. 
Example 3. z= (2x - y) (x + 3y/) 


This is a product, and the usual product rule applies except that we 
: keep y constant when finding 58 , and x constant when finding δὲ 
Ξ = (2x y) (1 + 0) τα + 3y) (2-0) 
eee y + xt 6y = 4x + Sy 
Ξ = (2x-y) (043) + +39) O- 1) 
=6x—3y — x—3y =5Sx- by 
Here is one for you to do. 3 3 
Ζ Ζ 
= - + --- — 
If z = (4x — 2y) (3x + Sy), find a and By 


Find the results and then turn on to frame 7. 
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Results: Ξ = 24x + 14y = = 14x — 20y 7 


For z = (4x — 2y) + 5y), ie. product 


= (4x — 2y) (3 + 0) + (3x + Sy) (4-0) 

= 12x —6y + 12x + 20y = 24x + Idy 
= (4x -- 2y) (0 + 5) + (3x + Sy) 0 -- 2) 

= 20x — 10y — 6x — 10y = 14x — 20y 


There we are. Now what about this one? 


Example 4. If aed find Σ and a 
xt Ox ὃν 


ae the quotient an we have 


~@+y)Q- ae Co y)G+0)_ eae 


= 
92 


= @ +P “ety? 
ἀπά dz _@t+y)@-1)- (ὦ - »)(0 11) 3x 
ay (x + y)? (x+y)? 
That was not difficult. Now you do this one: 
Sx ty 


If z= => find δὲ and δὲ 


When you have finished, on to he next frame. 


ee Suse OE oc 8 
ὃχ (x-2y)?| | dy ( - 2») 
Here is the working: 
(i) To ma we ge y as being constant. 
_ x - 2) 6 τ0)- Gx ty) 1-0) 
os (x — 2y) 
ox 10y— Sx -y_ _ lly 
α- 2 (x 2y)? 
(ii) To find <2 , we regard x as being constant. 


ὃ 
ἥ . ὃΖ (ἃ - 22»(0:11}- Gx ty) O72 
᾿ oy (x — 2y) 
eee 2y + 10x + 2y _ 11x 
(x — 2») ~ (x= 2») 


In practice, we do not write down the zeros that occur in the working, 
but that is how we think. 
Let us do one more example, so turn on to the next frame. 
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. ., OZ Oz 
Ε ἰο5. Tf z= + patsy a 
xample 5 z=sin(3x + 2y) find = and ὃν 


Here we have what is clearly a ‘function of ἃ function’. So we apply 
the usual procedure, except to remember that when we are finding 


. OZ 
(i) ax? We treat y as constant, and 


w OZ 
(ii) Sy” we treat x as constant. 


Here goes then. 


2: - ὃ 
35 cos(3x + 2y) X x (3x + 2y) 
= cos(3x + 2y) X 3 =3 cos(3x + 2y) 
az 0 : 
—= + Χ- + 
ὃν cos(3x + 2») ay (3x + 2p) 


= cos(3x + 2y) X 2 = 2 cos(3x + 2y) 


There it is. So in partial differentiation, we can apply all the ordinary 
rules of normal differentiation, except that we regard the independent 
variables other than the one we are using, as being for the time 
Ὀθίτρ;......... eee cseeee 


10 


constant | 


gooa ΠΕ σΠΟΠΠΗΠΕΠΘΠΠΌ QO oo00o0g0n0agod 


Fine. Now here is a short exercise for you to do by way of revision 


Exercise 


In each of the following cases, find a and a2 
ax oy 


1. z=4x? +3xy + Sy? » 


2. z=(3x + 2y) (4x -- Sy) > 
3. z=tan(3x + 4y) 
ig sin(3x + 2») 


xy 


Finish them all, then turn to frame 11 for the results. 
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Here are the answers: 11 
1. z= 4x? + 3xy + Sy? 


2. z2=(3x + 2y) (4x -- Sy) 


ὃ Ξ 
ae 24x -- Ty 


3. z=tan(3x + 4y) 


4 = 3 sec?(3x + 4y) Ξ = 4 sec?(3x τ 4y) 
i, ge sin(3x + 2y) 
. Se 


ὃΖ - 3x cos(3x + 2y)— sin(3x τ 2y) 
xy ᾿ 
dz _ 2y cos(3x + 2y)— sin(3x + 2») 
a 2 


ox 
dy xy 
on0o0 ΠΠΠΠΠΠΟΠΠΠ ΠΟ ΠΠ ΠΠΠΠΠΟ ΠΠΠΌΠΒΒ 
If you have got all the answers correct, turn straight on to frame 15. 
If you have not got all these answers, or are at all uncertain, move to 
frame 12. 


Let us work through these examples in detail. 
1. 2=4x? +3xy + Sy? 12 
To find Ξ , regard y as a constant. 
ΟΖ . 0z 
== + >= 
x 8x +3y tO, ie. 8x+3y .- = 8x + 3y 
Similarly, regarding x as constant, 
OF 2 . OZ 
ὃν 013χ ἘἸΟν, ie. 3x+10y -. yo “τι 
2. z=(3x+2y)(4x—-Sy) Product rule. 


22 = (3x + 2y) (4) + (x - 59) B) 


=12x + 8y + 12x —- 1Sy = 24x- Ty 
ὃ 
5.,- Bx + 2») C5) + (4x -- Sy) (2) 
=—15x -- 10y + 8x — Τὸν Ξ--χ -- 20y 
Turn on for the solutions to Nos. 3 and 4. 
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13 3. z= tan(3x + 4y) 


= = sec?(3x + 4y) (3) = 3 sec?(3x + 4y) 
> = sec?(3x + 4y) (4) = 4 sec?(3x + 4y) 
x 3 _ sin(3x + 2y) 
: τ 
dz _ xy cos(3x + 2y) (3) —-sin(3x + 2y) ) 
ax xry? 
- 3x cos(3x + 2y)— sin(3x + 2y) 


xy 


Now have another go at finding = in the same way. 


Then check it with frame 14. 


14 


Here it is: 
oe sin(3x + 2y) 
xy 


. 02 _ xy cos(3x + 2y).(2) — sin(3x + 2y).(x) 
oy x2y? 


_ 2y cos(3x + 2y)— sin(3x + 2y) 


xy? 


That should have cleared up any troubles. This business of partial 
differentiation is perfectly straightforward. All you have to remember is 
that for the time being, all the independent variables except the one you 
are using are kept constant — and behave like constant factors or constant 
terms according to their positions. 


On you go now to frame 15 and continue the programme. 
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Right. Now let us move on a step. 15 
Consider z = 3x? + 4xy — Sy? 


Then Ἐξ = 6x +4y and FF ae τιον 


The expression & = 6x + 4y is itself a function of x and y. We could 


therefore find its partial differential coefficients with respect to x or to y. 


(i) If we differentiate it eee. w. x t. x, we get: 


22 {22} and this is wate Ζ (much like an ordinary second 


ax | dx ax? 
differential coefficient, but δὲ the partial 0) 
pea md 
Ox? 2 6x + 4y)=6 


This is called the second partial issih coefficient of z with respect 
tox. 
(ii) If we differentiate partially w.r.t. y, we get: 
ὃ (dz 072 
ἘΣ Fe δ] and this is written Sy ox 
Note that the operation now being performed is given by the left-hand 
of the two symbols in the denominator. 


δ, ὃ (22 Alera} =4 


dy.dx ὃν lax 
So we have this: 
z= 3x? + 4xy — Sy? 16 
az 0z 
— = + —= = 
Ox 6x + 4y ὃν 4x — 10y 
Pz 
ax? 
δ 
ay.ax - ὃ 
Of course, we could carry out sirnilar steps with the expression for-== on 
the right. This would give us: 33 ω 
Ζ 
aye 10 
822 
‘ ax.dy 
822 ὃ (ὃΖ 822 
te t > eons 
Note that ay ς means ra =| so ὅτ δὴ MEANS 000... 


258 


Programme 9 


17 δ᾽: ΕΝ pi ὃ 
ὃχ ὃν ΟΧ ὃν 
0 9 [5] ΠΗΠΠΟΠΟΠΠΟΠΠΠΠ [5 


Collecting our previous results together then, we have 


z= 3x? + 4xy -- Sy? 


0z 0z 

m= + uf --- -- 

“Ἂχ 6x ἐάν ἜΣ ἂν άχ-- 10y 
“ ..822 iv azz 
͵ NEES ee i vo = - 
= 6 ay? 10 
‘ 2, 2 
\ ὃ Zz ml ὃ Zz =4 

ay.ox Ox.dy 

st eee 


We see, in this case, that —— 
ὃνιὃχ ὃχ ὃν 
There are then, two first differential coefficients, and 
four second differential coefficients, though the last two 
seem to have the same value. 


Here is one for you to do. 
Oz ὃζΖ 822 ὃ᾽2 OZ Oe. 
= sy3 2 3 ῈΞ Ὁ ΟΣ ΟΣ 6 
Ifz = Sx? + 3x*y τ ἀν", find ax’ By? ax?’ ay?? axdy’ ὃν ὃχ᾽ 


When you have completed all that, turn to frame 18. 


Here are the results: 
18 z= 5x? + 3x7y τάν" 


2 oz 


aay 7 = 15x? + 6xy "ἊΨ = 3x? + 12y? 
{Vaz bf \ 822 
ΐ Ao = + ͵ i—_ = 
(X55 = 30x τὸν fe 
τς 822 \a2z 
“a = 
Oy .Ox ὃ ξ Ox .oy ΌΣ 
ΕἼ az 


Again in this example also, we see that <—— . Now do this one. 


Ἔ OX ~ ax.dy 


It looks more complicated, but is done in just the same way. Do not rush 
at it; take your time and all will be well. Here it is. Find all the first 
and second partial differential coefficients of z = x.cos y — y.cos x. 


Then to frame 19. 
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Check your results with these. 19 
Z=x cosy—y.cosx 
When differentiating wrt. χ, is constant (and therefore cos y also) 


37 oF y, x 595 ( ἊΨ 39 cos x 45 ) 
So we get: 
=cosy ty.sinx ae =—x.sin y — cOSx 
Ὅχ »τγ. ὃν Sin y 
oe = y.cos x 852 =—X.COS 
᾿ =—sin y + sinx oz =—sin y + sin x 
ὃν.ὃχ aN ax.dy Tee 
07z 822 
And agai =—— 
ss ai dy.dx ὄχον 


In fact this will always be so for the functions you are likely to meet, so 
that there are really three different second partial diff. coeffts. (and not 


it is a useful check to find 


ae dz 
four). In practice, if you have found By x 


2 
2 separately. They should give the same result, of course. 


χοῦν 


What about this one? 32V 20 
If V = In(x? + y?), prove that δεν - ἐπ: τ ay =0 


This merely entails finding the two second partial diff. coeffts. and sub- 
stituting them in the left-hand side of the statement. So here goes : 
V=In(x? + y?) 
ΟΝ ol ot eR 
ὃχ (x? +?) ae + y? 


ον -(3 ty ee 2x .2x 


‘Ox? Gt yy 
2 2.5 + 2y" — Ax" ae susan (i) 


(x? +’)? (x? τ} 


2 
Now you find Σ in the same way and hence prove the given identity. 


When you are ready, turn on to frame 21. 
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BY 3220 
ax? (x? +y?) 


So making a fresh start from V = In(x? + y?), we get 


21 We had found that 


Wet ya, 
ὃν xtty? Yo x? ey? 
δ _ (x? +y?) 2— Ἄν» 
ay? αὖτ} 
- 2χ τλν -4ἀν 2χ -2 ὁ ὁ ὁὁὃὁ (ii) 


QP +y?P α᾽εγ5 
Substituting now the two results in the identity, gives 
BV δὲν Dy — 2x? 212. )γ3 


ax ay? (5 ty)? “62 ty??? 


Now on to frame 22. 


22 Here is another kind of example that you should see. 

δ ὃν 
ὃν 7 ox 
Here we are told that Visa function of (x? + y*) but the precise nature 

of the function is not given. However, we can treat this as a ‘function of 
a function’ and writef'(x? + y?) to represent the diff. coefft. of the func- 
tion w.r.t. its own combined variable (x? + y?). 


Ν᾽ ὃ , 
BSL? ty Xa? ty οὐ εν). 


Example 1. If V = f(x? + γῆ), show that x 0 


ΟΝ . ὃ ; 
ay = f'(x? ee (x? + y?) =f'(x? + y?).2y 


χ-- Yar τα (x? + y?).2y— γ΄ α3 + y?).2x 
= Day. Ὁ + y?)— 2... 65 ty?) 
=0 


Let us have another one of that kind on the next frame. | 
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Example 2. \fz =/(% |, show that x ed ty a 


Much the same as before. 


And one for you, just to get your hand in. 
If V =f(ax + by), show that ὃ ers > 0 


When you have done it, check your working against that on frame 24. 


23 


Here is the working; this is how it goes. 
V =f(ax + by) 


2 x =f'(ax + by) ς (ax + by) 
=f'(ax t by).a=af' (ax t by) veces (i) 


ΟΝ ,, δ 
Ἐν =f (ax der (ax + by) 


=f'(ax + by). b Ξ᾿. 1 (αχ + BY) veces (ii) 
SE aS = ab.f (ax + by)—ab. f'(ax + by) 
=0 


Turn on to frame 25. 


24 
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25 


So to sum up so far. 


Partial differentiation is easy, no matter how complicated the expres- 
sion to be differentiated may seem. 


To differentiate partially w.r.t. x, all independent variables other than x 
are constant for the time being. 


To differentiate partially w.r.t. y, all independent variables other than y 
are constant for the time being. 


So that, if z isa function of x and y, 1.6. if 2 =f(x, y), we can find 


Oz Oz 

Ox ὃν 

ax? ay? 

922 822 

dy.dx Ox. dy 
And also: az _ az 
dy.dx dx.dy 


Now for a few revision examples. 


26 


Revision Exercise 


1. Find all first and second partial differential coefficients for each of 
the following functions. 


(i) z= 3x? + 2xy τ 4y? 


(ii) z = sin xy 


ae =xty 
(iii) z ἼΞ 


2. If z=In(e* +e”), show that $2 + δὲ = 1, 


3. Ifz=x.f(xy), express x - y . in its simplest form. 


When you have finished check with the solutions on frame 27. 
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Results 
1. (i) z= 3x? + Ixy +4y? 


Gi) z=sinxy 

Oz _ 0z 

5} COS XY ay 7X cos xy 
02z 2 
ax? 
022 3? 


ὃν ὃχ = γ(-χ sin xy) + cos xy 


=—y? sinxy 


=x(-y sinxy)+cos xy 


= cos xy — xy sin xy = cos xy —xy sin xy 


(iii) i 
oz _@-y)l-@ty)l _ _-2y 
ax (x - y)? (x ~y)? 
bz _(x-y)I-@+y)CD _ 9χ 


ay (x-y)? (x-y)? 


a2 —y) - φὰ -- ") 
(x-y)* 

eee 

(x-y)? (-y)? 

_r2e t+ 2y—4y _ -2x- dy 


Cy “ey . 
—— /continued 
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22. (ᾳα.- ν»),ῦ Ω) -2..26 - »)}, Continuation of frame 27. 
ee -- ὦ ΖΦ =. pea ἘΦ 
ax. OY (x —y) 
- 26 - »} - χα - 
(-y)* 
2 4x 


ᾷ-Ὠ ἃ-»» 
.-2.-ῶν- 4 --2χ -ῶν 


(x-yy? (x-yy 


2. z= In(e* +e”) 


oz = 1 ex ΚΣ ἘΠΕῚ Gen y 
ox ex tev” ὃν ΝΥΝ 
Oz ὃ. εζΧ ey 


ax ὃν e* +e” Sexe! 


_e* tev = 
“eX +ey 
0z ΟΖ 
av oy 
3 τἀν ον 
3 =x.f'(xy)y + f(xy) 
22 2 f(xy). 
oy 
Oz 0z 2 , 2 Ἢ 
tae oy δὰ γ f(xy) + xf (ey) —x*y fy) 


4 
xa 2a xsoy)=z Ζ 


That was a pretty good revision test. Do not be unduly worried if you 
made a slip or two in your working. Try to avoid doing so, of course, but 
you are doing fine. Now on to the next part of the programme. 
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So far we have been concerned with the technique of partial differenti- 28 
ation. Now let us look at one of its applications. 


Small increments 


If we return to the volume of the cylinder with which we started this 
programme, we have once again that V = nr’ h. We have seen that we can 


οὶ 


r constant. 


OV say ON 
or =2arh > Oh 
Now let us see what we get ifr andh 
both change simultaneously. 


find SY with h constant, and ὍΣ with 


rr 


Ifr becomes r + 67, and h becomes ἢ + 6h, let V become V + 6V. Then 
the new volume is given by 


V+5V=n(r + 6r)*(h τ 5A) 
= n(r? + νι δὴ + 6r7) (A + 5h) 
=n(r7h + 2rh6r + hdr? +1r?5h + 2r5rhh + Sr? Sh) 


Subtract V = 1r?h from each side, giving 


ὃν =n(2rh.brt h.br? + 6h * W5rbh + δγ2.δ}) 


“=n (2rh6r + r?.5h) since r and h are small and all the remain- 
ing terms are of a higher degree of smallness. 
1. 8V & 2πγῆδν + πγῖδἢ 
ΟΝ ΟΝ 


δνϑςς orton δὴ 


Let us now do a numerical example to see how it all works out. 


On to frame 29. 
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2 0 Example. 


A cylinder has dimensions r = 5 cm, h = 10 cm. Find the approximate 
increase in volume when r increases by 0-2 cm and h decreases by 0-1 cm. 


Well now, Ve=nrh 


ὯΝ ὯΝ ,,2 
ar 2arh ah ΠΥ 
In this case, when r = 5 cm, ἢ = 10 cm, 


Vv 
oY = 295.10 = 1007 Oca sae = ihe 


oh 
δ = 0-2 and6h =—0-1 (minus because ἢ is 
ἣν ΝΟ decreasing) 
1. b6VE 5; OF + 37: 5h 


ὃν = 1007(0-2) + 25n(-0-1) 
= 20π--2.5πΞ17.5π 


ἡ 8V 254-96 cm3 
i.e. the volume increases by 54-96 cubic centimetres. 
Just like that! 


3 0 This kind of result applies not only to the volume of a cylinder, but to 
any function of two independent variables. 
Example. If z 15 ἃ function of x and y, i.e. z = f(x,y) and ἔχ andy 


increase by small amounts 6x and 6y, the increase 5z will also be 
relatively small. 


If we expand 6z in powers of 5x and dy, we get 


δΖ = Aéx + B ὃν + higher powers of 5x and δ», where A and B are 
functions of x and y. 


If y remains constant, so that dy = 0, then 


6z = Adx + higher powers of 5x 
δ᾽͵ 


ἡ = A. So that if δα > 0, this becomes A = oe 
bx Ox 


Similarly, if x remains constant, making δ» > Ο gives B 


᾿ς 6Z -2 bx + x dy + higher powers of very small 


quantities which can be ignored. 
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“πῖαρ 9 


= 0z 
6z= OF + a 


So, if 


This is the key to all the forthcoming applications and will be quoted 


over and over again. 
The result is quite general and a similar result applies for a function of 


three independent variables 
e.g. If z μι γ, ᾿ 


az 
then 6z= ax 6x : 2 sy - bw 
If we remember the rule for a function of two independent variables, 
we can easily extend it when necessary. 


Here it is once again: 
iP z=%o.g) theese = 2 5x + ay 


Copy this result into your record book in a prominent position, such 
as it deserves! 


Now for an sane or two. 3 2 


Example 1. Vf 1 -Ξ, and V = 250 volts and Κ΄ Ξ 50 ohms, find the change 


in I resulting from an increase of 1 volt in V and an increase of 0-5 ohmin R. 
_ al 
I=f(V,R) δι: ὑὸν +55 8R 
aia Vv. 


So when R= 50, V = 250, 6V=1, and6R=0:°5, 
- _ 250 
ΠΕ (0) 7500 (9) 
1 1 


“30° 20 


= 0-02 — 0-05 = —-0-03 
i.e. I decreases by 0-03 amperes. 
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33 


Here is another ee 


Example 2, \fy= find the percentage increase in y, when w 


we 3 
increases by 2 per cent, s decreases by 3 per cent and d increases by 1 per 
cent. 


Notice that, in this case, y is a function of three variables, w, s and d. 
The formula therefore becomes: 


ὃν = 2 διν Dos + Poa 
We have ἣν . Ἐπ ὧν. fe 
. y= a sy Ἢ ere ae δά. 
Now then, what are the values of 5w, 5s and 6d? 
Is it true to say that bw = τῇς: és -τῷ; δα =? 


If not, why not? Next frame. 


34 


No. It is not correct. For δὴν is not soe of a unit, but 2 per cent of w, 


100 
ὌΝ, 
ie. δνν Ξ 100 of w= 100 
ὩΣ 23s d 
Similarly, 5s = 100 ofs= τὸς —* and bd = 100° Now that we have cleared 


that point up, we can continue with the problem. 


by τα (2) +e ool - co) 
3 
= (ia5) ~ 9 Giga) ~ a (ina) 
are Le Ta 
d* \100 ἰοῦ 100 


11 
>| πὴ =—1]1 per cent of y 
i.e. y decreases by 11 per cent 
Remember that where the increment of w is given as 2 per cent, it is not 


2 2 
Τοῦ ofa unit, but Too 


Turn on to frame 35. 


of w, and the symbol w must be included. 
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Now here is one for you to do. 3 5 


Exercise 


P = whd. If errors of up to 1% (plus or minus) are possible in the 
measured values of w, ἢ and d, find the maximum possible percentage 
error in the calculated value of P. 


This is very much like the last example, so you will be able to deal 
with it without any trouble. Work it right through and then turn on to 
frame 36 and check your result. 


P=whd. - 6P= oP bw +2 one Soa 36 
oP _ i) gene Sea 
aw 2whd; ah wd ad wh 
8P = 2whd.dw + ννδᾶ δὰ + w7h.bd 
ew 42 og Ge 
Now dw=+t δ’ bh=+ το’ δά * Τοῦ 
= Ww 2 oh 2 ΕΝ 
6P = 2wha(# 00) *w7a(+ πο ἌΓ 30) 
ἀν 2wehd , wdh . wehd 


The greatest possible error in P will occur when the signs are chosen so 
that they are all of the same kind, i.e. all plus or all minus. If they were 
mixed, they would tend to cancel each other out. 


2 1 ποὶ- a 
Ol wna | 735 + τοῦ * 100 ἜΡΓ) 


*. Maximum possible error in P is 4% of P 


Finally, here is one last example for you to do. Work right through it and 
then check your results with those on frame 37. 


Exercise. The two sides forming the right-angle of a right-angled triangle 
are denoted bya and b. The hypotenuse is ἢ. If there are possible errors 
of +0-5% in measuring a and b, find the maximum possible error in 
calculating (i) the area of the triangle and (ii) the length of ἢ. 
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37 Results: (i) 6A=1% Of A 
(ii) 8h =0-5% of h 
ΠΠΠΠΠΠΠΠΕΠΠ oo oO oO 


Here is the working in detail: 


() A =u aA dA 


7], ete) 02 
A. 


peer 2) (ak rene eee ee 
Ἐπ |300 200) ΤΟ 
~ δΑΞΊΦΟΓΑ 
1 
(ii) h=V(a? +b?) =(a? +b) 
ah. on 


bh= 57 ba + τὶ 5b 


δὲ =}(a? +b?) (2) ἘΤ ΤΙ 


oh . - " ὃ 
ab 1@? +b?) (2b) Se eh τ 82) 


ἰ 


sag Ve? +8) = 2555) 


~ 200 
ἡ 6h =0-5% of h 


That brings us to the end of this particular programme. We shall meet 
partial differentiation again in a later programme when we shall consider 
some more of its applications. But for the time being, there remains only 
the Test Exercise on the next frame. Take your time over the questions, 
do them carefully. 


So on now to frame 38. 


Ξ: 
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Text Exercise — IX 3 8 


Answer all questions. 


1. 


Find all first and second partial differential coefficients of the 
following: 


(i) z = 4. — 5xy? + 3y3 
(ii) z = cos(2x + 3y) 
(iii) z= ex -νὮ 
(iv) z =x? sin(2x + 3y) 


. (i) If V=x? + y? τ Ζῇ, express in its simplest form 


xo OV τὸν 
Ὁ oy 0z 


2 2 
(ii) If z= f(x tay) + F&—ay), find 5% and rE and hence prove 


Os ogo δ: 


that ay? x? 


2 
. The power P dissipated in a resistor is given by P = = . If E = 200 volts 


and R = 8 ohms, find the change in P resulting from a drop of 5 volts 
in E and an increase of 0-2 ohm in R. 


.4 
. If6 =kKHLV 2, where k is a constant, and there are possible errors of 


+ 1% in measuring H, L and V, find the maximum possible error in 
the calculated value of @. 


That’s it. 
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Further Problems — IX 


a 1 0z Oz 
1. {2 πὶ ay Fa: show that x = ἘΚ 5 =—2z(1 +z). 
2. Prove that, if V =In(x? + y?), then 2} +2¥ =o, 

Ly 

= a°z_ ο, a’z 

3. Ifz=sin(3x + 2y), verify that 35 -- 224 - = 62. 
ay? ax? 
xtyt 

4. Ifu= xe jo show that x ὅν ἐν δα ες oH = 9, 


οὐ +y? +2?) 


822 +o 
5. Show that the equation 2-Ξ 


ax? ty 5.2 = 0, is satisfied by 


Z=InV(x? +y?) +4 tant (2) 


6. Ifz=e*(x cos y—y sin y), show that we es ἘΠ =0. 
7. Ifw=(1 +x) sinh (5x — 2y), verify that 
ou oe eo =0 
8. Ifz=s(), show that 
es ay ς oe ΞΟ 


ax > oy 
10. In the formula D = ΠΣ 2); h is given as 0-1 + 0-002 and ν as 
0-3 + 0-02. Express the approximate maximum error in D in terms 
of E. 
2 
11. The formula z = Ss is used to calculate z from observed 
x“ +y*—a 


values of x and y. If x'and y have the same percentage error p, show 
that the percentage error in z is approximately —2p(1 + z). 
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12. 


14. 


18. 


19, 


20. 


Ina balanced bridge circuit, R; = R2R3/Rq. [f Ro, R3, Ra, have 
known tolerances of +x %, + y%, + z% respectively, determine the 
maximum percentage error in Κι, expressed in terms of x, y and z. 


. The deflection y at the centre of a circular plate suspended at the 


= total 


edge and uniformly loaded is given by 


load, d = diameter of plate, t = thickness and k is a constant. 
Calculate the approximate percentage change in y if w is increased 
by 3%, d is decreased by 24% and t is increased by 4%. 

The coefficient of rigidity (7) of a wire of length (L) and uniform 
ar , where A is a constant. If errors of 
+0-25% and + 1% are possible in measuring L and d respectively, 


diameter (d) is given by n = AL 


determine the maximum percentage error in the calculated value ofn. 


If K/Ko = (T/To)". p/760, show that the change in k due to small 
changes of 2% in T and b% in p is approximately (na + b)%. 


The deflection y at the centre of a rod is known to be given by 
3 


kwl . : 

γε. where k is a constant. If w increases by 290,1 by 3%, and 
d decreases by 2%, find the percentage increase in y. 
The displacement y of a point on a vibrating stretched string, at a 
distance x from one end, at time f, is given by 

ay , dy 

τ ial am 

ot ox χ 
Show that one solution of this equation is y = A sin - .sin(pt + a), 
where A, p, c and a are constants. 


If y = A sin(px +a) cos(gt + δ), find the error in y due to small 
errors 6x and δὲ in x and ¢ respectively. 


Show ba = Ae a 2 sin pt cos qx, satisfies the equation 


δ᾽ Φ 1 {ad : a δ πα 
See aE ἐκϑ of , provided that p* =c*q 4° 
2 2V 
Show that (i) the equation oy + ae Ὁ" ἘΑῚ > Ξ-0 is satisfied by 
ΜΝ Ι ὃν ὃν. 
Vv oe tens yee?) and that (ii) the equation τ ae ae 0 is 


satisfied by V = tan‘ (=). 
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PARTIAL DIFFERENTIATION 


PART 2 


Programme 10 


1 Partial differentiation 


In the first part of the programme on partial differentiation, we estab- 
lished a result which, we said, would be the foundation of most of the 
applications of partial differentiation to follow. 

You surely remember it: it went like this: 

If z is a function of two independent variables, x and y, i.e. if 


z= f(x, y), then 


62-2 bx > by 


We were able to use it, just as it stands, to work out certain problems 
on small increments, errors and tolerances. It is also the key to much of 
the work of this programme, so copy it down into your record book, thus: 


0z 


If z = f(x,y), then 6z =< bx +o— ὃν 


by 


If z=f(x,y), then δὲ =52 bx τ δὲ ὃν 


In this expression, ΕΞ and = are the partial differential coefficients 


of z with respect to x and y respectively, and you will remember that to 
find 


(i) = , we differentiate the function z w.r.t. x, keeping all independent 
variables other than x, for the time being, ................4 : 
(ii) ¥ we differentiate the function z w.r.t. y, keeping all independent 


variables other than y, for the time being, ................. ; 
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[5 ΠΟΒΜΠΒΟΠΟΠΕΠΟΠΠΠΕΠΕΟΠΠΠΠΠΠΌΠΠΠΠ ΠΩ mi) 


An example, just to remind you: 


If z =x? + 4x?y — 3y3 


then Ξ = 3x? + 8xy-0 (y is constant) 
Oz _ 2 2 ᾿ 
and ἘΠῚ Ο τάχ’ -9y (x is constant) 


In practice, of course, we do not write down the zero terms. 

Before we tackle any further applications, we must be expert at find- 
ing partial differential coefficients, so with the reminder above, have a go 
at this one: 

ΟΖ az 


= 2. 2 ee os 
(1) Ifz=tan(& y*), find and ὃν 


When you have finished it, check with the next frame. 


for z = tan(x? — y”) 
© OZ 8 acty? om y2\ 0 8. (2 = y? 
+ By = sec (x*-y ἾΧ- & 72) 
= sec?(x? -- γ2) (2x) = 2x sec?(x? -- y?) 
OE aie ag 9 002... 
and ὃν sec*(x VI Ray y*) 
= sec?(x? — y?) (-2») = —2y sec?(x? — y?) 
That was easy enough. Now do this one: 
852 Bz Bz 
ax?’ ay?’ ax.ay 


Finish them all. Then turn on to frame 5 and check your results. 


(2) Ifz=e?*—%”) find 


278 


Programme 10 


5 Here are the results in detail: 


σαν το 2 uot 3y 927.9 
oz 2x —3y 2. —3y 
ὃν =e (-3) =-3 
2 
25 = 2.0% 37.2 = 4.2.5 --ῦν 
2 
83 = --3 ε2. — 3V(—3) = 9.e?* — 5» 


ae —3.e?% ~3Y 2 =-6.e2* — 3 
Ox. ὃν tae ene 
All correct? 

You remember, too, that in the ‘mixed’ second partial diff. coefft., 
the order of differentiating does not matter. So in this case, since 


ez 2x —3y 822 
—  =-6.e°" — , then —* = Ree δε τὸ 
ox. ὃν .: ὃν. Ox 
ax.dy dy.dx : 
oooca0ogn [8] ΠΩΟΠΗΠΌΠΠΕΠΟΕ ΕΙΠΕ ΕΙΠΕ ΠΕ ΞΟ ΞΕ QO 


Well now, before we move on to new work, see what you make of 


these. 
Find all the first and second partial differential coefficients of the 


following: 
(i) z=x siny 


Gi) z=(x + y) In@xy) 


When you have found all the diff. coefficients, check your work with 
the solutions in the next frame. 
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Here they are. Check your results carefully. 


(i) 


(ii) 


z=xsiny 
ie sin -Ξ =x cos 
* Ox y oy eee. 
o°z 22 ᾿ 
ax? 59 ὍΣ ΩΣ 
25 2 
dy.ox “SY ax.oy oS” 


z=(x +y)In(xy) 


(x+y) 
x 


. OZ _ 1 Ξ 
Bie via Ὅς .) + In(xy) = + In(xy) 


oz 1 (x+y) 
—=(x ty)— x + = 
ὃν (x ry In@xy) τ +In(xy) 
822 _x-(xt+y), 1 x-x-y 1 
= +— = 
ax? x? xy x “ 
δε προ. 
x? 
2 any ear ce 
sie ΣΟΥ) Pee ae a oe Se 
ν y xy y y 
=~ 
y 
Oz. 11 1 11 
Ξε χε-ε- 
ay.ox x xy x y 
a λυ 
xy 
822 11 111 
=-+—., =-—+— 
ax.dy y xy? yx 
=xty ‘ 
xy 


280 


Programme 10 


8 Well now, that was just by way of warming up with work you have 
done before. Let us now move on to the next section of this programme. 


Rates-of-change problems 


Let us consider a cylinder of radius r and height A as before. Then the 
volume is given by 


V=arh 


_ ov 
ap =2nrh and Ἢ Ξ ar? 


Since V isa ee of r and ἢ, we also know that 


5V = "Ἢ ὃν ort a 5h (Here it is, popping up again!) 


ivi «,. 5V_aV Sr, ὃν bh 
Now divide both sides by δ: St Or ΤῊΝ Dh Bt 


5V ΑΝ dr αν bh +H 
Then [δέ > 0, — HG oh ἄρ δὲ , but the partial differential 


coefficients, which do not contain δὲ, ca remain unchanged. 


ν 
So our result now becomes BON Pas vtec 


dt 
6 ΑΝ ὃν ὦ ὃν dh 
dt ὃν dt δῆ αἱ 


This result is really the key to problems of the kind we are about to 
consider. If we know the rate at which and ἢ are changing, we can now 
find the corresponding rate of change of V. Like this: 

Example 1. 

The radius of a cylinder increases at the rate of 0-2 cm/sec while the 
height decreases at the rate of 0-5 cm/sec. Find the rate at which the 
volume is changing at the instant when r= 8 cm andh = 12 cm. 
WARNING: The first inclination is to draw a diagram and to put in the 
given values for its dimensions, 1.6. r = 8cm, ἢ = 12 cm. This we must NOT 
do, for the radius and height are changing and the given values are instan- 
taneous values only. Therefore on the diagram we keep the symbols r and 
h to indicate that they are variables. 
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Here it is then: V=nrh 10 


ov, ὃν 
OV Sra ort 6h 


. dV ὃν dr, av ah 


“dt δὲ αἱ δῇ αἱ 


ὃν. . ὯΝ as 
ap 2arh; ah Tr 
dV, dr, a dh 
ἐμ 
Now at the instant we are considering 
r=8, h=12, ¢- 0-2, ah —0-5 (minus since h is decreasing) 


So you can now substitute these values in the last statement and finish 
off the calculation, giving 


τ =20-1 cm?/sec 11 


νὸς, gt οὐν 
for ὭΣ daha, Ὁ ΠΥ dt 


= 278.12.(0-2) + 164(-0-5) 
= 38-40-3270 
= 6-4 = 20-1cm?/sec. 
Now another one. 
Example 2. 
In the right-angled triangle shown, 
x is increasing at 2 cm/sec while y is . 
x decreasing at 3 cm/sec. Calculate the 
rate at which z is changing when 
x =5cmandy=3 cm. 
zZ 
The first thing to do, of course, is to express z in terms of x and y. 
That is not difficult. 
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12 


o0000 πΠΠΠΠΠΟΠ ΟΠ ΠΟΠ Π ΠΟ ΠΟ ΠΟΠΟΩΠΠΠΠΟΠΕΠΠΠΠ6Π 
2 =V(x? -y?) = (x? -»"»} 
dz (The key to the whole 


az 
eid “Ox ΩΣ ὃ» by business) 


. dz _ az dx ὃ: dy 


“Gt ὃχ αΙ ὃν αἱ 


In this case 2 = 16: Ξ 3} (2x) = JF) 
δὲ oder SHeay)= ay 


[ee ὦ » Φ 
dt να -- 2). dt V(x? -- »") αἱ 


So far so good. Now for the numerical values 


— parte) ὦ... 
ἈΠΕ vere dt “᾿ αἱ : 
az 
dies 


Finish it off, then move to frame 13. 


13 


5 


for we have £ aN ee 3:2 - MF rae 3) 
= 32 30) -ἰ0.,9..19.. 
peat, hs ra ay 4-75 cm/sec 
*. Side z increases at the rate of 4-75 cm/sec 


Now here is 
Example 3. The total surface area S of a cone of base radius r and per- 
pendicular height h is given by 
S=ar +arJ(r? +h?) 

If r and h are each increasing at the rate of 0-25 cm/sec, find the rate at 
which S is increasing at the instant when = 3 cm andh=4 cm. 

Do that one entirely on your own. Take your time: there is no need to 
hurry. Be quite sure that each step you write down is correct. 
Then turn to frame 14 and check your result. 
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Solution. Here it is in detail. 1 4 
S=ar tar (γ +h?) = nr? + arr? + n2yh 
aS 5, . dS_aS dr, aS dh 
bs -> Sor PERO ae or ah ON ae 


(i) ᾿Ξ =2art+ we +n?V2(2r) ta(r? + nye 


=2nart+ τε ΠΝ Ἐπ (2 +h?) 
When r = 3 andh Ξ4, 
8 24 33, πσ τ πεῖ. 641 
ar 5 5 


= OS _ I 2 2 -} = πῆμ 
(ii) ἢ πρ5 0 +h’) *(2h) Mr +h?) 
13.4 127 


5 5 


Also we are given that $= = 0-25 and = 0-25 


= 3-87 = 11-93 cm?/sec 


So there we are. Rates-of-change problems are all very much the same. 


What you must remember is simply this: 15 
Gi) The basic statement 
0z 0z ; 
If z=f@ then 82 = 8x 4-2.5y ecccecssseeseen i 
fee, y) pe κί ὃν @ 


(ii) Divide this result by δὲ and make δὲ > 0. This converts the result into 
the form for rates-of-change problems: 
dz _ a2 de az dy : 
dt ax’ dt * ὃν δὲ ὙΠ ΨΓΤΗ (ii) 
The second result follows directly from the first. Make a note of 
both of these in your record book for future reference. 


Then for the next part of the work, turn on to frame 16. 
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16 


Partial differentiation can also be used with advantage in finding 
differential coefficients of implicit functions. 

For example, suppose we are required to find an expression for & 
when we are given that x? + 2xy +y? = 


We can set about it in this way: 
Let z stand for the function of x and y, ie.z =x? + 2xy ἐν. Again 


we use the basic relationship 6z = a 6x + > by. 
If we divide both sides by 5x, we get 
Sz _ az ὃΖ ὃν 
5x ax dy 5x 
Now, if 6x > 0, a εὐξ +2 


If we now ie oe for ΞΞ and = we shall be quite a way 
towards finding αν > (which you see at the end of the expression). 


In this eee example, & Pati dantareeceeens and Si venice 


17 


oe 
z=x?+2axyty? == de εν; Sex x + 39? 


Substituting these in our previous result gives us 


= (2x + 2y) t+ (2x + ay) 2 
x 
If only we ssi gs , we could rearrange this result and obtain an expres- 
sion for . So where can we find out something about = ? 
nae back fo the beginning of the problem. We have used 7 to stand 
for x? + 2xy + γ and we were told initially that x? + 2xy ἐν =0. 
Therefore z = 0, i.e. z is a constant (in this case zero) and hence = =0. 


| OF (2x + 2y) + 2x + 3p) ἘΞ 


From this we can mea? So finish it off. 


On to frame 18. 
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ἂν. 2χιῶν 18 
a 2χτ3ν 
im] oOoa0a0 5 ΙΝ } nononogd dpaa0aca OO oo 


This is almost a routine that always works. In general, we have — 
If f@, vy) =0, fina ΤΡ 


Let z = f(x, y) then 5z = τ δχ + Ἢ dy. Divide by 5x and make 6x > 0, 
in which case 


dz _0z , dz dy 
ax ὃχ dy dx 
= i ae = ᾿ = az oz dy 
But z =0 (constant) -. a 0 & ox + ay dx 
ἀν ἂν ὃ2 ,8Ζ 
giving a ἄταν 


The easiest form to remember is the one that comes direct from the 
basic result az 


δΖ -Ξ 5x are by 
dz ~o 4 oz dy { dz 2 
dx ax ay a | dx 
Make a note of this result. . 


Divide by 6x, etc. 


Now for one or two examples. 
Example 1. Ife*X +xt+y=1, evaluate ΩΣ at (0,0). The function can be 19 
written &Y +x +y—-1=0. 

az a. 2. Zz , 02 oz dy 


az 
= xy + ones Ξ --- -τ-- ee 
Let z=e% ἐχὲν- 8z ax ot ayo ς- ἐξ ay ds 


0z Oz dz dy 
Cae τ νῦξ ς, - ΞΞ Ξ-ῷνονῦ ἘΠ) Έ(ιν τ ἡ “ἢ 
ax ey yt; ὃν evxyt 1c Tk (y.e%¥ +1) + (οἱ x 
=9 .#. Davey 
Bub en Osea On Bt ae ee 
= aya ΠΝ ~ aD 
Atx=0O,y 0, Ἷ 1 τὰς 1 


All very easy so long as you can find partial differential coefficients 
correctly. 


On to frame 20. 
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20 Now here is: 


Example 2. Ifxy + siny = 2, find a 
Letz=xy+siny—2=0 


δὲ τ ὃξ ax + by 
dz _0z , dz dy 
dx ax ὃν αχ 
Oz Oz 
ane? ap ee 
» Ὁ Eay+e@rcosyZ 
But z=0 = 0 


| 5“) 
“dx xtcosy 


Here is one for you to do: 


Example 3. Find an expression for ΩΣ when x tan y = y sin x. Do it all 


on your own. Then check your working with that in frame 21. 


21 ἂν tany—y cosx 
—_ Fe a et ee oe 
dx x sec“y— sin x 


Did you get that? If so, go straight on to frame 22. If not, here is the 
working below. Follow it through and see where you have gone astray! 
xtany=ysinx “x tany—ysinx =0 


Let z=x tany—ysinx =0 


Da Tae Pa 
dz _ 92 ὃς dy 
dx ὃχ ὃν αχ 
OF = tan —y cosx; BE a 5 sent — sin x 
ax yy > Oy » 
. az ms 7 nae ὧν 
ἀπ = (tan y y cos x) + (x sec*y sin x) 
~~ . #2 
But z =0 ἣν" 0 


dy__tany—ycosx 
go SS anda one 
dx xsec*y—sinx On now to frame 22. 
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Right. Now here is just one more for you to do. They are really very 22 
much the same. 


Example 4. If eX Ὁ» =x?y?, find an expression for 2 


ax 
ex t¥ ~x2y2 =0. Letz=e*% t¥—x?y? =0 

0z 0z 
ΞΞ--- -τ-- 

&z Ox 5x ay by 
dz ὃΖ 4 OZ dy 
dx Ox dy dx 

So continue with the good work and finish it off, finally getting that 
ὦν. 
π΄ 


Then move to frame 23. 


yma 23 


dx ex*V¥—2x?y 


For z=extyV— xy? =0 


22 = ex +9 — Dey? Fee er ty Daly 


ΜῊΝ x+yr 2 x+y 7,2 dy 
ἀξ = (ex +Y - Dey?) (65 #9 - 2.5») B 


ody Dey ee Fe 
Ge eX FV —2x2y 


That is how they are all done. 


Now on to frame 24. 
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24 


There is one more process that you must know how to tackle. 
Change of variables 


If z is a function of x and y, i.e. z = f(x, y), and x and y are themselves 
functions of two other variables wu and ν, then z is also a function of u 


and v. We may therefore need to find 35 and θέ, How do we go about it? 
z=f(x,y) - - δὲ τ δὲ bx +S By 


Divide both sides by δι. 
δΖ _ 0z bx ὃ by 


δὲ ax δὲ dy bu 


If v is kept constant for the time being, ΤΩΣ when δῦ 0 pecomer 


bu ou 
and — ὃν ~ becomes ὃν 
Bu Bu, bz δὲ Ox ὃὲ ὃν 
“Qu ax’ du dy’ du 
ὍΣ. ὃξ Ox ὃς ὃν ὃ; ὃς ὃ; ὃν Note these 
and See ΚΟΣΞΤΣ ὁ τοῦτο 
ὃν ὃχὃν dy ὃν 
Next frame. a 
Here is an example on this work. 
25 oz Oz 


If z=x? + y?, where x =r cos θ and y =r sin 20, find-—— and— 


or 00 


--- Ξ͵- -- --- --Ἡ 


or ax dr ὃν dr 
0z_ 0z Ox , Oz ὃν 


and 30 ὅχ ὅθ ὃν 00 
Oz Oz 

N 9 —= — = 

MRS Sager ee. τ» Ὁ 
Ox _ ὃν. 
rea cos 8 5; sin 20 
aa 2 2x cos @ + 2y sin 20 
Ox _ oy Spe 
And " Ξ-γ 5η 0 and 30 2rcos 20 
ΣῈ = 2x(-r sin 0) + 2y(2r cos 20) 


Oz _ as) : 
30 4 yr cos 20 -- 2 xr sin θ 


And in these two results, the symbols x and y can be replaced by r cos 6 
and r sin 26 respectively. 
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One more example. 


If z = eX” where x = In(u + v) and y = sin(u— ν), find a and ΕΞ 


ὃς, ὃς ax ὃς ὃν 
We have δ, Ox δὴ ον Oe 


1 
Ξ), Ὁ ἢ ro +x.e*.cos(u — v) 


= or | 2 + x.costu-v}| 


dz _ Oz Ox , az dy 
ane ὃν ax dv. ὃν ὃν 


τ ἘΧΕΥΥ [-costu = »} 


1 
=y.exy 
Aes τς 
saxyl ad = εἰ 
e (4, x cos(u »)| 


Now move on to frame 27. 


Here is one for you to do on your own. All that it entails is to find the 21 


various partial differential coefficients and to substitute them in the 
established results. 


Oz _0z Ox , Oz Oy 


du dx du ὃν du 


ὃς dz ox ὃΖ ὃν 


ane ὃν ax ov ay ὃν 


So you do this one: 
If z = sin(x + y), where x =u? + vy? and y = 2uy, find = and 2 


The method is the same as before. 


When you have completed the work, check with the results in frame 28. 
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28 


z=sin(xt+y); x =u? +?; 


Also 


y = uv 


az az 

--Ξ + S) eon Ξε + 
ax COs y); ν cos(x + y) 
Ox _ ὃν 

ΕἾΝ 2u ΕΥ̓ 2ν 


22 _ oz ax , dz oy 


du ax du dy ou 
= cos(x + y).2u + cos(x + y).2y 


Ξ 2(μ τ ν) cos(* + y) 
az __ ὃΖ ax 322 oy 


ὃν ax’ ὃν oy” ὃν 


2 = cos(x + y).2v + cos(x + y).2u 


=2(u+v)cos(x + 


29 


You have now reached the end of this programme and know quite a bit 
about partial differentiation. We have established some important results 
during the work, so let us list them once more. 


1. Small increments 


z= f(x,y) 
2. Rates of change 


3. Implicit functions 


oz ΟΖ 
bz τ 5 ox ἘΞ: ὃν 
dz _ ὃ2 dx ὃΖ dy 
dt ox dt dy dt 
dz _oz az dy 
dx 0x ὃν dx 


4. Change of variables 


Oz _ Oz Ox , Oz ὃν 


Qu ax Ou ὃν du 
ὃΖ ὃΖ Ox | dz ὃν 


ὃν ax ὃν ὃν ὃν 


All that now remains is the Test Exercise, so turn on to frame 30 and 
work through it carefully at your own speed. The questions are just like 
those you have been doing quite successfully. 


291 


Partial Differentiation 2 


Test Exercise — X 3 0 


Answer all the questions. Take your time over them and work care- 


fully. 


1. 


Use partial differentiation to determine expressions for & in the 


following cases: 
ὦ x° + y> —2x*y =0 
(ii) e* cosy =e sinx 


(iii) sin?x — 5 sin x cos y + tany =0 


2. The base radius of a cone, r, is decreasing at the rate of 0-1 cm/sec 


while the perpendicular height, ἢ, is increasing at the rate of 0-2 cm/sec. 
Find the rate at which the volume, V, is changing when r = 2 cm and 
h = 3 cm. 


. Ifz = 2xy — 3x?y and x is increasing at 2 cm/sec determine at what 


rate y must be changing in order that z shall be neither increasing nor 
decreasing at the instant when x = 3 cm and y = 1 cm. 


0z 


. Ifz=x* +2x?y ἐγ" and x=rcos @ and y =r sin θ, find θέ and % 


a 
in their simplest forms. 
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1. 


. Ifu=f(x,y) wherex =r 


Further Problems — X 


If F = f(x,y) where x = e” cos v and y = εἴ sin v, show that 


OF _ OF, oF 4 FL OF, oF 
ou ax oy av ax ay 


. Given that z =x? + y* and x? + y? = 1, determine an expression for 


es in terms of x and y. 


. Ifz=f(x, yy) =0, show that 22 -- 2/2 The curves 2y? + 3x-8=0 


ax ὃν 
and x? + 2xy? + 3y— 1 Ξ0 intersect at the point (2, --1). Find the 
tangent of the angle between the tangents to the curves at this point. 


. Ifu = (x? —y*) f(t) where t = xy and f denotes an arbitrary function, 


prove that 


Pu =e? =y) (Ὁ 1370} 
aay ΟΣ Sf 


. If V=xy/(x? + y?)? and x =rcos 6,» =r sin 0, show that 


Vv 1aV_1 ὃν 


ar? “7 ar? a6? 


2 — 5? and y = 2rs, prove that 


Ou δὲ yey ory OU 
7, 3 2(r ts°) 5 


. If f= F(x, y) and x =re® and y=re®, prove that 


of _ of , of of _ of δῇ 
--.- Ξ)γ-- + — =~ ἘΥ--Ξ -— 
eae oe 0 ay Or δ΄" 
. Ifz =x In(x? + y?)—- 2y tan! (=) verify that 
0z Oz _ 
xs ty ὃν =z+2x 
. By means of partial differentiation, determine ay in each of the 
following cases. "ἡ 
(i) xy + 2y-x=4 
ee ae pekieuse:, DLAs 
(ii) x°y?—2x%y + 3xy* — Bxy = 5 x sy 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


20. 


If z = 3xy — py? τῷ — 2x)?/?, verify that 


Ct eS (ἡ 9΄2Σ O92 620 
ὍΣ ax.dy ὃν ὃν. ὃχ -and that (Ὁ ax? “dy? ae 


1 
lf Ξ.,.--Ξ.-:--:---- t 
ee (=a ee show hat y oh =(x- yt 


Ifz=x.f (=)+ Ε() prove that 
az ὃ22 2 872 
Ξ Ζ-- Ε(Ξ + -Ξ Ξ 
(i) x2 ty ὃν Ξ2 F(= ) (ii) x? "Ἢ = xy = ax. ὃν ty ay? 0 
If z= en where αὶ is a constant, r? = x? +y?, prove 
az) , (82 Σ Ε By Oz _ kz 
(5 zy +(3) Baek oy) a ar ae 


If z = f(x — 2y) + F(@x + y), where f and F are arbitrary functions, 
02z 832 Ζ ὃ22 


and ifm ἘΣ Ἐ2:3::-Ξ ὃς ὃν +b ro O, find the values οἵα and ὁ. 
If z = xy/(x? + y?)?, verify that ΠΣ az ξ δες =0. 


If sin?x — 5 sinx cosy + tan y = 0, fina τς ὉΥ using partial 
differentiation. 


Find — dy * by partial differentiation, when x tan y = y sin x. 


_ Tf V=tan’ irk prove that 


ΟΝ ὃν ὃν 
i x =0, ii aa 
Ox ἐν τ 70 τ γ τς 


. Prove that, if z= 2xy + x.f(=) then 


x ὃΖ 
xy RY ee ἂν =z+2xy 
(i) Find given that x?y +sinxy =0 


(ii) Fine given that x sinxy = 1 


294 


Programme 11 


SERIES 


PART 1 


Programme 11 


1 Series 


A Series, uy) ,U2,U3 ... isa sequence of terms each of which is formed 
according to some definite pattern. 


e.g. 1,3,5,7,... 15 ἃ series (the next term would be 9) 
2,6, 18, 54,... isa series (the next term would be 3 X 54, i.e. 162) 
1?,-2?, 3?,-4?, ... isa series (the next term would be 5”) 

but 1,-5,37,6,... isnot a series since the terms are not formed toa 


regular pattern and one cannot assess the next term. 


A finite series contains only a finite number of terms. 
An infinite series is unending. 
So which of the following constitutes a finite series: 
(i) All the natural numbers, i.e. 1, 2,3,... etc. 
(ii) The page numbers of a book. 
(iii) The telephone numbers in a telephone directory. 


The page numbers of a book 


Correct. Since they are in regular sequence and terminate at the last page. 
(The natural numbers form an infinite series, since they never come to an 
end: the telephone numbers are finite in number, but do not forma 
regular sequence, so they do not form a series at all.) 


ΠΟΘΒΕΘΒΘΕΒΘΒΕΠΟΠΟΠΟΠΟΠΗΠΠΠΒΠΘΠΠΟΠΠΟΠΠΠΠΠΠΟΕΠ 


We shall indicate the terms of a series as follows: 


μι will represent the first term, uw. the second term, (3 the third term, etc., 
so that uw, will represent the rth term, and u, 4, the (r + 1)th term, etc. 


Also the sum of the first 5 terms will be indicated by S,. 
So the sum of the first n terms will be stated aso... 
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ΕΣ 


ag nooo oa Oo 


You will already be familiar with two special kinds of series which 
have many applications. These are (i) arithmetic series and (ii) geometric 
series. Just by way of revision, however, we will first review the important 
results relating to these two series. 


1. Arithmetic series (or arithmetic progression) denoted by AP. 
An example of an A.P. is the series 
2,5, 8, 11, 14, 
You will note that each term can be written from the previous term 
by simply adding on a constant value 3. This regular increment is called 


the common difference and is found by selecting any term and subtract- 
ing from it the previous term 


eg. 11-8=3; 5-23; etc. 


Move on to the next frame. 


The general arithmetic series can therefore be written: 
A, Atd, A4+2d, 243d, α τ 4d, vee (i) 


where a = first term and d = common difference. 
You will remember that 


(Ὁ the nth term = Gt (MR 1) ....ὕ«ὐννρρνννννννννννμνος, (ii) 
(ii) the sum of the first n terms is given by 


Sn = Ξ (2 τ. --ἰ W]e eee (iii) 


Make a note of these three items in your record book. 


By way of warming up, find the sum of the first 20 terms of the 


series: 
10, 6, 2,-2,—-6, ... ete. 


Then turn to frame 5. 
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5 


Since, for the series 10, 6, 2,—2,—6, ... etc. 
a=10 and d=2-6=-4 


Sr =5 (2a +n—1d) 


ἀν 520 -2 (20 + 19[-4]) 


= 10(20 — 76) = 10(-56) = --560 


gooa0000oo000g0g00 DoODoDDoOoDoOoOoOooDo000noOoO00000 


Here is another example: 
If the 7th term of an A.P. is 22 and the 12th term is 37, find the series. 
Weknow 7th term=22 -.a+6d =22 
and 12thterm=37 .. a+ 11d=37 
So the series is 4, 7, 10, 13,16, ... ete. 


Here is one for you to do: 
The 6th term of an A.P. is—5 and the 10th term is -21. Find the sum 
of the first 30 terms. 


G [5.0 =-1290| 


since: 
6th term=-5 a+ 5d =-—5 
10th teem=-21 .. a+9d=-21 


| Sd=15 2. d=3 
. a=4 


| aa=-16 . d=-4 
a=15 
a=15, d=—4, n= 30, S, =F (2a +n—1d) 


Ὁ 890 =P (30 + 29[-4]) 

= 15(30- 116) = 15(-86) =—-1290 
Arithmetic mean 
We are sometimes required to find the arith. mean of two numbers, P and 
Q. This means.that we have to insert a number A between P and Q, so that 
P, A and Q form an A.P. 

A-P=d and Q-A=d ᾿ 
+ 
. A-P=Q-A 2A=P+Q 2. A= "9 

The arithmetic mean of two numbers, then, is simply their average. There- 
fore, the arithmetic mean of 23 and 58 is... eee 
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The arithmetic mean of 23 and 58 is 


If we are required to insert 3 arithmetic means between two given 
numbers, P and Q, it means that we have to supply three numbers, 
A, B, C between P and Q, so that P, A, B, C, Q form an ALP. 


Example. Insert 3 arithmetic means between 8 and 18. 


Let the means be denoted by A, B, C. 
Then 8, A,B,C,18 forman A.P. 


First term, a = 8. fifth term =a + 4d = 18 


a=8 
=10 ..ὄ 4Ξ2.5 
at+4d= 15 
᾿ ἕ : εἰ : ἜΣ Required arith. means are 
C=8475=15-5 10-5, 13, 15-5 


Now, you find five arithmetic means between 12 and 21-6. 


Then turn to frame 8. 


Required arith. means: |13-6, 15-2, 16-8, 18-4, 20 


Here is the working: 
Let the 5 arith. means be A,B,C, D, E. 
Then 12, A, B, C, Ὁ, E, 21-6 form an A.P. 
Δι 4Ξ12: at+6d=21-6 
ὦ. 64Ξ9.6 .. d=1-6 
Then A=12+1-6= 13-6 A= 13-6 
B=12+3-2=15-2 B=15-2 
C=12+4-8 = 16-8 C= 168 
D=12+6-4= 18-4 D=18-4 
E =12+8-0= 20-0 E = 20. 


So that is that! Once you have done one, the others are just like it. 
Now we will see how much you remember about Geometric Series. 


So, on to frame 9. 
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ῃ 2. Geometric series (Geometric progression) denoted by ΟΡ. 
An example of a G.P. is the series: 
1,3,9,27, 81, ... ete. 
Here you see that any term can be written from the previous term by 
multiplying it by a constant factor 3. This constant factor is called the 


common ratio and is found by selecting any term and dividing it by the 
previous one. 


e.g. 27+9=3; 9+3=3; etc. 
Α ΟΡ. therefore has the form: 
a, ar, ar’, ar®, ar*,... etc. 


where a = first term, 7 = common ratio. 
So in the geometric series 5,-10, 20, —40, etc. the common ratio, 


10 


= 20. 
r= Το 2 


The general geometric series is therefore: 
a, ar, ar?, ar®, art, ... Ct. weer (iv) 


and you will remember that 


(i) thenthterm=ar et cseunenees (v) 
(ii) the sum of the first n terms is given by 
a(l-r" ‘ 
Sn = = Ee ere (vi) 


Make a note of these items in your record book. 
So, now you can do this one: 
For the series 8,4, 2,1,4, ... etc., find the sum of the first 8 terms. 


Then on to frame 11. 
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- 11 


Sg = 1516 
Since, for the series 8,4,2,1, ... etc 
5 πον 4(1 - γῇ) 
a=8; r 4° > Sn ΞΕ 
Ο8(6.-[Σ]9 
δὲ στ το ae 
Ι-ς 
8(1— 51} 
Φ 256’ _ 16.255 _255_,.38 
1-4 56 16 


Now here is another example. 


If the 5th term of a G.P. is 162 and the 8th term is 4374, find the 
series. 


We have Sth term= 162 .. ar*= 162 
8th term Ξ 4374 +. ar? = 4374 


12 


for art =162; ar? =4374 and r=3 
iy 4 -- a - 162 ων - 
ἡ 4.3 Ξ1Ὶ62 2a gl “ἢ 2 


᾿ς The series is: 2,6,18,54, ... etc. 
Of course, now that we know the values of a and r, we could calculate 


the value of any term or the sum of a given number of terms. For this 
same series, find 


(i) the 10th term 
(ii) the sum of the first 10 terms. 


When you have finished, turn to frame 13. 
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13 a=2; γ-3 


(i) 10th term =ar? = 2.39 = 2(19683) = [39366 
ΠΕ ys 20-3") 


1- 
5 20 - τὸν 
Ξε τε, 59048 
Geometric mean 


The geometric mean of two given numbers P and Q is a number A such 
that P, Aand Q forma G.P. 


ΑΘ. ,2- 2 
eta A2=PQ A=<(PQ) 


So the geometric mean of 2 numbers is the square root of their product. 
Therefore, the geom. mean of 4 and 25 is ......... ee 


14 A=V(4 x 25)= 100 = [10] 


ὈΠΈΌΠΠ Oo ΠΕ oo 6 oo 


To insert 3 G.M’s between two given numbers, P and Q means to 
insert 3 numbers, A, B, C, such that P, A, B, C, Q forma GP. 


Example. Insert 4 geometric means between 5 and 1215. 
Let the means be A, B, C, D. Then 5, A, B, C, Ὁ, 1215 forma G.P. 
ie. a@=5 and ar’ = 1215 


22 - 243. 273 
5 
ἘΠ A=5.3 = 15 
B=5.9 = 45 The required geometric means are: 
C =5.27=135 15, 45, 135, 405 
D=5.81 =405 oho --- -ὸ 
Now here is one for you to do: Insert two geometric means between 5 


and 8-64. 
Then on to frame 15. 
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Required geometric means are 6-0, 7-2 9 


For, let the means be A and Β. 
Then 5, A, B, 8-64 form a G.P. 
ὁ 455; 3. ar =8-64; .. 2 =1-728; 2. r=12 


A=5.1-2=6 Required means are 
B =5.1-44 = 7-20 6-0 and 7-2 


Arithmetic and geometric series are, of course, special kinds of series. 
There are other special series that are worth knowing. These consist of 
the series of the powers of the natural numbers. So let us look at these in 
the next frame. 


16 


Series of powers of the natural numbers 


n 
1. Theseries 1+2+3+4+4+5+...+n etc. = Br. 


This series, you will see, is an example of an A.P., where a = 1 and d=1. 
The sum of the first 7 terms is given by: 


Sr=14+24+34+4454+...47 
1 

an mF ny en τ 1) 
=3Qatn 1d) 5 


Then on to frame 17. 


304 


Programme 11 


17 


100 
rd = 5050 


for p= 50: = 50(101) = 5050 
oo noo00n00ncononoo0oconn00 oagcgca [5] oO 5 


2. That was easy enough. Now let us look at this one: To establish the 
result for the sum of n terms of the series 12 + 27 32 +474+57+...+n?, 
we make use of the identity 


(n+1) =n? +3n?+3n+1 
(n+ 1)? —n? =3n? + 3n+1 
Replacing n by n — 1, we get 
n3—(n- 1)? =3(n—- 1)? +3(n-1) +1 
and again (n- 1)? -- (ἱ -- 2) = 3(n— 2)? +3(n- 2) +1 
and (n- 2)} --ἰἶ -- 3) = 301 -- 3)? +3(n- 3) +1 
Continuing like this, we should eventually arrive at: 
Pe Vas 5.3:2:1 
Po a3 +S 


If we now add all these results together, we find on the left-hand side 
that all the terms disappear except the first and the last. 


(nt1)-19=3(n? +(n-1P τοι -2)} +... 2 +17] 
+3{n+ (1-1) +(n-2) +... +241} +n(1) 


We write this as 


n n 
=3.0r° +3Ertn 
n n 
Ὁ πϑ +3n? +3nt+¥—-¥= 3D? +3Drtn =32r ε3 ἈΠῈ 1) 

1 1 1 

n 
Δ n3+3n? τ 2η Ξ3Σγ2 εξ οι +n) 

1 


n 
Qn? + 6n? + 4n ΞΟΣγ2 + 3n?+3n 
i 


n 

6zr= 2n3 + 3n? +n 
: Σ, = Wn +1) Qn Ὁ 1) 
4 6 


So, the sum of the first 12 terms of the series 17 +2? +37+... is 
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Bp = et Ons) 18 
1 


7 EP = 1203) @5) = 26(25) = 
3. The sum of the cubes of the natural numbers is found in much the 
same way. This time, we use the identity 
(n+1)* =n* + ἀπὸ + 6n? 4+ 4n +1 
We rewrite it as before 
(n+ 1)*—n* = 4n3 + 6n? + 4n +1 


If we now do the same trick as before and replace n by (n — 1) over and 
over again, and finally total up the results we get the result 


n n \2 
Note in passing that Σ P= Σ r j 


19 


Let us collect together these last three results. Here they are: 


1 Br amin’ Dec aaaades (vii) 
2.37 ae eet eee (viii) 
1 
2 
3. zr {ne eusaea at os (ix) 


These are handy results, so copy them into your record book. 


Now turn on to frame 20 and we can see an example of the use of these 
results. 
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5 
20 Example: Find the sum of the series Σ᾽ n(3 + 2n) 
a 
5 5 
Ss = En(3 + 2n)= (3n + 2n?) 


5 5 
=23n + 2n? 


it 
w 


§ 5 
Unt2zn? 
1 1 

5 


3.5.6 , 2. 5.6.11 


2 6 
=45+110 
155 


It is just a question of using the established results. Here is one for you 
to do in the same manner. 


4 
Find the sum of the series Σ (2n +n?) 
n = 


21 


= 20+ 100 = 120 


Remember 


Sum of first ἢ natural numbers = nn + 1) 1) 


Sum of squares of first ἢ natural numbers = ee 


+2 
Sum of cubes of first ἢ natural numbers = je 
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Infinite series 2 2 


So far, we have been concerned with a finite number of terms of a given ' 
series. When we are dealing with the sum of an infinite number of terms 
of a series, we must be careful about the steps we take. 


Example: Consider the infinite series 1+3+4+ 5+... 


This we recognize as a G.P. in which a = 1 andr =4. The sum of the first 
n terms is therefore given by 


τ HY, τὸ 
Now if 1 is very large, 2” will be very large and therefore a will be 
very small. In fact, as n > ©, =e + 0. The sum of all the terms in this 
infinite series is therefore given by 5.9 = the limiting value of S,, asn >. 
i.e. Soo = not, {Sp} =2(1-0)=2 


This result means that we can make the sum of the series as near to the 
value 2 as we please by taking a sufficiently large number of terms. 


Next frame. 


This is not always possible with an infinite series, for in the case of an 
A.P. things are very different. 23 
Consider the infinite series 1+3+5+7+... 

This is an A.P. in which a = 1 and d= 2. 


Then Sn = 5 (2a +n-Td)=F(2+n-1.2) 
=5 (2+ 2n-2) 
Sy,=n? 


Of course, in this case, if n is large then the value of S,, is very large. In 
fact, if n > °°, then S, > ©, which is not a definite numerical value and 
of little use to us. 

This always happens with an A.P.: if we try to find the “sum to 
infinity”, we invariably obtain + o or —© as the result, depending on the 
actual series. 


Turn on now to frame 24. 
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24 


In the previous two frames, we made two important points. 


(i) We cannot evaluate the sum of an infinite number of terms of an A.P. 
because the result is always infinite. 


(ii) We can sometimes evaluate the sum of an infinite number of terms of 


—pn 
a G.P. since, for such a series, S, = a=") and provided {r| <1, then as 


n> oco,r"—+>Q. In that case Soo «(ὃς τος i.€. Soo = -- 


So, find the ‘sum to infinity’ of the series 


20 + 440-8 + 0-16 + 0-032 t eee 


25 


Soo = 25 


For 20+4+0-8 + 0-16 +0-032+... 


Oong0no0o000O0oDoOo0oo000000g05000000000 ooo 


Limiting values 

In this programme, we have already seen that we have sometimes to 
determine the limiting value of S,, as > °°. Before we leave this topic, 
let us look a little further into the process of finding limiting values. 
One or two examples will suffice. 


So turn on to frame 26. 
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Example 1. Τὸ find the limiting value ΕΣ 


oe 7 asin 
We cannot just substitute n = in the expression and simplify the 
result, since οο is not an ordinary number and does not obey the normal 
tules. So we do it this way: 

5,413 513|η ere 

5,-7 2-7 Th (dividing top and bottom by n) 


5513 5+3/n 
Limit ΤΠ] Moa 
noses i 5}nt 2-7/n 


Now whenn > 0, 3/n>0 and 7/n>0 


5 Gps Ἐτ 


ae) 
foml-Tin 2-02 


: ; δ τς ὦ 
We can always deal with fractions of the form—, <3 , <3, etc., for when 


ἢ -Ξ ee, each of these tends to zero, which is a precise value 
Let us try another example. 


On to the next frame then. 


Example 2. To find the limiting value of se 


Bn Fan Sosy <P OP. 2] 


First of all, we divide top and bottom by the highest power οἵ n which is 
involved, in this case n?. 


2n? + 4n 3_2+4/n—3/n? 
5n?-6n+1 5 —-—6/n+1/n? 

Lt 2n? +4n-3 _ 21 4{π-- 3/n? 
που Sn? — 6n Ἐ1 * poo 5— 6/n + ifn? 


=2t0-0_2 
5-0+0 5 


a2 
Example 3. To mnt. it ton +3n—4 
In this case, the first thing is to 


Turn on to frame 28. 
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28 Divide top and bottom by n? 


Right. So we get 
n-2 2 1 — 2/n? 
2n?+3n-4 2+3/n?-4/n3 
ni—-2 


eres ee en este lee ee 


Finish it off. Then move on to frame 29. 


29 


2 


ono00goono000 ὨὩΠΘΠΟΘΘΟΘθΘΟΟΘΘΟΠΠΠΕΠΠΠΒΘΠΠΠΗΠ 


Convergent and divergent series 

A series in which the sum (S,,) of ἡ terms of the series tends to a definite 
value, as ἢ > ©, is called a convergent series. If S,, does not tend to 

a definite value as n > ©, the series is said to be divergent. 


vere 
Example: Consider the G.P. | εἰ totaqtgyt. 
Po r?) 


We know that for a G.P., S, = ———— s0 in this case since a = 1 and 


1- 


εἰ ᾿ 
r=3,we have: 


et τος aienat 
ς ΠΕ τ πη 3".3(-1) 
nO gels ae, 25 3" 
3 3 
1 3 
OE dae ae ee 1 5,5 
3n n—-oo m 2 


The sum of n terms of this series tends to the definite value $ asn >, 


It is therefore ἃ .....Ψ.Ψ.νννννννννννννννννννννννννον series. 
(convergent/divergent) 
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30 


If S, tends to a definite value as n > ©, the series is convergent. 
If S,, does not tend to a definite value as ἢ — οὐ, the series is divergent. 


00000 ΠΟΠΠΟΠΠΏΠΠΗΕΕΠ ooaa OD 


Here is another series. Let us investigate this one. 
1+3+9+27+81+... 
This is also a G.P. witha = 1 andr=3. 
ZOE) LA 35) 1--ὄ 35 


Eee 1:3 1.59 Ξ2 
gl 
2 


Of course, when n > ©, 3% > co also. 


Lt S, = (which is not a definite numerical value) 
n7>oo 


So in this case, the series is .............0008. 


31 


We can make use of infinite series only when they are convergent and 
it is necessary, therefore, to have some means of testing whether or not a 
given series is, in fact, convergent. 

Of course, we could determine the limiting value of S, as n > °°, as we 
did in the examples a moment ago, and this would tell us directly whether 
the series in question tended to a definite value (1.6. was convergent) or 
not. 

That is the fundamental test, but unfortunately, it is not always easy 
to find a tormula for S,, and we have therefore to find a test for con- 
vergence which uses the terms themselves. 


Remember the notation for series in general. We shall denote the 
terms by uw, tu, tug tugt... 


So now turn on to frame 32. 
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32 


Tests for convergence 


Test 1. A series cannot be convergent unless its terms ultimately tend 


to zero,i.e. unless Lt up, =0. 
n7eo 


If Lt uy, #0, the series is divergent. 
nao 


This is almost just common sense, for if the sum is to approach some 
definite value as the value of increases, the numerical value of the 
individual terms must diminish. For example, we have already seen that 


(i) the series 1 + ξεξ + τ +... converges, 


while (ii) the series 1+3+9+27+ 81+... diverges. 


So what would you say about the series 


ED Peel 
l+stgtgtgtet...? 


Just by looking at it, do you think this series converges or diverges? 


33 


Most likely you said that the series converges since it was clear-that 
the numerical value of the terms decreases as n increases. If so, 1 am 
afraid you were wrong, for we shall show later that, in fact, the series 


1,1,1,1 : 
tetstaztet 
1 atatgtst... diverges. 
It was rather a trick question, but be very clear about what the rule 
states. It says: 
A series cannot be convergent unless its terms ultimately tend to zero, 


ie. Lt un = 0. It does not say that if the terms tend to zero, then the 


nae 
series is convergent. In fact, it is quite possible for the terms to tend to 
zero without the series converging — as in the example stated. 

In practice, then, we use the rule in the following form: 


If Lt μη =0, the series may converge or diverge and we must test 
nw7e 


further. 
If Lt uy, κ 0, we can be sure that the series diverges. 
nwo 


Make a note of these two statements. 
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Before we leave the series 34 
1 ΤΟ 11 1 
Lagtat hie t eras tet vm 
here is the proof that, although Lt μη, = 0, the series does, in fact, 
noo ; 


diverge. 
We can, of course, if we wish, group the terms as follows: 


213 5.6.7. 8 
Now ἜΣ >[4+4}>4 
and [Eedetet|>(Ledeled}od etc 
So that Sn> 1 ἐδεξέλεῖ, st 
Sco = 00 


" 


The best we can get from Test 1, is that a series may converge. We must 
therefore apply a further test. 
Test 2. The comparison test 


A series of positive terms is convergent if its terms are less than the 
corresponding terms of a positive series which is known to be convergent. 
Similarly, the series is divergent if its terms are greater than the correspond- 
ing terms of a series which is known to be divergent. 


An example or two will show how we apply this particular test. 


So turn on to the next frame. 
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3 6 Example. To test the series 


11,1 ,1,1 1 
{Ἐπ 2 tga tqatgstgot-..toyt... 


we can compare it with the series 


πὰ τ τ oil 
1 +h 153 +34 ἘΦ: +36 +... 
which is known to converge. 

If we compare corresponding terms after the first two terms, we see 
ἐν 1 
25: 2 
first two terms, the terms of the first series are each less than the corres- 
ponding terms of the series known to converge. 


that 3, < i «-Φ; and so on for all further terms, so that, after the 


The first series also, therefore, ......0.....cccccce 


37 


The difficulty with the comparison test is knowing which convergent 
series to use as a standard. A useful series for this purpose is this one: 
1 I 1 1 1 1 > 1 
— ἘΞ +e, +7, ἘΞ +...to,+...5 2 — 
Ι 2P 3P 4P SP nP n=1 nP 
It can be shown that 
(i) ifp > 1, the series converges 
(ii) if p <1, the series diverges 


Co 
So what about the series Σ = ? 
n=1 


Does it converge or diverge? 
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since the series ΣΙ; is the series Ee, withp > 1 3 8 


ΠΠΠΟΟΒΒΟΠΟΠΟΠΟΠΟΠ ΠΟ ΠὈΠΟΠΗΠΠΘΠΠΠΠΠΕΠΠ 


Let us look at another example. 


1 1 I 
To test the series ats 3 Fea as + 


If we take our stanaard series 


1 1 1 1 1 
qe op ap.) ap. τρ gp τ 


when p = 2, we get 
Lh deh ot! ad 
Ὁ 125 tye tae ὅπ» get 
which we know to converge. 
1.1 1 71 ies | 
Sr eT 
Bu P22. 235 ga ae ον 
Each term of the given series is less than the corresponding term in the 
series known to converge. 


Therefore ..............sccceeeee 


The given series converges 3 0 


ΠΗΠΗσΠΗΘΟΠΕΠΠΟΘσΠΠΠΠΠΠΠΠΟΠΠΠΠΠΠΠΠΗΠΠΠΠΠΩ 


It is not always easy to devise a suitable comparison series, so we look 
for yet another test to apply, and here it is: 


Test 3. D’Alembert’s ratio test for positive terms 


Let u, tu, tu3tugt...+uy, t+... bea series of positive terms. 
Find expressions for u,, and uy +1, i.e. the nth term and the (n + 1)th 


term, and form the ratio—“*". Determine the limiting value of this ratio 


n 
as n> 00, 
If Lt esl 1, the series converges 
neo n 
“Ὁ ΣΊ,1Π6 series diverges 
af = 1, the series may converge or diverge and the test 


gives us no definite information. 


Copy out D’Alembert’s ratio test into your record book. Then on to 
frame 40. 
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40 


Here it is again: 
D’Alembert’s ratio test for positive terms 


Un +1 
If Lt : 
no Uy < 1, the series converges 


i > 1, the series diverges 


2 = 1, the result is inconclusive. 
Oooooc0oOoooOoDoOoOoOoDoOoOoOoOoCoOoOoOoGooORo0o0o000gn0g oo00 
Bee res 7 
Example: To test the series Ὁ +343, +33 Soe 


We first of all decide on the pattern of the terms and hence write down 


the nth term. In this case uy ae The (n + 1)th term will then be the 


same with n replaced by (n + 1) 


1.6. μα = 


μηχα, 2Π 11 2 1241 

"Un 2 Qn-1 2'2n-1 
We now have to find the limiting value of this ratio as n > 99. From our 
previous work on limiting values, we know that the next step, then, is to 
divide top and bottom by ..............4- 


41 


Divide top and bottom by 2 


1 n+l 12+1/n 
alist ES as = 1 
Ot ee ένα poe Σ Σ 
ai 24021 
a πὸ 2 


ere: Un+ : sa 
Since, in this case. Lt —"*! < 1, we know that the given series is 
neo Uy 
convergent. 


Oo OooooOoOoOooOUuoGoOoOnoOoonooCoOo0o0o0cn000 Q J 
Let us do another one in the same way. 


Example: Apply D’Alembert’s ratio test to the series 


First of all, we must find an expression for uy. 
In this Series, Up ΞΞ5«οὐννννονοννννεννονν 
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2.3.4 "ΝΗ 2 
ἜΤΕΙ: 4 


Then μη τα is found by simply replacing n by (σι + 1). 


. -Ἀ 11 
Ent  62 


Ἂμ 


So that ——— = —..—_ = 


u : Ν᾿ 
We now have to find Lt - " and in order to do that we must divide 
n7eo Uy 


top and bottom, in this case, by .......ὁεννννννννονν 


43 


Un+1 n?+2nt+1 1+2/n+ 1/n? 
t = t = oS 
ἘΣ Un ees n? +2n a 1+2/n 
ΒΤ ΤΟΝ 
" 1+0 
Lt —2+! = 1, which is inconclusive and which merely tells us that 


: noo Un 
the series may be convergent or divergent. So where do we go from there? 
We have, of course, forgotten about Test 1, which states that 


(i) if Lt uy, =0, the series may be convergent 
n7oo 


(ii) if Lt wu, #0, the series is certainly divergent 
n7eo 


In our present series, Uy, = ΣΤ 
Lt u,= Lt -ῆ-- Lt =1 
noo η" ϑοοπ τὶ noo lt+1fn 
This is not zero. Therefore the series is divergent. 
Dooooooo000o00nn no 


Now you do this one entirely on your own: 


2 3 4 
Test the series 14242 42 42 


Sor 8 Oo 


When you have finished, check your result with that in frame 44. 
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Aa Here is the solution in detail: see if you agree with it. 
Δ 25.25.25 
To 7 ee 


The power 2”! cancels with the power 2” to leave a single factor 2. 
» Unt - 2(4 +n) 


Un Stn 
Un+1 — 2(4 τη) 2(4/n+ 1) 
{ -ΞΞ οὐ ς πα τα Ellas, 
oes Un Poe Stn pyro S/nt1 
200 + 1)_ 
Sige 
Lt Untr 5 
n7zeo Un 


And since the limiting value is > 1, we know the series is ..............ce 


45 


Series in general. Absolute convergence 


So far, we have considered series with positive terms only. Some series 
consist of alternate positive and negative terms. 


Example: the series 1 -3+ +... isin fact convergent 
while the series priate ty is divergent 
35 2. Ὅν ᾿ 


If u, denotes the nh term of a series in general, it may well be positive 
or negative. But |u,|, or ‘mod uw,’ denotes the numerical value of uy, so 
that ifu, tu, +u3+u, +... isa series of mixed terms, i.e. some positive, 
some negative, then the series [μι |+ |w2|+|u3|+lugl+... will be ἃ series 
of positive terms. 

So if Lu, =1-3+5-7+9-... 
Phen.2 |G, lA 2.1 etntsecsies 
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a ΌΤΙ ΠΕΙΠΙΕΙΒΠΕΒΙΈΕΝΗ oO 0 


Note: Ifa series Su, is convergent, then the series &|uz,| may very well 

not be convergent, as in the example stated in the previous frame. But if 

2|u,| is found to be convergent, we can be sure that Zu, is convergent. 
If X|u,| converges, the series Lup, is said to be absolutely convergent. 


If Dlup| is not convergent, but Lu, does converge, then Lu, is said 
to be conditionally convergent. 


: joes ee oe | 
=]-.+t—-it- 
So, if Lu, = 1 eae + 5 . converges 
ene Or ΠΤ Π Oe | 
and Σ μη} = 1 +5 5 +> 37% 4 += ξ +... diverges 
COM ΣΥΝ AS! socdeeccassnes Peis deceiae Nats convergent. 


(absolutely or conduonally) 


4] 


Example: Find the range of values of x for which the following series 

is absolutely convergent. 

eee | ee oe 
3.55 “58 


= 4.53 ᾿ 


χα 
6.55 


WN 


+ 
xt 


δὸς x? ee ea eet 
unl = Gear Junss| =O per 
xt th (n+ 1)5” 
(ι τ 2)5 7} x? 
x(n +1) χ(! + I/n) 
“Sn +2) 5(1 1 21) 


» {Une 
Uy = 


tt |4et1|== 
nal Un 
For absolut Lt {3π:: Seri 
or absolute convergence ace <1... Series convergent 
n 


when|¥|< 1,48. for|x] <5. 
On to frame 48. 
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48 You have now reached the end of this programme, except for the test 
exercise which follows in frame 49. Before you work through it, here is a 
summary of the topics we have covered. Read through it carefully: it will 

refresh your memory of what we have been doing. 


Revision Sheet 


1. Arithmetic series: a,at+d,a+2d,at3d,... 


Un =a+(n-1)d Sp =F (2a +n - ἴ ἃ) 
2. Geometric series: a, ar, ar’, ar®, ar*, ... 
2 α(1 -- γῇ 
μη =ar™} S, = Cnr ) 
If|r| <1, Soo ΞτΞ; 


3. Powers of natural numbers: 


ἅν παι: Bp nt Ont I) 
1 2 1 6 
2 
Σ,β : » 


1 
4. Infinite series: Sp, =u, +u,+u3gtugt...tunt... 


If Lt S, isa definite value, series is convergent 
n7eo 


If ” is not a definite value, series is divergent. 
5. Tests for convergence: 
(1) If Lt uy, =0, the series may be convergent 
nwvao 


If » 0, the series is certainly divergent. 
(2) Comparison test — Useful standard series 
pres igre ae ee Sere ae ene 
12 2 3P 4P SP °°" nPo 


For p > 1, series converges: for p < 1, series diverges. 
(3) D’Alembert’s ratio test for positive terms. 


u 
If Lt —%*! < 1, series converges. 
πη το Uy 


35 


> 1, series diverges. 
= 1, inconclusive. 


(4) For general series 
(i) If Zlu,|converges, Duy is absolutely convergent. 
(ii) If Zlu,|diverges, but Xu, converges, then Duy, is 
conditionally convergent. 


Now you are ready for the Test Exercise so turn to frame 49. 
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Test Exercise — XI 


Answer all the questions. Take your time over them and work carefully. 


1. The 3rd term of an AP. is 34 and the 17th term is δ. Find the sum 
of the first 20 terms. 


2. For the series 1, 1-2, 1-44, ... ... find the 6th term and the sum of 
the first 10 terms. 


8 
3. Evaluate © n(3 + 2n+n?). 
n=1 


4. Determine whether each of the following series is convergent. 


τε SOS a 2D 
--- -Ξ τ... panes 
(i) ΤΩ as fe τ 
i ρα gn 
(ii) 7 2 Ἐπ 142 ὁ ἘΣῪ 
το _1+2n? 
(δ un =F 
1 
(iv) un 


5. Find the range of values of x for which each of the following series is 
convergent or divergent. 


x? x? 
(i) 1ltx+% += are + 


21 5! 
x 2 αὖ x* 
ἘΞ $l +t 
( το *g3 tsa a5: 
2 (nt 
(ii) = me Dyn 


49 
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Further Problems — XI 


1. Find the sum of n terms of the series 
5, = 17 32 152 4+...+(2n-1)? 


2. Find the sum to n terms of 

1 3 5 7 
Τ23 934° 345 456 °°°° 
3, Sum ton terms, the series 


1.3.5 2.4.613,5.7 τ... 


4. Evaluate the following: 


(i) Er(r +3) (ii) ΣΟῚ 


5. Find the sum to infinity of the series 


6. For the series 
ee eee (-1y""5 
5 3*% gt prt... 
find an expression for S,,, the sum of the first n terms. Also, if the 
series converges, find the sum to infinity. 


7. Find the limiting values of 


3x? + 5x-4 
5x?-— x +7 
(ii) x? +5x-4 

2x? — 3x41 


(i) as Χ > 0° 


as x > oo 


8. Determine whether each of the following series converges or diverges. 


1 Son ey eel 

O rad (ὦ Fri 
aay Sd ad 1 
( Ta OW) 2 Qnty! 


Series I 


9. Find the range of values of x for which the series 


ae x 
a7 * 125  *OnT Ty ἘΠῚ: 


is absolutely convergent. 


10. Show that the series 


x x? x3 
eh 
1:2..2.3...3.4..-.- 


is absolutely convergent when --ἰ <x « +1. 


1 


11. Determine the range of values of x for which the following series is 


convergent χ x? x3 x 
-Ξ- + 
1.2.3 23.4 3.4.5 4.5.6 


12. Find the range of values of x for convergence for the series 


4x2 ‘ 34x3 444 
2! 3! 4! 


xt 


13. Investigate the convergence of the series 


1 x x? x3 
tee ttt 
io os 3a as ee 


14. Show that the following series is convergent 


31,41 ,51 
ἐξ =te Stet 
β 24 3.42 4.45" 
15. Prove that 
1 1 1 i oan 
at pt =+ κὶ 
ir het as? ya is divergent 
and that 
1 1 1 1 : 
pT + 22 ΤῊΣ + “2 + ... 15 convergent. 
16. Determine whether each of the following series is convergent or 
divergent. 
: 1 2 1 +3n? 
ΟἿΣ 2n(2n + 1) ΠΣ 1t+n? 
τὲ n : 3nt+1 
(iii) Σὰ τὴ (ΝΣ ΞηΣΞ ἢ 
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17. 


18. 


19, 


20. 


Show that the series 
2 
1+ +>— += +t... is convergent 
if -S <x «5 and for no other values of x. 


Investigate the convergence of 
: 3 7 15 31 
@ 1 +34 *a9* a6 * east 
we od 1 1 1 
(ii) 123322 353 tGt- 


Find the range of values of x for which the following series is 
convergent. 


= Ξ - 2)3 Ἔ 
α-2.,6 . -2" ,.α τῷ ee Oe ἜΝ 
1 2 3 n 


n 
Ifu, =r(2r + 1) Ὁ 27 1, find the value of up. 
1 
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SERIES 


PART 2 


Programme 12 


1 Power series 


Introduction: In the first programme (No. 11) on series, we saw how 
important it is to know something of the convergence properties of any 
infinite series we may wish to use and to appreciate the conditions in 
which the series is valid. 

This is very important, since it is often convenient to represent a 
function as a series of ascending powers of the variable. This, in fact, is 
just how a computer finds the value of the sine of a given angle. Instead 
of storing the whole of the mathematical tables, it sums up the terms of 
a series representing the sine of an angle. 

That is just one example. There are many occasions when we have 
need to express a function of x as an infinite series of powers of x. 

It is not at all difficult to express a function in this way, as you will soon 
see in this programme. 


So make a start and turn on to frame 2. 


Suppose we wish to express sine x as a series of ascending powers of x. 
The series will be of the form 


sinx =a+bx tex? τάχ᾽ text +... 


where a, b,c, etc., are constant coefficients, i.e. numerical factors of 
some kind. Notice that we have used the ‘equivalent’ sign and not the 
usual ‘equals’ sign. The statement is not an equation: it is an identity. 
The right-hand side does not equal the left-hand side: the R.HLS. is the 
L.H.S. expressed in a different form and the expression is therefore true 
for any value of x that we like to substitute. 

Can you pick out an identity from these? 


(x +4)? =3x?-2e+1 
(2x + 1)? = 4x? + 4x—3 
(x +2)? =x?+4x+4 


When you have decided, move on to frame 3. 
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(x + 2)? =x? τάχ τά 


Correct. This is the only identity of the three, since it is the only one in 
which the R.H.S. is the L.H.S. written in a different form. Right. Now 
back to our series: 


sinx =atbx tex? τάχ᾽ text+... 


To establish the series, we have to find the values of the constant coeffi- 
cients a, b, c,d, etc. 
Suppose we substitute x = 0 on both sides. 


Then snO=at+0+0+0+0t... 


and since sin 0 = 0, we immediately get the value of a. 


Now can we substitute some other value for x, which will make all the 
terms disappear except the second? If we could, we should then find the 
value of b. Unfortunately, we cannot find any such substitution, so what 
is the next step? 

Here is the series once again: 


sinx =a+bxt+cx*t+dx?text+... 


and so far we know that a = 0. 
The key to the whole business is simply this: 


Differentiate both sides with respect to x. 


On the left, we get cos x. 
On the right the terms are simply powers of x, so we get 
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5 cosx=bt+c.2x+d3x?+e4x? +... 


This is still an identity, so we can substitute in it any value for x we 
like. 

Notice that the a has now disappeared from the scene and that the 
constant term at the beginning of the expression is now b. 

So what do you suggest that we substitute in the identity as it now 
stands, in order that all the terms except the first shall vanish? 


We substitute X = oo... again. 


Substitute x = 0 again 


Right: for then all the terms will disappear except the first and we shall 
be able to find ὃ. 


cosx =b+c.2x +d.3x? +e4x? +... 
Put x =0 

ὦ cosO=1=b+0+0+0t0t... 

. b=1 
So far, so good. We have found the values of a and b. To find c and d 
and all the rest, we meiely repeat the process over and over again at each 
successive stage. 
i.e. Differentiate both sides with respect to x 


and SUDSTILUTE 0.00... cecee eee eeeeeee 
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substitute x = 0 


So we now get this, from the beginning: 


sinx =atbx tex? +dxetextt+feit... 


Putx=0. .. sinO=O=atOtOt+0O0t... - a=0 

[ Diff. cosx= b+c.2x +d.3x? + 6.4x3 +f.5x4... 
Putx=0. .. cosO=1=b+0+0+0+... . b=1 
Diff. —sin x = €.24+4.3.2x +2.4.3x? + f.5.4x>... 
Putx=0. .. -snO=O0= ¢2+0+O0t... “c=0 

[ Diff. —cos x = d.3.2.1+¢.4.3.2x + f.5.4.3x?... 

\ Putx=0. .. —cosQ=-1= d.3'+O+0Ot... d= 7h 
And again. sin x = e4.3.2.1+f5.4.3.2x +... 
Putx=0. ..sin0=0= e4!+0+0+ Δ e=0 

| Once more. cos x = FS543.21 τ... 
Putx=0. “ cosO=1= fsitot fh, 

etc. εἴς. 


All that now remains is to put these values for the constant coeffi- 
cients back into the original series. 


Ε 1 1 

sinx =O+ Lx + 0.x? +3, x? $0.2" + 5, x° See 
8 οἴτοιδον, εὐχὴ pe ς 
1.6. SInx =X 31 51 ΠΥΡῚ 


Now we have obtained the first few terms of an infinite series represent- 
ing the function sin x, and you can see how the terms are likely to 
proceed. 

Write down the first six terms of the series for sin x. 


When you have done so, turn on to frame &. 
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Provided we can differentiate a given function over and over again, 
and find the values of the derivatives when we put x = 0, then this 
method would enable us to express any function as a series of ascending 
powers of x. 

However, it entails a considerable amount of writing, so we now 
establish a general form of such a series, which can be applied to most 
functions with very much less effort. This general series is known as 
Maclaurin’s series. 


So turn on to frame 9 and we will find out all about it. 


8 Maclaurin’s series: To establish the series, we repeat the process of 
the previous example, but work with a general function, f(x), instead of 
sin x. The first differential coefficient of f(x) will be denoted by f'(x)}; 
the second by f(x); the third by f’"(x); and so on. Here it is then: 


Let f(x) =a+bx tex? ταχὺ text + fxe5+.., 
Put x = 0. Then f(0)=a+0+0+0+... “.a@=(0). 
i.e. a= the value of the function with x put equal to 0. 
Diff. γ»)Ξ b+c2x +d.3x? +e.4x3+f.5x4+.., 


Putx=O “.f(0)= b+O0+0+... ὁ D=f(0) 
Diff. f"@)= ¢.2.1+d.3.2x +e.4.3x? + f.5.4x3 _., 
Putx =O “f"(O)= ¢.2!+0+0t... εἴ Ὁ 


Now go on and find d and 6, remembering that we denote 
d 7 " 
ἀεί Ὁ) by £"G) 


and ΕἸ by f(x), εἰς. 
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FO), FO) 10 


3h 2 “Δ! 


Here it is. We had: 
ΠΟ) = 0.2.1 +.d.3.20 + €.4.3x7 + f.5.4x7 +... 


Diff... f°") = d3.21+e4.3.2x+f5.4.3x7 +... 
Putx=0 .. ,0)]Ξ d3!t+O+0... .d= ἐξ 
( Diff. το )- 6.4.3.2.1 11.5.4.3.2χ τ... 
iv 
Putx=0 .. f™(0)= e4l+Ot+Ot... 5459 
etc. etc. 
fi m iv 
50. a= (0); b= FXO); c= i), «-Τ 0, ἘΣ 


Now, in just the same way as we did with our series for sin x, we put 
the expressions fora, b,c,... etc., back into the original series and get: 


f(x) = = (0) ἐγ). +E) “Ὁ κα OO) sae, 11 


and this is usually written as 


F(x) = (0) τα." (0) +5 τ) + ~FN0) . I 


This is Maclaurin’s series and important! 
Notice how tidy each term is. 
The term in x? is divided by 2! and multiplied by f’(0) 
See | ΣΕ id ἢ" 0) 
Ἐν τ ia ὅν ΣΉΜ ιν i » fi¥(Q) 


Copy the series into your record book for future reference. 


Then on to frame 12. 
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12 Maclaurin’s series 


f(x) = ΚΟ) + x. ΤᾺ) ἐξ 


τυ Ὁ) τε "0 ols 


απ Πα Π ΟΠ ΠΠ ΠΠ ΠΟ ΠΟ ΠΠ ΠΟ ΠΟ ΠΟ ΠΠΠΘΟ ΒΒ ἢ 


Now we will use Maclaurin’s series to find a series for sinh x. We have 
to find the successive differential coefficients of sinh x and put x = 0 in 


each. Here goes, then: 


f(x) = sinh x 
f'(x) = cosh x 
fx) = sinh x 
f''"(x) = cosh x 
f(x) = sinh x 
f(x) = coshx 


f(0) = sinh 0 =0 

f'(0) =cosh 0 =1 
f'’(0) =sinh 0 =0 
f'"(0) = cosh 0 = 1 
f*¥(0) = sinh 0 =0 
f¥(0) =coshO=1 etc. 


.. sinh x Ot x. O15 (+O += (l)+.. 


oe τ x8 x x7 
sinh =xta tap ἘΣ Το. 


Turn on to frame 13. 


Now let us find a series for In(1 +x) in nat the same way. 


13 aah +x) 


FC a ἀλιρουε τοι 
f'@)= = (1 +xy? 7.0): Ξ.μρριροόος 
fix) =- (1 +xy? = aa Sa () -Ξ- 
f(x) = 21 +xy3= τὰ Δ 7550) Ξ «ὐμριρνμομος 
γα) Ξ-3.26 +x) τ- ΓΕ Se FIMO} SE τοὶ τορος 
f¥(x) =4.3.2(1 +xy5 = πὰ τ ὐν eer 


You complete the work. Evaluate the differentials when x = 0, 
remembering that In 1 = 0, and substitute back into Maclaurin’s series to 


obtain the series for In(1 + x). 


So, In(1 + x)= 
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Also 


f(0)=In1=0; f'(O)=1; f£0)=-1; £0) = 2; 
fi¥(0) =-3!; ΠΡῸΣ 
f(x) = f(O) τα. f'O) +5, 1 £"(0) τ 1 f2(0) +. 


In(l+x)=O+x.1 +4) DOO ΤΣ 


AM χὴ χ χϑ 
In(l Ἐχ)ξχ διὰ “ὖς- 


14 


Note that in this series, the denominators are the natural numbers, not 


factorials! 


Another example in frame 15. 


Example: Expand sin*x as a series of ascending powers of x. 


Maclaurin’s series.: 


F(x) = FO) τα.) +r τ £40) + SO) 1. 


ὁ f(x) = sin?x FO). Ξιρρρρνννς 
f'(x)=2sinx cosx=sin2x flO) = wo. 
7) = 2 cos 2x FAO). = τ ρινάμος 
7“) =— 4 sin 2x Hd (|) ee 
t Aad 6.3 ee eee PONS oeeccaans: 


There we are! Finish it off: find the first three non-vanishing terms of the 


series. 


Then move on to frame 16. 


15 
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16 


4 

22 XX 2. 
- — Ὁ += 
sin’x =x? τ ἐζεὲχ 


For f(x) = sin?x Δ f(0) =0 
f(x)=2sinx cosx=sin2x .. f(0)=0 
f'(x) = 2 cos 2x J“ £10) =2 
Sf’) =—4 sim 2x Ὁ f''(0) =0 
f(x) =-8 cos 2x -. f(0) =-8 
f(x) = 16 sin 2x ”. $%(0) =0 
f(x) = 32 cos 2x ὃς ee =32 εἴο. 


F(x) =f) +x. ΓΟ +5 ΤΡ +35 τ FO) + 


Δ sin?x = 0 Ἐχ(0) +3; 7 (2) +, (0) +5 + (-8) +3; (0) +35 (32) 


6 
sin?x = x? = ον ἫΝ 


Next we will find the series for tan x. This is ἃ little heavier but the method 
is always the same. 


Move to frame 17. 


17 Series for tan x 


f(x) =tanx “ (0) =0 
Ὁ Ὁ) = sec?x Δι f(0)=1 
Δ fx) =2 sec?x tanx “ f"'(0)=0 
J. ΠΧ) = 2 sec*x + 4 sec?x tan?x Ὁ f'"(O) = 2 


= 2 sec*x + 4(1 + tan?x) tan?x 
= 2 sec*x + 4 tan*x + 4 tan*x 
Εἶν) = 8 sec*x tan x + 8 tan x sec?x + 16 tan>x sec?x 
= 8(1 +27)?r + 8t(1 +t?) + 160°(1 +27) 
=8(1 + 212 + 4)r + 8 + 829 + 162° + 1625 


= 16¢ + 4015 + 2415 . fiX(0) =0 
ΔΝ ΟΣ) = 16 sec?x + 1202? .sec?x + 120 sec?x 
a ee 
tame Ξ saa hae ss ΓΘ ΞΟ 
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18 


Standard series 


By Maclaurin’s series. we can build up a list of series representing many 
of the common functions — we have already found series for sin x, sinh x 
and In(1 +x). 

To find a series for cos x, we could apply the same technique all over 
again. However, let us be crafty about it. Suppose we take the series for 
sin x and differentiate both sides with respect to x just once, we get 


3 5 7 
sity eS, ear t 
2 4 6 
Diff. cos x = 1- 3% +2 -~% ... ete, 
2 4 6 
cosx = 1-37 +75 a+ 


In the same way, we can obtain the series for cosh x. We already know 
that 


3 
sinh x =x +3y+ 


so if we differentiate both sides we shall establish a series for cosh x. 
What do we get? 


19 


We get: fae τὰ 
sinh x Setter or τες 

Diff. ; , ; , 

giving: ἜΝ 
coshx = 143 +++ art. 


Let us pause at this point and take stock of the series we have obtained. 
We will make a list of them, so turn on to frame 20. 
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2 Summary 
Here are the standard series that we have established so far. 


: = x x’, x” 
sin x =x—artsr— 701’ 


cos x a1 eat ees ΠῚ 


tan x χε ty IV 
sinh x ax+% +++ nan Vv 
cosh x = 1 +244 +4 VI 
μι τι) τα τ εἰ. α΄ x ΝΠ 


Make a note of these six series in your record book. 
Then turn on to frame 21. 


21 The binomial series 
By the same method, we can apply Maclaurin’s series to obtain a power 
series for (1 + x)". Here it is: 


fx) = (1 + xy" f(0)=1 

fx)=n. +x" FNO)=n 

f(x) =n(n— 1). + xy"? £0) = n(n — ἢ 

7“) = n(n — 1) Οἱ - 2).( + x9 £10) = n(n— 1) Οἱ -- 2) 

f(x) = n(n-1)(n-2)(n-3).1 +x" f9(0) = n(n 1) (1-2) (2-3) 
etc. etc. 


General Maclaurin’s series: . 5 
f(x) =f) + x.f'0) + ὅτ 700) + FF") ... 
Therefore, in this case, 


2 3 
4 ἘΧΥ" ΞῚ Ἐχη τ τ n(n- 1) +3; nn— 1) 0 -- 2)... 


(ἰ Ἐχγιτξι τηχ εἶ 31 
Add this result to your list of series in your record book. Then, by 
replacing x wherever it occurs by (—x), determine the series for (1 — x)”. 
When finished, turn to frame 22. 


MaDe , nl) (= 2) 3 _.. VU 
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ἀν 1)... n(n De ae 


ὈΠΠΈΒΠΠἊΠΕ ΠΕ ΕΠ ἢ ΠῚ [ Γ] B0H000O0000R0000000Rng 


(-xy=l-nx+" 


Now we will work through another example. Here it is: 
Example: To find a series for tan! x. 


As before, we need to know the successive differential coefficients in order 
to insert them in Maclaurin’s series. 


Ξ : 1 
f(x) = tan'x and f(x) = ae 
If we differentiate again, we get f(x) =— ee after which the work- 


a + x?) > 
ing becomes rather heavy, so let us be crafty and see if we can avoid 
unnecessary work. 


We have f(x) = tan’!x and f(x) = oe =(1 +x?)?. If we now expand 


(1 +x?J? as a binomial series, we shall have ἃ series of powers of x from 
which we can easily find the higher differential coefficients. 


So see how it works out in the next frame. 


To find a series for tan x 
s(x) = tan x Ὁ f(0) =0 23 


“1G)= ya tay 


21-224 DED oe VDE 64 


1.23 
= Tax tare εχδ-- τ SDS 
fc) =~ 2x + 4x? — 6x5 4 8x7- 8. f''(0) =0 
Δ ΠΟ) =—2 + 12x? — 30x + 56x5- f(0) =-2 
“(x)= 24x — 120x? + 336x5— «ο. ἤν (0) =0 
Δ Ο) = 24 — 360x? + 1680x4 -- ... Τ (0) = 24 ete. 


ὁ tarttx = (0) +x. £0) ὁ Στ 7"(0) + x 7"O)+... 


Substituting the values for the derivatives, gives us that tan! x = ............... 


Then on to frame 24. 
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24 tan 'x = 0+x(1) +40) +% 7 2) +25 (0) +35 7(24) 


This is also a useful series, so make a note of it. 
ΠπΠΠΠΠΠΟΠΠΟΠΟΕΠΟΘΠΠΠΗΠΗΠΠΟΠΟΗΟΠΠΠΠΠΕ gooo0oo0o00g0 

Another series which you already know quite well is the series for e~. 
Do you remember how it goes? Here it is anyway. 


3. 4 
alte top tart greets XI 
and if we simply replace x by (—x), we obtain the series for δ Ὁ 
2 3 \4 
piers Harta XI 


So now we have quite a few. Add the last two to your list. 


And then on to the next frame. 


Examples: Once we have established these standard series, we can of 
2 5 course, combine them as necessary. 


Example 1. Find the first three terms of the series for e¥ In(1 + x). 


2 3 4 
We know that ee lexth tai tats. 
and that In(l+x)=x- ie ge eis + 
4 


2 3 2 3 
x x Ἐπὶ SMe gs Χο 
e* In(1 + x)= [πὰ εᾶτε art de 7 +3 | 


Now we have to multiply these series wie There is no constant 
term in the second series, so the lowest power of x in the product will be 
x itself. This can only be formed by multiplying the 1 in the first series 
by the x in the second. 


2 
The x? term is found by multiplying 1 x( 7) St: sy 
and xXx 


3 
The x? term is found by multiplying 1 X ἘΞ 


NVR tag 2 oak 

and ΧΦ WF -F +5 =3 
x? 

and 7 Xx and so on. 
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26 


2 3 
eX 1η(1 +x) =x ἘΞ ἘΞ ἘΠΕ 


It is not at all difficult, provided you are careful to avoid missing any of 
the products of the terms. 


O O0 ΠΟΙ ΕΙΠΕ ΒΕ ΗΕ ΠΞΕΩ 5 


Here is one for you to do in the same way: 


Example 2. Find the first four terms of the series for e* sinh x. 


Take your time over it: then check your working with that in frame 27. 


Here is the solution. Look through it carefully to see if you agree with 27 


the result. Ρ 


x= + +4 χὰ +art 
e 1+x 51 Ὁ 31 hf 
sinhx =x ἐξ +H +B + 
31 5! ! see 
2 ¥3 


7 
e* sinh x = [ +x + +o, 16: 


Lowest power is x 


. e* sinhx =x +x? + 


There we are. Now turn on to frame 28. 
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28 Approximate values 


This is a very obvious application of series and you will surely have done 
some examples on this topic some time in the past. Here is just an example 
or two to refresh your memory. 


Example 1. Evaluate »/1-02 correct to 5 decimal places. 
1.02 =1+0-02 
/1.02 =(1 + 0-02)'/2 


1 3 


cis 
(5)(Ὁ5 
. 2 _—_ 
(002) +1953 


iil 
7.2 
1.2 


ees 
=]+ (0-02) + 


(0-02)? ... 


=1+001- 3(0-0004) + #, (0.000008) =e 


= 1 + 0-01 — 0.00005 + 0-0000005 ... 
= 1.010001 — 0-000050 
= 1.009951 -. V/1-02 = 1.00995 


Note that whenever we substitute a value for x in any one of the 
standard series, we must be satisfied that the substitution value for x is 
within the range of values of x for which the series is valid. 

The present series for (1 + x)" is valid for]x|< 1, so we are safe 
enough on this occasion. 

Here is one for you to do. 


Example 2. Evaluate tan’ 0-1 correct to 4 decimal places. 


Complete the working and then check with the next frame. 


29 be tan™0-1 = 0.0997 


3 5 7 
“ley _X 4X ΣΧ 
tan “x =x 5 qt... 
σι ταΓ10.1 eit _ 0-001 4 2:00001 _ 0-0000001 Ἣν 
3 5 7 
= 0-1 — 0-00033 + 0-000002 -... 
= 0-0997 


We will now consider a further use for series, so turn now to frame 30. 
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Limiting values — Indeterminate forms 3 0 


In Part I of this programme on series, we had occasion to find the 


limiting value of —2— “nth asn > ce, Sometimes, we have to find the limiting 
Ἢ 


value of a function of x when x > 0, or perhaps when x >a. 


x?+5x-14\)_0+0-14_ 14_ 7 
x?-5x+ 8] 0-0+ 8 8 4 


That is easy enough, but suppose we have to find 


e.g. Lim 


x0 


Lin {544 

x>2(x°-Sx t+ 6 

Putting x = 2 in the function, gives 7 aL as 9 and what is the value 
0 -10+ 6 0 
~9 

of 5? 


Is it zero? Is it 1? Is it indeterminate? 
When you Have decided, turn on to frame 31. 


2. as it stands, is [ indeterminate 31 


We can sometimes, however, use our knowledge of series to help us out 
of the difficulty. Let us consider an example or two. 


χοῦ x 


Example 1. Find the Lim (wz>2| 


; : One od 
If we just substitute x = 0 in the function, we get the result 9 Which is 


indeterminate. So how do we proceed? 


x? 5 
Well, we already know that tanx =x + 3 + =~ +... Soif we replace 


tan x by its series in the given function, we get 


x? | 2x5 
. ftanx-x ᾿ (45 ΤΊς ἢ wad 
Lim | 3 = Lim 3 
x0 x>0 x 
ΠῚ (1 2x? 1 
= Lim [2 εῖξ + \=5 


Move on to frame 32 for another example. 
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32 Example 2. To find Lim Ξ *| 


x70 


ome which is Dain: So we will 


Direct substitution of x = 0 gives δ 5 


express sinh x by its series, which is 

SiN He. νοι ied eceeee 
(If you do not remember, you will find it in your list of standard series 
which you have been compiling. Look it up.) 
Then on to frame 33. 


33 


So 


=1+0+0+... =] 
ee (sh εὶ 


x0 x 
ee eg ἡ Ste 
Now, in very much the same way, you find Lim aa 
x>0 


Work it through: then check your result with that in the next frame. 


34 | Lim (Se =1 


Here is the working: 


4 6 
2_Xx 2x 
. sin?x pee 3 Τὰς 
Lim 7 {=Lim 5 
x70 l Χ x0 x 
x? 2x? ] 
=]7j —-— +— --- 
ot [ 3. 45 : 
Lim (a jeu 
x0 


Here is one more for you to do in like manner. 
sinh x —x 
Find Lim {sana 
Then on to frame 35. x0 x3 
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ἘΣ pra at 
x70 x 6 


Here is the working in detail: 


, x x> αἵ 
sinhx=xt5, ἘΠῚ ΤΠ Το. 
ΧΡ ke ee 
sinh x —x Ket EtG t x 
x x? 
ΠΝ ἘΝ id 
3h 511 77 
_ fsinhx-x _ [1 2 x4 
= — +++ 
Lim | χ᾽ |= im (5, 51 7] ᾿ 
dh Sle 
3! 6 


So there you are: they are all done the same way. 
(i) Express the given function in terms of power series 
(ii) Simplify the function as far as possible 


35 


(iii) Then determine the limiting value — which should now be possible. 


OOo ΠΕ ΕΠ ΠΙ Φ ΗΠ ΕΠ ΠΕ ΓΕ ΒΕΓ ΙΕ ΡΙΡΙΙ 


oo 


Of course, there may well be occasions when direct substitution gives 


; : 0 : ᾿ 
the indeterminate form -- and when we do not know the series expansion 


0 
of the function concerned. What are we going to do then? 


All is not lost! — for we do in fact have another method of finding 
limiting values which, in many cases, is quicker than the series method. 


[t all depends upon the application of a rule which we must first 
establish, so turn to the next frame for details thereof. 
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36 


L’Hopital’s rule for finding limiting values. 
Suppose we have to find the limiting value of a function F(x) eh 


" x =a, when direct substitution of x =a gives the indeterminate form 


ie. atx =a, f(x) = 0 and g(x) Ξ 0. 
If we represent the circumstances graphically, the diagram would !ook 
like this:— Υ’ὔύ 


+ ᾽ 


Note that at x =a, both of the 
graphs y = f(x) and y = g(x) cross 
the x-axis, so that at x =a, f(x) =| 

and g(x) =| 


At a point K,ie.x =(a+h), KP=f(at+h) and KQ=g(a th) 
fa +h) ΚΡ 
gath) KQ 

Now divide top and bottom by AK 


flat h)_ KP/AK _ tan PAK 
g(a τ h) KQ/AK — tan QAK 


76)... f@+h)_ τ- tan PAK -£@ 
ὯΝ oa ax) ean g(a th) ae tanQAK g(a) 


i.e. the limiting value of a as x > a (at which the function value by 
direct substitution gives?) is given by the ratio of the differential coeffi- 
cients of numerator and denominator at x = a (provided, of course, that 
both f’(a) and g'(a) are not zero themselves)! 

fa) ως; [ ft 
. Lim Ξε = Lim; + 
Lim | g(@) x al g(x) 
: fe) - i el 
. Lim Lim | a7 
nim | x alg (x) 

This is known as /’Hopital’s rule and is extremely useful for finding 

limiting values when the differential coefficients of the numerator and 


denominator can easily be found. 
Copy the rule into your record book. Now we will use it. , | 
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Lim | =m [23 
x al &) | 
, {xe+x?-x-1 

Example 1. To find Lim Ἔπεσε -Ξ ᾿ 

Note first that if we substitute x = 1, we get the indeterminate form o. 
Therefore we will apply l’Hopital’s rule. 

We therefore differentiate numerator and denominator separately 
(not as a quotient). 


ΒΒ Cae ee 
Lim? x?-x *} = Lim (Ξ 2x : 
xl 


eetox—3 f ml ΧῈ2 
I i 
2+2 4 
Lim | 
χοιὶ χ᾽ -2χ-3 


and that is all there is to it! 
Let us do another example, so, on to the next frame. 


Example 2, Determine Lim 
x>0 


We first of all try direct substitution, but we find that this leads us to 


cosh x — e* 
x 


38 


the result — , Le. O which is indeterminate. Therefore, apply l’Hopital’s 


rule tim{ 42 = Lim | | 


i.e. differentiate top and bottom separately and substitute the given value 
of x in the differential coefficients. 


= px 7 --- οΧ 
: Lim (5538 e ἘΣ e 


x>0 x0 1 
ona ee 
is ai 1 
- Lim fcoshx—e*)__ 
“ero xe Πμ ! 
Now you can do this one i 
‘ . {Χ΄ sin 3x 
Determine Lim | x? + 4x 
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99 


The working is simply this: 


Direct substitution gives so we apply l’Hopital’s rule which gives 


νὰν aay 
ἘΝ sn Lim {> 3 cos 35) 


x >0 x? + 4x x0 2x +4 
20733 
014 4 


WARNING: \’Hopital’s rule applies only when the indeterminate form 
arises. If the limiting value can be found by direct substitution, the rule 
will not work. An example will soon show this. 


, (x?+4x-3 
Consider ἐν [ τι τος ] 
: ee nee 4+8-3 _ 5 “ap? 
By direct substitution, the limiting value = ἘΞ = 9. By l’Hopital’s 


= Lim 
2, 


mle Lim 
χ 2 


(peel (2+ 


|= -4. As you will see, these results 


do not agree. 
Before using l’Hopital’s rule, therefore, you must satisfy yourself that 


direct substitution gives the indeterminate form 8. If it does, you may 
use the rule, but not otherwise. 


40 


Let us look at another example 


Example: Determine Lim| a 
x0 x 
? Rees er _0-0_0 
By direct substitution, limiting value = τ" = δ᾽ 


Apply l’Hopital’s rule: 
x — sin x i—cosx 
‘ Ξ- τὶ 
μα x x +0 2x 
We now find, with some horror, that substituting x = 0 in the differen- 


tial coefficients, again produces the indeterminate form ὃ, So what do you 


suggest we do now to find Lim | <I (without bringing in the use of 
x0 2x 


series)? Any ideas? 
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We apply the rule a second time. 41 


Correct, for our immediate problem now is to find Lim (I If we 
do that, we get: ore 


: x—sinx . 1-—cosx : sinx |_ 0 
L ἘΞ βα)ο ------ >= = 
μαι x Lim | 2x Lim { 2 2 : 


Ν- ee oe ae, | ens a ἰδ τ 
First stage Second stage 
Ὁ Lim ἰπξ ες |< 
x>0 x 


So now we have the rule complete: 


| For limiting values when the indeterminate form (i.e. 8) exists, apply | 
lHopital’s rule | 
| 


, 
: x 
aes (22) - Lim [αἱ ce 
xa | a(x} ΤΩ ve) 
i| and continue to do so until a stage is reached where either the numerator 
and/or the denominator is not zero. 


Next frame. 
Just one more example to illustrate the point. 4 2 
Example: Determine Lim nec 
x>0 x 
: ἜΗΝ eas 4 Ont: : 
Direct substitution gives Ob 9: (indeterminate) 
- Lim/ Sinhx= sins ees {roshe cosx) |. 1-10 
sores 3 550 32 e 0 0 
= Lim [585 ἐ Sins ves 0109 
bay a of Pep Ὁ 
= Lim {Cosh e+ cos) 1+1_1 
x>0 6 6 3 
κα’, fsinhx —sinx ]_1 
. Lim Guy ese ee = 
x70 x 3 


Note that we apply l’Hopital’s rule again and again until we reach the 
stage where the numerator or the denominator (or both) is not zero. We 
shall then arrive at a definite limiting value of the function. 


Turn on to frame 43. 
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43 Here are three Revision Examples for you to do. Work through all of 
them and then check your working with the results set out in the next 
frame. They are all straightforward and easy, so do nov peep at the 
official solutions before you have done them all. 


ον, [x2 — 2x? + 4x -3 
Determine (i) Lin | | 
tanx-x Se . |X cOSx —sinx 
Gi) Lim [58 5} μὰ Lim ΠΣ sins} 
4 4 Solutions: 
; BS) eR |, 
(i) Lim | FPS, ae wa (Substitution gives 5) 
, (3x?-4x 14] 3_ 
= Lim { Bx -Ξ εἶσι 
Li eee he 
χϑὶὶ 4x?—5x 41 
(ii) im aa (Substitution gives 2) 
x? τ 
sec?x — AO 
Lin |e et | (still gives 6) 
2 sec*x tan x 
int 
Lim { =e a3 (and again!) 
an 2 sec*x sec*x + 4 sec?x tan 2}. 2+0__, 
τ ποοβχ Ξ 
, ftanx—-x|__ 
“alt xX—-x |= 2 


(Substitution gives >) 


Gii) Lim 
x70 


x cos x — sin "| 
ia aA 


x 
. [=e tes 
= Lim 
x>0 3x 
afar (S| Lim [ cos *| .1 
x>0 {| 3x x0 3 
2 Ε cos x — sin =} 1 
Lim{ ——~—,——_ } = -= 
x>0 x 3 Next frame. 
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Let us look at another useful series: Taylor’s series. A5 


eG . 2 
Maclaurin’s series f(x) = f(0) + x.f'"(0) + a f"(O) +... expresses a 
Y 


function in terms of its 
differential coefficients 
at x = 0, ie. at the point K. 


ALP, (δὴ = ΤῸ) +h.7'0) Ὁ ἀν pro) + pmo)... 


If we now move the y-axis a 
units to the left, the equation 
of the curve relative to the 
new axes now becomes 

y = F(@ +x) and the value at 
K is now F(a) 


y=Flx +a) 


At P, F(a +h) = F(a) +h. F(a) εἴ τ ΕΜ) +B ΒΡ) +. 


This is, in fact, a general series and holds good when ἃ and A are both 
variables. If we write a = x in this result, we obtain 


70 + h)= f(x) +h. f(xy +8 1 FM) + He pny. 


which is the usual form of Taylor’s series. 


Maclaurin’s series and Taylor’s series are very much alike in some 
respects. In fact, Maclaurin’s series is really a special case of Taylor’s. 46 


Maclaurin’s 


series: f(x) = ΠΟ) τα. ΓΟ) +4, f"0) +P") +... 


Taylor’s 
series: f(x th)=fo) th. ΓΟ τῇ Be p(x) +H 31 f(x) +. 


Copy the two series down together: it “ἢ help you learn them. 
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47 Example 1. Show that, if h is small, then 


h xh? 
tan? (x +h) =tan'!x + —— —,——=,_ approximately. 
( )= 1+x2 +x? "πε +x)? ppr y 
ooonogoo00go ooo00000u00 gq ia 


Taylor’s series states 
f(x +hy=f(x) +h. Ὁ) rac n(x) + A pr) ἕως 


where f(x) is the function obtained - putting ἢ = 0 in the function 


f(xth). 
In this case then, f(x) = ἫΝ 1x, 


“f= pee and $C) =- Gea 


Putting these expressions back into the series, we have 
= 1 h? 2x 
mlx +h) =tan'x +h.— - >, oo 
tant (x +h) =tan ‘x +h. Tax? 2 (r+ x2)? 
Ξ h xh? 
= 1 - «.-. 
tan “x + ΤῊΧΣ (T+) approx. 


Why are we justified in omitting the terms that follow? 


The following terms contain higher powers of h which, by 
48 definition, is small. These terms will therefore be very small. 
Example 2. Express sin (x + A) as ἃ series of powers of ἢ and evaluate 
sin 44° correct to 5 decimal places. 
sin(x +h) = f(x) +h. fi(x) +4 if "(x) ἐξ pF") +. 
f(x)=sinx; f'(x) = cos x; a = —sin x; 


f(x) = —cos x; f(x) = sin x; ete. 


μ he 
᾿ς sin(x +h) =sinx +h cosx— 5: sin x -- 3 57 COSxX +. 
sin 44° = sin(45° -- 1°) = sin G7 001745) and sin 7 = cos 5 = b 
ar ο ] h? he 
. = -N+th-~- > =~: 
sin 44 at h 76 ne h=~-0.01745 


ei uk _ 0-0003045 , 0-0000053 
All 0.01745 ~ 2008304 eee Ἐπ] 
= wat — 0.01745 — 00001523 + 00000009 ... 


= 0-7071 (0.982399) = 0-69466 


Series 2 


You have now reached the end of the programme, except for the test 49 
exercise which follows. The questions are all straightforward and you will 
have no trouble with them. Work through all the questions at your own 
speed. There is no need to hurry. 


Test Exercise—XII 


1. State Maclaurin’s series. 
2. Find the first 4 non-zero terms in the expansion of cos?x. 


3. Find the first 3 non-zero terms in the series for sec x. 


3 


4. Show that tan!x =x τ + 


x” 


7 


ce 
Ξ ΓΝ 


5. Assuming the series for εχ and tan x, determine the series for e*.tan x 
up to and including the term in x*. 
6. Evaluate \/1-05 correct to 5 significant figures. 


1 -- 2 sin?x -- ed 


7. Find (i) Lim | 5x2 


(ὦ Lim tan ta | 
x >0 ee 

ον , —sinx 

(ii) Lim [ἘΞ ΒΡῈ} 
x >0{x— tan x 


8. Expand cos(x + A) as a series of powers of ἢ and hence evaluate 
cos 31° correct to 5 decimal places. 


You are now ready to start the next programme. 
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Further Problems—XII 
1 P nate gree Ἂν ate τν 
. Prove that cos x = 1 τῆι tater ... and that the series is valid 
for all values of x. Deduce the power series for sin?x and show that, 
if x is small, 
sin?’x —x?cosx 1 | x? ee 
τ πὰ ΤΙ approximately. 


2. Apply Maclaurin’s series to establish a series for In(1 + x). If 1 +x τῷ 


show that ae 
(b? ~a?)/2ab ae eee Smee 


Hence show that, if ὁ is nearly equal to a, then (b? —a*)/2ab exceeds 


in(?) by approximately (Ὁ —a)?/6a°. 


: (1 πο 
3. Evaluate i ---Ξ-- - -ς--- 
, es σὲ. 
wy 7, J SiN ΧΌΧΌΟΟΒΧ ay 7: } tanx—sin x 
ii a ———{ 
ἊΣ AS] Or ν 
: . fsinx-x : tanx—-x 
{Ὁ pea [ x? | 1) ΠΕ — sin a 


4. Write down the expansions of (i) cos x and (ii) = and hence 
show that 


5. State the series for In(1 + x) and the range of values of x for which it 
is valid. Assuming the series for sin x and for cos x, find the series for 


‘sin x : . 
[535] and In(cos x) as far as the term in x*. Hence show that, if x 
2 
is small, tan x is approximately equal to x.e* He 


6. Use Maclaurin’s series to obtain the expansion of e* and of cos x in 
ascending powers of x and hence determine 


li (= t+e*-2 
x02 cos 2χ-- 2 
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10. 


11. 


12. 


13. 


χ- 3 


. Find the first four terms in the expansion of ἀ ΞΏΣΩ ταῦ in 


ascending powers of x. 


. Write down the series for In(1 + x) in ascending powers of x and 


state the conditions for convergence. 
If a and b are small compared with x, show that 


In(x +a) ~Inx = ( +258) {inca +6)~In x} 


. Find the value of k for which the expansion of 


( + kx) (1 +2)" In(1 +x) 


contains no term in x?. 


Evaluate (i) | Σὲ 
χορὶ x 
(ii) Lim nx| (ii) Lim x t+sin 1] 
eee ad Sees Sree 


If u, and u,., indicate the rt term and the (r — 1) term respectively 
of the expansion of (1 +x)”, determine an expression, in its simplest 


form, for the ratio zt. Hence show that in the binomial expansion 


1 


of (1 + 0-03)!?, the rt term is less than one-tenth of the (r— 1)t® 
term if r > 4. Use the expansion to evaluate (1-03)'? correct to three 
places of decimals. 


By the use of Maclaurin’s series, show that 
3 5 
es x” 3x 
Sin XS OF sa 
6 40 
Assuming the series for εχ, obtain the expansion of e* sin 1x, up to 
and including the term in x*. Hence show that, when x is small, the 


graph of y = e* sin ‘x approximates to the parabola y = x: 


By application of Maclaurin’s series, determine the first two non- 
vanishing terms of a series for In cos x. Express (1 + cos @) in terms 
of cos 6/2 and show that, if @ is small, 


2 4 


In(1 + cos @) = In ae 


4 δε approximately. 
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14. 


15. 


16. 


17. 


19. 


20. 


If x is small, show that 


(i) Je txt 


(1 +3x? 7 
(ii) Vid + 3x")e* a Je =I + ἘΣ 


1-x 
Prove that ᾿ 4 
2 XX xX 
ὦ aay! a* 79 t- 
x _x x? x4 
@) ai τὰ τ 
: . 7, {sint!x—-x mA Ses, poeta 
Find SUN ae oth, 
oO ΟΝ ual | 


Find the first three terms in the expansion of 


sinh χρη! +x) 
x71 τα) 


. The field strength of a magnet (H) at a point on the axis, distance x 


from its centre, is given by 


H = M = S en ade s 
21 |χ τὴ (eth? 
where 2] = length of magnet and M = moment. Show that, if / is 


very small compared with x, then H = ae 


Expand [In(1 + x)]? in powers of x up to and including the term in 
χ Hence determine whether cos 2x + [In(1 + x)]? has a maximum 
value, minimum value, or point of inflexion at x = 0. 


If J is the length of a circular arc, a is the length of the chord of the 
whole arc, and 6 is the length of the chord of half the arc, show that 


(i) a = 2r sin εἰς and (ii) ὁ = 2rsin é where r is the radius of the 


2r 
circle. By expanding sin Bs and sin te series, show that ] = aoa 
: 2r 4r ᾿ 3 
approximately. 
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INTEGRATION 


PART 1 


Programme 13 


1 Introduction 


You are already familiar with the basic principles of integration and have 
had plenty of practice at some time in the past. However, that was some 
time ago, so let us first of all brush up our ideas of the fundamentals. 

Integration is the reverse of differentiation. In differentiation, we start 
with a function and proceed to find its differential coefficient. In integra- 
tion, we start with the differential coefficient and have to work back to 
find the function from which it has been derived. 


e.g. a (x? + 5) = 3x?. Therefore it is true, in this case, to say that the 
dx 


integral of 3x”, with respect to x, is the function from which it came, 
ie. [sxtax = x°> + 5. However, if we had to find [axa without know- 


ing the past history of the function, we should have no indication of the 
size of the constant term involved, since all trace of it is lost in the differ- 
ential coefficient. All we can do is to indicate the constant term by a 
symbol, e.g. C. 
So, in general, πα =x? +C 


Although we cannot determine the value of this constant of integration 
without extra information about the function, it is vitally important that 
we should always include it in our results. There are just one or two 
occasions when we are permitted to leave it out, not because it is not 
there, but because in some prescribed situation, it will cancel out in sub- 
sequent working. Such occasions, however, are very rare and, in general, 
the constant of integration must be included in the result. 

If you omit the constant of integration, your work will be slovenly and, 
furthermore, it will be completely wrong! So, do not forget the constant 
of integration. 


1. Standard integrals 
Every differential coefficient, when written in reverse, gives us an 
integral, 


e.g. ¢ (sinx)=cosx -. feos xdx=sinx+C 
ax 
It follows then that our list of standard differential coefficients will form 


the basis of a list of standard integrals — sometimes slightly modified to 
give a neater expression. 


357 


Integration 1 


Here is a list of basic differential coefficients and the basic integrals 


Ε scsi 
«fo ac - 
1a 


that go with them: 
d ny = N-1 
1. Te 6) nx 
d a 
2. dx (MZ 
d 
pan X\= ex 
3. aye) 6 
4 ἡ (ekx) = Kek* 
" dx 
4 (gx) = gx 
5. ne) a* Ina 
d eae 
6. ἃς (008 ¥) = sin x 
7 ὦ (in x) = cos x 
tae 
8 4 (an x) = sec?x 
* dx 
9 4 (cosh x) = sinh x 
* dx 


10. Z 5, (sinh x) = cosh x 


11. ζω 1x) = aa — x2 
12. “ως ὅν πὰ 
d ap τς 
13. Gx tan x) ere 

14. g 


entecNt at 1 
gx Sinb x)= Veet 1) 


d fre eae | 
15. ax (cosh *x) Ve?=1) 


d yo ol 
16. gx (tanh x)FT= 5 


x 


Jee 
| 
‘| 
“Ne dx = ξ ες 
᾿ 
| 


Pal τ =sinhx + C 
: \ a=3) Ξῶ 


ivi =x?) 
late τ" 
ΓΞ 


ae 2 dx = tanh 'x+C 


5 oo ΠΠΠΕ 


Spend a little time copying this list carefully into your record book 


as a reference list. 


=Inx+C 


“tex dx =e*x+C 


. ekx dx=*+¢ 


“\ sin x dx =-cosx+C 


cosx dx =sinx +C 


“| sec?x dx =tanx+C 


*\ sinh x dx = cosh x + C 


=sin’x +C 


ae x+C 


> ax=tar'x+C 


1+ 


=sinh!x + C 


oe, x+C 


provided 
[nes] 


oboo000o0o0 oon00 


[5] 


2 
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3 Here is a second look at the last six results, which are less familiar to 
you than the others. 


| eazy" =sin'x+C ἘΞ sinh +x +C 
Nea Ξ ρος ἱχὲς | ray” =cosh'!x+C 
Fer: dx =tan'x+C | a dx =tanh'!x+C 


Notice (i) How alike the two sets are in shape, 
(ii) Where the small, but all important, differences occur. 


On to frame 4. 


Now cover up the lists you have just copied down and complete the 


following, 

(i) fee ax- eines Ἢ (vi) | Fae = satel 

(i) (2? ax = Street wi) | gine: ΠΥ 
(iii) |v= We ails (viii) | SY Ok Ξιοβι ον 

(iv) [sn KOK νυνί (ix) \ ae 1 τῶν Se 
(v) [2 sinh xa = ΕΝ (x) fie ΠΝ 


When you have finished them all, check your results with those given in 
the next frame. 
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Here they are: 


ΩΝ 5 
(i) ee dx == τῷ (vi) ax =Sinx+C 

8 
(ii) [αι ΞΞ ἘΟ wid | 3 τῇ = = sin'x +C 
(iii) [vs dx =| 1/2 dx (viii) {3 5* dx = +C 

3/2 
= =2* a τς 

(iv) [λαχών =-oosx + (ix) | Pail = cosh xt+C 
(v) {2 sinh x dx = 2 coshx +C (x) [πα τιωχεο 


All correct? — or nearly so? At the moment, these are fresh in your 
mind, but have a look at your list of standard integrals whenever you 
have a few minutes to spare. It will help you to remember them. 


Now move on to frame 6. 


2. Functions of a linear function of x 


We are very often required to integrate functions like those in the 
standard list, but where x is replaced by a linear function of x, 


e.g. [5 - 4)5 dx, which is very much like fx dx except that x is 
replaced by (Sx — 4). If we put z to stand for (5x — 4), the integral 


becomes | z° dx and before we can complete the operation, we must 


[as = \ Ζ ‘Xa 


Now Gx can be found from the substitution z = 5x — 4 for gee 5, there- 


change the variable, thus 


dz dx 
dx 1 
fore ΩΣ Ξ ξ and the integral becomes 


dx 1 1 lz 
6 -- 6 or > 6 ΞΞ - -- 
[- dx [2 EP dz = {: (5) dz τ dz 59 +C 


Finally, we must express z in terms of the original variable, x, so that 


[5 - διό ἀχ -.....νννος, 
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7 | (ox ayeax 7 cLieal) +C 
(Sx -- 4)’ 
i ee . 


7 
The corresponding standard integral is [ x®dx = = + C. We see, there- 


fore, that when x is replaced by (5x — 4), the ‘power’ rule still applies, 
ie. (Sx — 4) replaces the single x in the result, so long as we also divide by 
the coefficient of x, in this case 5. 
7 τὴ 
6,...-- : _ Ab dy = (5x — ἃ 
[- dx 7 + ς εἶα 4)°dx a 


This will always happen when we integrate functions of a linear function 
of x. δ 
eg. [ex dx =fer +C [emt dee 


ie. (3x + 4) replaces x in the integral, 

then (3x + 4) » 7 7 result, provided we also divide by the 
coefficient of x. 

Similarly, since \cos x dx = sinx Ἐς, 


+C 


3x +4 


3 


+C 


then feos (2x + 5) AX ΞΞ....ἀὁνννονννόνοοοον 


sin (2x + 5) 
2x + 5) dx = —-—— + 
ὃ Similarly, Ϊ ἔθει ὧν 2 ὼ 
rect ax=tanx+C ee [sectax dx 135 oF ς 
ΠΝ ἥ 1 _ In(2x + 3) 
[ax inx+C ἰξετα- BE) +c 


[nh x dx = coshx +C {sinh ~ 4x) dx = ane) 
_ _ cosh(3 — 4x) ες 


cos 3x 
3 


[sin x ax =~cos.x+€ “ἡ sin. 3x dx =— +C 


et 
Jetar=er +c [σατο 
So if a linear function of x replaces the single x in the standard integral, 


the same linear function of x replaces the single x in the result, so long as 
we also remember 0 ..........eeee 
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... divide by the coefficient of x 8 


Now you can do these quite happily — and do not forget the constants 
of integration! 


3 
1. [α- 7)3 dx 6. ἱπώρρο 
ἫΝ ᾿ cos(7x + 2) dx 7. [se c?(3x + 1) dx 
3. | ee" 8. pace 5) dx 
4. [sin Tx dx °.| cosh(1 + 4x) dx 
5 Ve 1 5 dx: 10.) 3°* dx 
Finish them all, then move on to frame 10 and check your results, \ 
Ls * 
Here are the results: 
= 4 =o 4 18 
L. | ox- ay ae? ἘΞ 5 9 ἐς 
2. [costs x + 2)dx = sites Dic 
οὐχ 4 
3, [- egy το ἐς 
- cosh Ix, 
4. | sinh 7 a ae +C 
In(4x + In(4x +3), 
3: las a 3 dx = a ome 
tan” (2), 
ἡ es aaa ae 
7. | sc Bx + Idx = MOXY 4 ¢ 
8. | sine 5) dx = =~ SCR) 4c 
9. [eosna + 4x) dx = ore 
35x 
5x ss τς 
10. [: dx Sha 


Now we can start the next section of the programme. So turn on to frame 11. 
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11 


3. Integrals of the form| FO ᾿ dx and | f(x) f(x) dx. 
2x +3 
χε 3χ- 5 
integrals, so how shall we tackle it? This is an example of a type of integral 
which is very easy to deal with but which depends largely on how keen 
your wits are. 
You will notice that if we differentiate the denominator, we obtain 
the expression in the numerator. So, let z stand for the denominator, 
ie.z=x?+3x—5 


Consider the integral ax. This is not one of our standard 


: 5 -χ.3 ᾿ς dz =(2x +3)dx 


The given integral can then be written in terms of z. 


2x + 3) _|dz At 2s. 
(geass dx -\% and we know tnat {Pde =Inz+C 


=Inz+C 
If we now put back what z stands for in terms of x, we get 


12 


(2x + 3) Ξ 2 = 
\z ΤῚΣ Ξ 5 ἀχ = In(x? +3x-—5)+C 


Any integral, in which the numerator is the differential coefficient of 


the denominator, will be of the kind re dx = In{ fle) |+ C. 


e.g. (5 ax q oxi is of the form 2 since £e — 4) = 3x?, i.e. the differ- 


ential ὩΡΩ͂Ν of the denominator appears as the numerator. Therefore, 
we can say at once, without any further working 


2 2 
Similarly, \o=3 dx =2 (= zi dx =2 πα ὦ 4) +C 


2 2 
and \ ἜΣ αν -3} cd dx = =In(x?- 4) +C 


2 
and | = ΟΞ Societal heehee 
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13 


dx = ring? -4)+C 


We shall always get this log form of the result, then, whenever the 
numerator is the differential coefficient of the denominator, or is a 
multiple or sub-multiple of it. 


Os x : : 
Example: [μοι xdx= [ΞΞ dx and since we know that cos x is the 


differential coefficient of sin x, then 


foot x dx = [22% ax =imsinx το 
sin x 


In the same way, sin x 
[ts x dx -| ax 
cos x 


14 


fis x dx = (= dx = ἝΞ ») dx 
cos Xx cos X 


- Frese C] 


Whenever we are confronted by an integral in the form of a quotient, 
our first reaction is to see whether the numerator is the differential coeffi- 
cient of the denominator. If so, the result is simply the log. of the 
denominator. 
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15 ἘΞΙΞΣ = \ae =2In(x? — 4x +5) +C 


16 


Here are the results: check yours. 


2 
sec*x 
1. 


dx =\n tanx +C 


x’ τάχ--Ἰ 


2.{ -.- 4 ay = n(x? + 4-1) τς 
[ dx =incoshx +C 
“Ξ dx --τιηρῦ 6x +2) +€ 


x*-—6x +2 


Now turn on to frame 17. 
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In very much the same way, we sometimes have integrals such as 17 
[tan x. sec?x dx 


This, of course, is not a quotient but a product. Nevertheless we notice 
that one function (sec*x) of the product is the differential coefficient of 
the other function (tan x). 

If we put z = tan x, then dz = sec*x ax and the integral can then be 


2 


2 
written [ dz which gives ξ- +C. 
i [tan x. sec?x dx = 


tan?x 


τς 


Here, then, we have a product where one factor is the differential coeffi- 
cient of the other. We could write it as 


tan x. ee x) 


This is just like [ dz which gives 5 τὰ ς 


| tan x .sec?x dx = [τ x.d(tan x) = tan Ἐς 
On to the next frame. 
Here is another example of the same kind: 
[sin .cos x dx =(sinx. d(sin x) ie. ike [2 dz =, C 18 


The only thing you have to spot is that one factor of the product is 
the differential coefficient of the other, or is some multiple of it. 


Example 1. [Fee fin x: 1 x 
x x 
2 
τάχα x)= {8 Ἐς 
Example 2 sint x n= | si x. aot sy 
ear Ϊ ιν Va-x?) 
=\ sin’ x .d(sin'x) 
¥-1\.\2 

7 = x) ἐς 

Example 3. [sinh X .COSH X Ω͂ΧΞΞ. υνολοιοινοννζονίιοις 
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19 [sinh x.cosh x dx = [ sinh x. d(sinh x) 


sinh?x 


eg τς 


Now here is a short revision exercise for you to do. Finish al] four and 
then check your results with those in the next frame. 


2x +3 COS X 
ee omer 2. | Sear 
5 4x? 
2. | (x? + 7x - 4) (2x + 7) dx 4, 13.- αχ 
20“ Results: 
is 2x +3 Notice that the top is exactly the diff. 
x? + 3x- τ is 


coefft. of the bottom, ie. (2 


are, 2x43 a= [Ὁ 55: 


x? +3x- 74 x? +3x—-7 


= In(x?+3x-7)+C 


2. cosx [6(] + sin x) 
Ttsinx Γ +sin x 


= In(1 t+sinx)+C_ 


3. (x? + 7x- cor Nas foe + 7x — 4).d(x? + 7x -- 4) 


2 
- 6’ τ": eae 


2 2 
4“ Ὁ, dx = (5 ax 
ἈΠ ἘΞ Met 


=F n(x -7) + C 


Always be prepared for these types of integrals. They are often missed, 
but very easy if you spot them. 


Now on to the next part of the work that starts in frame 21. 
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4. Integration of products — integration by parts 21 


We often need to integrate a product where either function is not the 
differential coefficient of the other. For example, in the case of 


"Ἂν: In x dx, 


In x is not the differential coefficient of x? 
x? ” 55 38 7» 37 ” In x 


80 in situations like this, we have to find some other method of dealing 
with the integral. Let us establish the rule for such cases. 


If wand ν are functions of x, then we know that 
d _. av du 
aR (uv) =u ΩΣ Ἐν ἜΣ 
Now integrate both sides with respect to x. On the left, we get back to 
the function from which we started. 


(4 ® aes (pH 
ἀντία Rar + [oS ax 


and rearranging the terms, we have 


dv, _ [ἀμ 
[όταν ere 


On the left-hand side, we have a product of two factors to integrate. 
One factor is chosen as the function uw: the other is thought of as being 
the differential coefficient of some function v. To find v, of course, we 
must integrate this particular factor separately. Then, knowing u and v 
we can substitute in the right-hand side and so complete the routine. 

You will notice that we finish up with another product to integrate on 
the end of the line, but, unless we are very unfortunate, this product will 
be easier to tackle than the original one. 

This then is the key to the routine: 


For convenience, this can be memorized as 


[ua τῶν ἦναι 


In this form it is easier to remember, but the previous line gives its mean- 
ing in detail. This method is called integration by parts. 
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dv, 5. du 
So [ὦ ax =uy [> Sax 
ie. { adv =uy ΡΨ du 


Copy these results into your record book. You will soon learn them. Now 
for one or two examples involving integration by parts. 


Example 1. |= In x dx 


The two factors are x? and In x, and we have to decide which to take 
as u and which as dv. If we choose x? to be u and In x to be dv, then we 


shall have to integrate In x in order to find ν. Unfortunately, fin x dx is 


not in our basic list of standard integrals, therefore we must allocate u 
and dy the other way round, 1.6. Jet In x = u and x? = dy. 


3 
- 2 ze x -1 3.1 
«fx .Inx dx inx(>) [x — dx. 


Notice that we can tidy up the writing of the second integral by writing 
the constant factors involved, outside the integral. 


Note that if one of the factors of the product to be integrated is a log 


term, this must be chosen as .............. (u or dy) 

23 2 43x Len = 3X ΟΝ 
Example 2. \ χ' ε΄ dx letu=x* ἀπά dv=e a 
3X; 

2 23X 7y = ΓΈ ΔΖ 3Χ 2 
Then | xe dx (S)-2[e x dx 
vf ee 2 BoE wa ie ae De” Oe 
aaa tee AL ax| 3 ἜΝ Σὰ 
Oe cop ae one 
“Sh Elec 
On to frame 24. 
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In Example 1 we saw that if one of the factors is a log function, that 24 
log function must be taken as uw. 
In Example 2 we saw that, provided there is no log term present, the 
power of x is taken as uw. (By the way, this method holds good only for 
positive whole-number powers of x. For other powers, a different method 
must be applied.) 
So which of the two factors should we choose to be w in each of the 


following cases? 
(i) [- In x dx 


(ii) \ x3. sin x dx 


25 


In | xmxae, u=Inx 


3 


x8 sinx dx, u=x 


Right. Now for a third example. 
Example 3. | e>™ sin x dx. Here we have neither a log factor nor a power 
of x. Let us try putting u = e** and dy = sin x. 
Fe Ϊ 65. sin x dx = e?*(—cos x) +3 [eos x.e3* dx 
=-e** cos x + 3 fem cos x dx 
=—e3* cosx +3 {ein x)- 3 {sin χ οὐχ αν] 
and it looks as though we are back where we started. However, let us write 
I for the integral (er sin x dx 


I =—e3* cos x + 3e3* sinx- 91 
Then, treating this as a simple equation, we get 
101 = e3*(3 sinx — cos x) + C, 
3x 
I = GG sin x — cos x) +C 


Whenever we integrate functions of the form e** sin x or ὁ ἔχ cos x, 
we get similar types of results after applying the rule twice. 


Turn on to frame 26. 
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26 


The three examples we have considered enable us to form a priority 
order for u: 
(i) Inx 


(ii) x” 
(iii) e** 
1.6. If one factor is a log function, that must be taken as ‘uv’. 
If there is no log function but a power of x, that becomes “Μ᾽, 
If there is neither a log function nor a power of x, then the exponen- 
tial function is taken as “μ΄. 
Remembering the priority order will save a lot of false starts. 


So which would you choose as “μ᾿ in the following cases 


(i) |x cos 2x dx, μΞ 


οὐ xt eax, μΞ 


(iii) χϑιπα +4)dx, ue 


(iv) | e?* cos 4x dx, u= 


2] 


(i) | x* cos 2x dx, μΞ χ᾽ 

wf xe ax, u=x* 

ΔῊ Pinger, w= Ine 4) 
(iv) ie cos 4x dx, u=e* 


Right. Now look at this one. 


| e>* sin 3x dx 
Following our rule for priority for u, in this case, we should put 
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τ 28 


Correct. Make a note of that priority list for uw in your record book. 
Then go ahead and determine the integral given above. 


[es sin3xdx |.. u=e 


When you have finished, check your working with that set out in the 
next frame, 


29 


5X 5 
{3 sin 3x ~ cos ax} +C 


3e 
5X gs ewes 
[ sin 3x dx 34 


Here is the working. Follow it through. 


Je sin 3x dx = e*(- ἘΝ $oos 3x08 dx 
> Ss 
5x : 
xe — 3x + Ξ 4:3 -- 3 [sin 3x .e>* αἱ 
Ree ΟΞ ΟΣ οὐδε ξεως τ 25 
l= gt tee sin 3x ΟἹ 
5x 
1-5 [5 sin 3x cos λα το, 
5x 
1= 36 ἔμ 3x cos 3x }¥C 


There you are. Now do these in much the same way. Finish them both 
before turning on to the next frame. 


(i) [rinxae 


(ii) ba e** dx 
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3 0 Solutions: 


2 
(i) | in x dx = inx(¥)—$ fer bax 


αν 2Χ 3x2 e2* 3 e* 1 si 
panes) 4 3h(S) 5{ as 


2 4 A Cae πὰ 
we (-4 23x" Sx 3} 
-Ε 7 +5 4[-- 


That is all there is to it. You can now deal with the integration of products. 


The next section of the programme begins in frame 31, so turn on now | 
and continue the good work. 


5. Integration by partial fractions 
x+1 

x? -—3x4+2 

types, and the numerator is not the differential coefficient of the 

denominator. So how do we go about this one? 

In such a case as this, we first of all express the rather cumbersome 
algebraic fraction in terms of its partial fractions, i.e. a number of simpler 
algebraic fractions which we shall most likely be able to integrate 
separately without difficulty. 

x+1 3 2 


+> an, in fact, be expressed as —— -- —— 
x?—3x4+2 ὲ P x-2 x~1 


5 χτὶ ope 3 9 
Π3Ξ τ τὲ [ye |e 


Suppose we have Ϊ dx. Clearly this is not one of our standard 
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32 


The method, of course, hinges on one’s being able to express the given 
function in terms of its partial fractions. 


The rules of partial fractions are as follows: 


(i) The numerator of the given function must be of lower degree than 
that of the denominator. If it is not, then first of all divide out by long 
division. 

(ii) Factorize the denominator into its prime factors. This is important, 
since the factors obtained determine the shape of the partial fractions. 


(iii) A linear factor (ax + δ) gives a partial fraction of the form πῆρ 


᾿ Α Β 
+ 2 . . . nee om Ξ 52 
(iv) Factors (ax + b)* give partial fractions Pree (ax +b)? 
et Ne ΒΥ ee 
ax+b (ax +b)? (ax +b)? 
Ax+B 
ax? +bx +c 


(v) Factors (ax + b)° give p.f.’s 


(vi) A quadratic factor (ax? + bx + c) gives a pf. 


Copy down this list of rules into your record book for reference. It 
will be well worth it. 


Then on to the next frame. 


Now for some examples. 


Example 1. eer dx 3 3 


x? -—3x+2 
χιὶ x+1 A B 


x? -3x4+2 (x-1)(*-2) x71 Pero 
Multiply both sides by the denominator (x — 1) (x — 2). 


x+1=A(x-2)+Ba-1) 
This is an identity and true for any value of x we like to substitute. Where 
possible, choose a value of x which will make one of the brackets zero. 


Let (x - 1) = 0, ie. substitute x = 1 

“ 2 Ξ Α( 1) Ὲ BO) -. A=-2 
Let (x - 2) = 0, ie. substitute x = 2 

ὁ 3=A(O)+BO) -. B=3 


So the integral can now be written .00.... eee 
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xt] 
[1:3 —3y 05 ΟΧ -|- dx — {2 dx 
Now the rest is easy. 


xtl _ 1 τ 1 
᾿Ξ 3 es 2 2] ax 


= 3 In(x—2)—2 In(x—-1)+C (Do not forget the constant of integration!) 


And now another one. 
2 


εἰς τ a τὸς τι 
(α τι)6 - ᾿ν 
Numerator = 2nd degree; denominator = 3rd degree. Rule 1 is satisfied. 
Denominator already factorized into its prime factors. Rule 2 is satisfied. 
ge eB, ΒΒ, ᾿ς 
WPI απ) Sia ae) 
Clear the denominators χ = A(x -- 1)? + Βα + 1) - 1) + C(x Ὁ 1) 


Example 2. To determine 


Put (x-1)=0, ie.x=1 ὁ 1 ΞΑ() Ὁ Β(0) τ (0) .. C=H 


Put (x + 1)=0, ie.x=—1 Δ 1 ΞΑ(Ὸ τΒ(0) τ ((0) 2 A= Η 
When the crafty substitution has come to an end, we can find the remain- 


ing constants (in this case, just B) by equating coefficients. Choose the 
highest power involved, i.e. x? in this example. 


[x2] . 1=A+B 2 B=1-A=1- 4. B= 
x pilose Ὅτ «ἢ 
“ατηα-η 4 χει 4x-1 2-1) 


πὰ δ pate 
| ees ἃ Hat ae gle "δ 


35 


x? _ 
le: ἡ -η} 4 


. x? + 
Example 3. To determine | aD 


Rules 1 and 2 of partial fractions are satisfied. The next stage is to 
write down the form of the partial fractions. 


x? +] 
(x + 2)? we eeeerenesrersesere 
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χε ΑΒ, Ὁ 36 
(et2) χε (2)? & +2)? 


Now clear the denominators by multiplying both sides by (x + 2)5. So we ‘ 
get 


x?+1=A(x+2)?+Bot+2)+C 3] 


We now put (x + 2) =0, ie.x =-2 
.4+1=A(O)+BOO)+C 2 C=5 


There are no other brackets in this identity so we now equate coeffi- te 


cients, starting with the highest power involved, i.e.x?. What does that - ΞΖ 
give us? 
x? +1=A(x+2)?+Bex+2)+C. C=5 38 
{x7}. 1=A . A=] ᾿ 
ἐσ 


We now go to the other extreme and equate the lowest power involved, 
ie. the constant terms (or absolute terms) on each side. 


[C.T.] 2 1=4A4+2B+C 
“1=4 +2B+5 « 2B=-8 7. B=-4 


i gee eC RE ee 
AD χε ee 2? Τατῶ 
x? τὶ a 
ES) cae τα» νος νυ τά ουῦν οῦς 
x? +1 2 ey (x + 2y? 39 
| per In(x + 2)-4 +5 a +C 


5 


= τ 
x+2 20ΧὉ 2) 


=In@ +2)+—— 


Now for another example, turn on to frame 40. 
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40 


x 
2 : πο νος το 
xample 4. To find Ἰὰ =2) (+1) dx 


In this example, we have a quadratic factor which will not factorize any 
further. τ om. : Βχ ἐς 

X= DO FT) χστ x τὶ 

1x? = A(x? + 1) τα - 2) (Bx +0) 
Put (x — 2)=0, ie.x =2 


 4= A(5) +0 Κι A= 
Equate coefficients 

[x2] 1=A+B ae ee Bad 
} 5 5 
[01] 0=A-2C 2 C=A/2 εξ 

π΄ 

x? .4͵ pes 

(x-2)(? τι) 5 χα τ΄ a4 
«41 I st hes es tly, 
~5°x Ξ SF 41 5x2 41 


x 5 
ee 71) ANF υιχιλνο ς λοι ιν 


41 


oS ae dx = Pinos 2)+ us In(x? +1) + Pian tea 0 
(x — 2) (x* +1) 5 10 5 


Here is one for you to do on your own. 
x? +1 
x(2x - 


Rules 1 and 2 are satisfied, and the form of the partial fractions will be 


Example 5. Determine |= 1p? ax 


4x?+1 A, Β ς 
x(2x—1)? x 2χ-} (1)? 


Off you go then. When you have finished it completely, turn on to 
frame 42. 
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«-----.-----πττ- —. - — + 
χος Inx ape ς 


(a4 2 42 


Check through your working in detail. 
4x?7+1 =A B ς 


xQx- 1? x κεῖ (ὅ- Ὁ; 
4x? +1 = Α(χ -- 1)? + Bx(Q2x- 1) +Cx 
Put (2x -- 1) = 0, ie. x = 1/2 


- 2:- A(0) + B(Q) + = 2 C=4 
[x7] 4=4A+2B .. 2A+B=2 A=1 
[C.T.] 1=A B=0 

4x? +1 ie ON 
x(2x-1)* x (2x-1)? 
~f 4x74+1 τ ἢ ΜΠ ἘΠ 
| Gear ax =| a+ 4 (2x 1) * ax 
= 4.(2x—-1y" 
iat Sa τς 
eras: 
=Inx 5 a 


Move on to frame 43. 


We have done quite a number of integrals of one type or another in 43 
our work so far. We have covered: 


1. the basic standard integrals, 

2. functions of a linear function of x, 

3. integrals in which one part is the differential coefficient of the 
other part, 

4. integration by parts, ie. integration of products, ‘ 

5. integration by partial fractions. ; 


Before we finish this part of the programme On integration, let us look 
particularly at some types of integrals involving trig. functions. 


So, on we go to frame 44. 
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44 6. Integration of trigonometrical functions 
(a) Powers of sin x and of cos x 
(i) We already know that 


sin x dx =—cosx+C 
{cos ax = sinx +C 


(ii) To integrate sin?x and cos*x, we express the function in terms 
of the cosine of the double angle. 


cos 2x =1—2sin?x and cos 2x =2 cos*x -1 
᾿ς sin?x = : (1 -- οοβ 2x) and cos?x = : (1 + cos 2x) 
x sin 2x 
oe I Ὁ 
2 4 


sin 2x 
4 


3 Ϊ sintx ἀν = 4) (1 ~c0s 23) dx = C 


+C 


. | costa dx = 5 (1 + cos 2x) dx =a 


Notice how nearly alike these two results are. One must be careful 
to distinguigh between them, so make a note of them in your record 
book for future reference. 


Then move on to frame 45. 


(iii) To integrate sin°x and cos*x. ἶ 
A5 To integrate sin?x, we release one of the factors sin x from the 
power and convert the remaining sin?x into (1 — cos?x), thus: \ 


Ϊ sin?x dx =| sin?x .sin x dx εἶα — cos*x) sin x dx 
=|sin x dx - feos’ .sin x dx 
3 
cos*x 
ς 


= προδχὲ + 
3 


We do not normally remember this as a standard result, but we 
certainly do remember the method by which we can find 


[srs dx when necessary. 
So, in a similar way, you can now find [costs dx. 


When you have done it, turn on to frame 46. | 
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sin?x 


[costs dx = sin x~ +C 
For: 


ὌΣ dx = [costs cos x dx = fa — sin?x) cos x dx 
sin?x 
= [cosxax- sin?x .cosx dx = sinx 5" +C 


Now what about this one? 


(iv) To integrate sin*x and cos*x. 


[sins x dx = = (in? x)? dx = [Ξϑ ἃ 


cos*x = $ (1 + cos 2x) 
-{! — 2 cos 2x + cos?2x dx NB. 
4 cos?2x = 5 (1 +cos 4x) 


ais 1,1 
εἰ 2 cos 2x +5 + 5. cos 4x) dx 


o!\(3- ᾿ 

εἰ 2 cos ax +5 cos 4x) dx 
-1f3x_2sin 2x 1 51π4Χ] , _3x_ sin 2x , sin 4x 
412 2 2. 4 8 4 32 


+C 


Remember not this result, but the method. 


Now you find {costs dx in much the same way. 


46 


+ 


[costs ΕΝ 3χ . sin 2x | sin 4x 


The working is very much like that of the last example. 
Ay)2 
[costs dx = | (cos?) dx = (as + cos 2x)" 5 


2 
= (5 ΕΞ 4 608°28) ay = jh +2 00s 20 +54 +L cos 4x) dx 


2 2° 
= "6: 2 cos 2x + :. cos 4x)dx = i{3 eho 4s nel é 
= Oe, oe, C 
On to the next frame. 


Go sag) 4] 
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4 (v) To integrate sin*x and cos°x 
We can integrate sin*x in very much the same way as we found 
the integral of sin>x. 


[τὰ dx των .sin x dx {a — cos?x)* sin x dx 
= |(1 -- 2 cos*x + cos*x) sin x dx 
εἰ sin x dx — 2fcos*x. sin x dx + [βου «5η χαχ 
4 2008°x _ cos*x 


=—cos x + —>— -— —2— + C 
Similarly, pe ee eas 


[costs dx = \ cos*x .cos x dx εἶα — sin?x)? cos x dx 
-| (1 -- 2 sin?x + sin*x) cos x dx 


cos x ax — ἽΝ .cos x dx + [sin .cos x dx 


2sin’x | sindx 
= sin x τ τον ἘΞΕ ne 


Note the method, but do not try to memorize these results. Some- 
times we need to integrate higher powers of sin x and cos x than 
those we have considered. In those cases, we make use of a different 
approach which we shall deal with in due course. 


48 (Ὁ) Products of sines and cosines 


Finally, while we are dealing with the integrals of trig. functions, 
let us consider one further type. Here is an example: 


[ sin 4x .cos 2x dx 


To determine this, we make use of the identity 
2 sin A cos B = sin(A + B) +sin(A — B) 
᾿ sin 4x .cos 2x = $Q sin 4x cos 2x) 
= ἡ inca + 2x) + sin(4x -- ax) 
J 


“Hs τεῦ 
= {sin 6x + sin 2x 
2 ! 


a | sm 4x cos 2x dx = ἴον 6x + sin 2x) dx = — 205 Ox _ ὩΣ 25 +C 
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This type of integral means, of course, that you must know your trig. 50 
identities. Do they need polishing up? Now is the chance to revise some 
of them, anyway. 
There are four identities very like the one we have just used. 
2sin A cos B = sin (A + B) +sin (Α -- Β) 
2 cos A sin B = sin (A + B)—sin (A— Β) 
2 cos A cosB = cos(A + B) + cos(A -- Β) 
2sin Asin B =(sim(A-B)-cos(A+B) 
(SUA a Ἂ οὐ αἱ ( a c ) ras 
Remember that the compound angles are interchanged in the last line. 


These are important and very useful, so copy them down into your record 
book and learn them. 


Now move to frame 51. 


51 


Now another example of the same kind. 
Example: Ϊ cos 5x sin 3x dx 


= Ho cos 5x sin 3x) dx 
= ΗΙ βίη (5x + 3x) -- sin(Sx - 2x)} dx 
= 3 [sn 8x — sin 2x]ax 


"cos 8x | cos 2x +C 
8 2 


And now here is one for you to do: 
fos 6X COS 4X AX = Leelee 


Off you go. Finish it, then turn on to frame 52. 
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in 10 in 2x 
feos 6x cos 4x dx = ο΄ + ες 


For [co 6x cos 4x dx = if cos 6x cos 4x dx 


= 5 fs 10x + cos 2x\ax 


Ά 1 10x | sin nol C 
2\ 10 2 
_ sin 10x sin 2x X16 
20 4 
Well, there you are. They are all done in the same basic way. Here is one 
last one for you to do. Take care! 


fam SX SIN NOX Ho eekiiseeleesie 


This will use the last of our four trig. identities, the one in which the 
compound angles are interchanged, so do not get caught. 


When you have finished, move on to frame 53. 


53 


Well, here it is, worked out in detail. Check your result. 


[" 5x sin x dx = i), sin 5x sin x dx i 


" 


re Sis wl 


[ον — χ)-- cos(5x + hax 


“zie 4x — cos ox ax 
sin a sin ne 2 
6 
es 6x +c = 
12 


ΠΩΠΘΟΟΠΠΟΠΟΠΟΠΟΠΘΒΠΘΠΠΠΕ 


Ὁ 
απ τ 


{πῃ oa oo oo0000 
This brings us to the end of Part 1 of the programme on integration, 
except for the Test Exercise which follows in the next frame. Before you 
work the exercise, look back through the notes you have made in your 
record book, and brush up any points on which you are not perfectly 


clear. 
When you are ready, turn on to the next frame. 
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Here is the Test Exercise on the work you have been doing in this pro- 54 
gramme. The integrals are all quite straightforward so you will have no 

trouble with them. Take your time: there is no need to hurry — and no 

extra marks for speed! 

Test Exercise — XIII 

Answer all the questions. 


Determine the following integrals: 


if eS X sin x dx 


—_ 


You are now ready to start Part 2 of the programme on integration. 


‘va “\x?—8x +15 
x? +x 41 

} (x- 1) x? rE ha 

ae 5x cos 3x dx 


[ 
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Further Problems — XIII 


Determine the following: 


3x 
| er +x +1) 


᾿ 1 + cos*x 


Ss: x sin?x dx 


ee) en 
(x- 1)? +x 41) 


2x? +xt+1 +x+1 


7; dx 


9. dx 


(x— 1)? +1 +1) 


11.) x? (n-x)? dx, forp >0 


13. sin 5x cos 3x dx 


dx 


17.ὴ x? sin?x dx 


| recess 
J. 
Ja 
ἵ 
᾿ 
i 
εὖ ᾿: ἜΞΩ; +1) 
᾿ 
| 
| een 
I 
ie 


τς x71 +x? πὸ 

a α- ἔξ τς + aa 

23. sin>x cos?x dx 

25. sin wt cos 2wt dt 
- 2x+3 

Aol Creal (Ge Ea) 

29. 5x2 + 11x-2 Ὡς 


(x +5) (x? +9) 


m/2 
2. [ sin 7x cos 5x dx 
0 


4. [᾿ x(q? — x? }Ὅ}δ dx 
ο 


4x? — 7x + 13 


(Dorr ” 


e* cos 4x dx 


629 cos 30 dé = 
0 
tan?x sec?x dx 
ax 
Vx? + 4x44 


x-1 
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4x° 
χ-. 32. κι In(1 τ x?) dx 


cos 9 - sing ο 34. { 1—sin 9 
cos 6 Fane cose a 


oa 
| cosas 
3s. { ES τ: ee oe ὌΝ sin x 
! 
ΠΕΣ 


31. 


33. 


dé 


(x - 1I)(x- ea) ο (1 +cosx)? 
37. (e—1)? Inx dx 38. 22 —* +12 4 
: x(x* + 4) 


x tx+1 , 


om x4 +x? 


40. If Loy Ri= E, where L, R and Ε are constants, and it is known that 
i= Oat t=0, show that 


t 
Ϊ (Εἰ -- Ri?) dt Ξ -Ξ- 
0 


Note. Some of the integrals above are definite integrals, so here is a 
reminder. 


5 
In \ f(x) dx, the values of a and b are called the limits of the integral. 
a 


if| 7) ax =F(x)+C 


b 
then | 70) dx = [F&)],=, — [F@)],=2 
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᾿ dZ 
1 1. Consider the integral pte 
From our work in Part 1 of this programme on integration, you will 
recognize that the denominator can be factorized and that the function 
can therefore be expressed in its partial fractions. 
oe 1 _ _P Q 


Z- Ar = (2 A)(Z+A) Z-A TER 
where P and Q are constants. 


. 1=P(Z+A)+Q(Z—A) 


PutZ=A -- 1 = P(2A) + Q(0) PES 
PutZ=-A - 1 = P(0) + Q-2A) 2 Q=-3h 
1 ee: ne cae 


"72742" QA'Z—-A 2,4 ΖΤΑ 


ical oe eid ail | L.. 
| lpare 5 Lf ἜΣ 2A Z+A% 


1 Ξ 
2 ἰξέματ ἃ Cee ane 4)- ign +a) 4c 
1 Z-A 
. alia] ᾿ 


This is the first of nine standard results which we are going to establish 
in this programme. They are useful to remember since the standard results 
will remove the néed to work each example in detail, as you will see. 


1 ᾿Ξ Z-A 
We have [πὲς 42 Ξ A nl[ZAl ec 


, 1 1 (Z=4 
frie [πὲς qi aZ = ξμ[2Ξ 2] ες 


(Note that 5 can be written as the square of its own square τ 


1 = 1 - ᾿ 
Ὡ | ae “τ eal ay ko εν ω ® 


Copy this result into your record book and move on to frame 3. 


389 


Integration 2 


dZ__1,  f{Z-A 
We had \ Fossler aa es thas 
So therefore: 
dZ, - 
lec 
aZ _ 
[BEF ----..... 


az [az [1, [z= 
(aoe 3 Tat it 


(ae πὸ aps ἤν 7 nf) 4 Ἐξ 


[5᾽ o0o0o00000n0 Oo opno0e0o00d 


Now what about this one? I 


x? 4+4x+2 


At first sight, this seems to have little to do with the standard result, or 
to the examples we have done so far. However, let us re-write the 
denominator, thus: 


x? +4x+2=x7 + 4x +2. (Nobody will argue with that!) 


dx 


Now we complete the square with the first two terms, by adding on the 
square of half the coefficient of x. 


x? +4x+2=x7+4e4+2? +2 


and of course we must subtract an equal amount, i.e. 4, to keep the 
identity true. 


xe +4x4+2=x7 +404+274+2-4 


SL 
= ete) -2 
So eee ees an be written are τις dx 
| x? +4x+2 7 Ϊ sestetedisbouses et 


Turn on to frame 5. 
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5 lad e- dx = ar ἀα 
x? + 4x +2 (x + 2) 


Then we can express the constant 2 as the square of its own square 
root. 


: π-πτὰ -- dx = —— dx 

x? + 4x42 (x + 2)? — /2)?, 
You will see that we have re-written the given integral in the form 
pas : Ai GZ where, in this case, Z = (x + 2) and A = /2. Now the 


standard result was 
1 _1,{Z-A 
jens; aM pra} tc 


Substituting our expressions for Z and A in this result, gives 


[arava τ στρ» Ὁ 


ol x+2-./2 
~ 2/2 nf re 


Once we have found our particular expressions for Z and A, all that 
remains is to substitute these expressions in the standard result. 


oe now to frame 6. 


6 Here is ἜΣ example. 


a 
3 Porta 
First complete the square with the first two terms of the given 
denominator and subtract an equal amount. 


a? + 6x4 = x4 Gx +4 
=x? +6x+3?+4-9 
—_—oe 


αι 13) -5 
6.13) - WS? 


1 7 1 
δ iE: + 6x ae lols os 
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[ 1 1 xt+3-V5,, 


ie Grta Os xt+34+75 


ΞΘ μα τ πα ΕΒ e000 aR 


ooo 


And another on your own: 


: 1 
fing [: πιοχ +18 ax 


When you have finished, move on to frame 8. 


1 711 .[(χ-ότν7 
facie oy oS tc 


For: x? -— 10x +18 =x?- 10x +18 
=x?— 10x +5? + 18-25 
=(x-5)?-7 
= (= 5)? (V7? 
l 61 [χ-ϑ- 
περπτπα aa nf) +e 
Now on to frame 9. 
ἢ ,)---.-:-ὄὄ-- 
Now what about this one? joanne 0 


In order to complete the square, as we have done before, the coeffi- 
cient of x must be 1. Therefore, in the denominator, we must first of all 


take out a factor 5 to reduce the second degree term to a single x”. 


1 it 1 
| ——— ax = | τ τος αχ 
ἘΞ 5 χ᾽ -ἦχ-Ξ 


Now we can proceed as in the previous examples. 


Ξ x-t)-2h 
5 > 
ρτ τον 


ae eee Greene = 
Sx? SD ee τς οτος πο. 
(Remember the factor 1/5 in the front!) 
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10 1 1 ee Se 
᾿Ξ Ξϑ es | nf B= 1 i} re 
Here is the working: follow it through 
1 ΝΗ Ι 
Ι-- Soya ene sc iy - aay ax 
5 5 


— 1/5 +/21/5 
7 ay = 9/21 
Nf 2 inf Bt earlte 


noao0n00go 


Si xa Us 28 
ΕΖ nee τς 
1 


Π oo 


Ik. 


pooog 


ooo 9 Π Oo 
Now, in very much the same way, let us establish the second 


standard result by considering | 


aZ 
AZ ies 22 
This looks rather like the last one and can be determined again by 
partial fractions. 


Work through it on your own and determine the general result 
Then turn on to frame 11 and check your working. 


1 Eau 


2A “VA-Z 
so Ey oN ee he ἘΞ - ON 
EOe A?-Z? (A-Z)(A+Z) A-Z A+Z 
. 1=P(A+Z)+Q(A-Z) 
Put Z=A 1 = P(2A) + Q(0) Pah 
Put Z =- Ὁ 1 = ΡΟ) + Q(2A) Q=5 
I 2 ahi ΕἸ ἢν 
Agate api 42: si feast lima 
SIMA + Z)— 55 In(A—Z)+C 
4 ἘΠ Set SE ce ASP he τσ ii 
qe, re Z\+c (ii) 


Copy this second standard form into your record book and compare 
it with the first result. They are very much alike 


. ΤΙ to frame 12. | 
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So we have: 12 


dZ 1 Ζ- 
=— + 
[.5. A? Δ ΜΈ] c 
dz ΠΕΣ 
A?-Z? 2. (A-Z 


Note how nearly alike these two results are. 


Now for some examples on the second standard form. 


ἢ Δ Ὁ 1 38. 
sxampte 1.\ τα πατίπεπάτενβξη ο 


i " 1 JVSt+x 
Example 2. [ree-lopte dx = ἔν, ΠΣ hc 
1 
Example 3. [τ AX ιιβεμουκενδοις 
᾿ “3 Ἐχ 13 
1 
Example 4. \; even? dx 


We complete the square in the denominator as before, but we must be 
careful of the signs — and, do not forget, the coefficient of x? must be 1. 
So we do it like this: 


3+ 6x—x? =3-—(x?— 6x ) 


Note that we put the x? term and the x term inside brackets with a minus 
sign outside. Naturally, the 6x becomes — 6x inside the brackets. Now we 
can complete the square inside the brackets and add on a similar amount 

outside the brackets (since everything inside the brackets is negative). 


So 3+ 6x—x? =3-(x?— 6x + 37) +9 
= 12-(x- 3) 
= (2/3)? — (x ~ 3)? 

In this case, then, A = 2/3 and Z = (x — 3) 


Ἶ i we pete cen ee 
᾿ ae ΠΤ og Ἂχ 


7 Finish it off. 
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14 2, m3} +c 


4.3. \2/3~-x +3 


ooago 1 ΠΌΟΠΒΘΒΌΘΠΕΒΠΕ oon00cgaca oo 
Here is another example of the same type. 


Example 5. pees dx 
First of all we carry out the “completing the square’ routine. 
9-4x-x? =9-(x*+4x) 
=9-(x?+4x +27) +4 
Ξ13--ς 1 2)? 
= (13)? -- α + 2)? 
In this case, A=+/13 and Z=(x + 2) 


Now we know that \ é x ἽΝ + 4 πὰ 


iON sed bas Sesseatietek 


. . 1 
So that, in this example \s See 


15 


og gagcgnncnnrannFongnAnAnoanoonongao 


1 
Example 6. {; Τὰν Ὁ ax 


Remember that we must first remove the factor 2 from the denominator 
to reduce the coefficient of x? to 1. 


1 ὦ Ι 
| pain ας 238 as 
Now we proceed as before. 2 


5 ee ee ey 
5 + 2x x aS (x?- 2x ) 


=3-~(x?- 2417) 41 


=$-(@-1) 
= 3.5)" (1 
‘ Ϊ ΞΟ 
ς + Ax — 2x? osacadwecnyestvecs¥e 


(Do not forget the factor 2 we took out of the denominator.) 
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ν 3:5 χ-- i} +c 16 


ἘΞ nf ee" x41 


ooo9a0 goa oooo0cgooo000000a 
Right. Now just one more. 


Example 7, Determine Ϊ 2 ax. 


pe Pe 
6 — 6x — 5x 
What is the first thingto do? _ 


Reduce the coefficient of x* to 1, 17 
ie. take out a factor 5 from the denominator. 


Correct. Let us do it then. 
= dx = = 
6 — 6x — 5x? 5 6 6.. 24% 
5 9 
Now you can complete the square as usual and finish it off. 
Then move to frame 18. 


1 


1 4 J39 + 5x +3 
| aa ax = 5755 | 


39 — 5x - 3 


1 1 
d. 
Hot ea ἝΞ ΞΡ 
ς 5* x 
6 6 6 
6G, 2 =S— (a? + Bex ) 
Ao (2.6. ὡ(3}}. 9 
=3-|x +x 4(5)} + 35 
5.39. 3} 
~ 25 (+3) 
-(V39P _ 3} 
=( =) (x +3) 
So that A = V3 and Z=(x+3) 
Now pe ΒΗΡ ava A+Z 
[pipe rarer +C 


“(geared noe /39/5 +x + 3/5 τὸ 
6 — 6x —x? 5°2/39 in) 739/5— x — 3/5 
5 
239 + 5x +3 
ΤΠ Yas Saal 


ate 


Now turn to frame 19. 24/39 
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By way of revision, cover up your notes and complete the following. 
Do not work out the integrals in detail; just quote the results. 


[5] OOooa o0 [5] 
Ill. Now for the third standard form. 
Consider Ϊ 


4Ζ 
ZF τ" 

Here, the denominator will not factorize,so we cannot apply the rules 
of partial fractions. We now tum to substitution, i.e. we try to find a sub- 
stitution for Z which will enable us to write the integral in a form which 
we already know how to tackle. 

Suppose we put Z = A tan 6. 


Then Z? + A? = A? tan?@ + A? = A7(1 + tan?0) = A? sec?@ 


Also = =A sec?@ ie. dZ=A sec’6 dé 


The integral now becomes 


eo ioe an ee 
[πὶ aZ=| raaap Ase 6 do ζω 
ak 
= bre 


This is a nice simple result, but we cannot leave it like that, for 6 isa 

variable we introduced in the working. We must express 6 in terms of the 
original variable Z. Ζ 7 
Ζ-Αίδηθ. .. &=tand 1. 9 =tan! 4A 


= eae τι 42 =4 tan oy COPE (iii) 


Add this one to your growing list of standard forms. 
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1 BS (pies Eee oe re al 
Example 1, [πὲπὸ “|e dx = 7 tan (F}+c 


Example 2. j esters dx 
As usual, we complete the square in the denominator 
x? + 10x + 30 =x? + 10x +30 
=x? + 10x + 5? + 30-25 
=(x +5)? +5 
= (x + 5)? + V5)? 


Jonas dx = ——— dx 
J x24 10x +30 (x + 5)? τ-(μ 5) 


22 


oO ΠΒΠΟΠΒΘΟΠΕΟΒΕΠΠΟΠΘΒΟΠΗΠΩΠΠΠΠΌΠΠΠ Oo 


Once you know the standard form, you can find the expressions for 
Zand A in any example and then substitute these in the result, Here you 
are; do this one on your own: 

Ι 


x + 12x 432 


Example 3. Determine \ 


Take your time over it. Remember all the rules we have used and then 
you cannot go wrong. 


When you have completed it, turn to frame 23 and check your working. 
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23 ἘΠῚ ic. ae tan, [SF] +c 


Check your working. 


lente te HG ᾿ 
Ix? + 12x 632 23x? + 6x + 16°" 
x? + 6x +16 =x? + 6x +16 
=< 4.6043? 41659 
—_ 
(x +3)? +7 
(x43)? τ( 7) 


So Z=(x+3) and Α Ξ- ν7 
1 7 Z 
|wtiow-t = tan” {1}. 


Jaren ae H rar 33} +c 
τ ,χ2 4 12χΧ132. DT LT 
Now move to frame 24. 


24 IV. Let us now consider a different ine 


Rr, 


We clearly cannot employ partial εἰ νὰ because of the root sign. 
So we must find a suitable substitution. 


Put Z=Asin 0 
Then A?—Z? = A?- A? sin?@ = A?(1 — sin?@) = A? cos76 
ν((Α2 -- Z?) = Acos 0 


aZ 
Also ae A cose ᾿ς dZ=A cos @.d0 


So the integral becomes 


1 
| ae “|G δ᾽ .A cos 8.d@= {wo Ξθιτς 
Expressing θ in terms of the original variable: 


Zhe 


Z=Asin6é .. sing = © 2 6=sin! 


: | ara” = sin'{2] i: ae (iv) 


This is our next standard form, so add it to the list in your record book. 
Then move on to frame 25. 
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| ety = sin? {2} +C 2 5 


Example 1. | ast = | arty” = ΗΝ ς 


Example 2. ᾿νε τ ΝΣ dx 


As usual 3-—2x-x? =3-(x? + 2x ) 
= 3 αὖεῦχ Ε12)Ὲ}1 
=4-(x +1)? 
=2?-( +1)? 


So, in this case, A=2 and Z=(x+1) 
ees eae 
} B= 2x -αῦ * ~ ) Ja? - +1} 


=a i Χ 11] 
Similarly, oe 2 Jec 


Example 3. V5 —4x —x?) Χ eee ee i era 


Ee 5 dex? =S—@? +4e- ) 
=S—(x?+4x+27)+4 
=9—(x +2)? 
Serie 2)6 


1 en Pcs Ἐ2 
«| gorge sv ELA ες 
5-4x—-x? 3 
Now this one: ν eee) ee πος 


. 1 
Example 4. Determine Ϊ ἴ14- 12x -- 2.) dx. 


Before we can complete the square, we must reduce the coefficient of 
x? to 1, ie. we must divide the expression 14 -- 12x — 2x? by 2, but note 
that this becomes 1/2 when brought outside the root sign. 


ge I ea pt SU cx SL ΝΣ. 
| wars = δ] gory 


Now finish that as in the last example. 
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27 ΙππΞρς τὺ Ἢ sin! ea, +C 


For: 


easel : ——— 
\ ere i= 6x2)" 
7-6x-x?=7-(x?+6x ) 
=7- (x? + 6x + 37)+9 
= 16-(x+ 3)? 


= 4? —(x + 3)? 
So A=4 and Z=(x+ 3) 


| aety2- “tah ς 


Ὁ επί a {533}. 


28 V. Let us now look at the next standard integral in the same way. 
: aZ_ ; : F : 
To determine Ϊ M2 τ Ay’ Again we try to find a convenient substitu- 


tion for Z, but no trig. substitution converts the function into a form that 
we can manage. 
We therefore have to turn to the hyperbolic identities and put 


Z=A sinh @. 
Then Z? + A? = A? sinh?@ + A? = A*(sinh76 + 1) 
Remember  cosh?@—sinh?@=1 -. cosh?@ = sinh?6 + 1 
᾿ς Z?+A*=A? cosh@ -. \/(Z? + A?) =A cosh 6 
Also e =Acosh@.-. dZ=A cosh 6.60 
aZ 1 
—_—— = _—— = rt + 
So | to , τας ie cosh 6 dé ἴω θτς 
athe, copa eile 
But Z=Asinhé@ -. sinh? a @ = sinh (| 
: aZ Z 
= | ate +A?) = sinh” (2) 0 sesstaselouds (v) 
Copy this result into your record book for future reference. 
πα ge ne 
Then Ϊ Ve μη ay ΡΥ ΗΕ ΣῈ 
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Ϊ ra” = μι 5 ς 29 


[8 oo0oo0000gd N0o0o00000000g00 oO 0 


Once again, all we have to do is to find the expressions for Z and A in 
any particular example and substitute in the standard form. 
Now you can do this one all on your own. 


; 1 
Determine Ϊ Vac? + 5x +12) dx 


Complete the working: then check with frame 30. 


1 _ yy f2x +5 
ἰπτέπτρα τοι ae \+c 


Here is the working set out in detail: 


x? + 5x+12=x? + 5x +12 
=x? + 5x+(3) + 12-2 
=(x +3) +3 
“(oop C2) 
So that Z=x ἘΞ and χε} 


Now do one more. 


Rees 5 
2x? + 8x + 15) Mec setet ca swclncelle ss 
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1a (x # 2)V2 
31 goon ae as +C 
Here is the working: 
1 1 1 
πατίςπτο a) ot 
ean V2 (+ ax + HP) 
2 15 _ 2 15 
χ' + 4x τ 5 Χ + 4x + 5 
=x? + 4x +2? + +Bo4 
=(x+ 24h 
2. 
= 2 μον 
=(x + 2) (V3) 
So that Z = (x + 2) and TORE! 
1Jxt2 
| aa ΤΩΣ ἘΠ C 
=-__ -1 (X+2)V2,¢ 
sinh = aye 


Fine. Now on to frame 32. 


3 2 Now we will establish another standard result. 
VI. Consider 


aZ 
| ee 
The substitution here is to put Z = A cosh @. 
Z? — A? = A? cosh?0 — A? = A?(cosh70 — 1) = A? sinh76 
᾿ς V(Z? -A*) = A sinh 8 
Also Z=Acoshé -. dZ=Asinhé dé 


‘ | tae ΕΠ sinh a0 = - (a9 =0 τς 


Z=Acosh@ ἡ cosha=2 ἡ 9 = ον {Z ἐς 


Α Α 
: _dZ_ fZ ᾿ ; 
δ] MZ - Ke? — 2) cosh 1) Co Akvis (vi) 
oN ee Se νοῦν τς 
This makes the sixth standard result we have established. Add it to your 


list. Then move on to frame 33. 
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33 


| am = cosh?! [2 +C 
Example 1. | ea = cost [5] +C 


1 wy 
Example 2. ἘΞ: ΣΧ ΞΕ μεϊτοιςοιινοινρνῦςς 


You can do that one on your own. The method is the same as before: 
just complete the square and find out what Z and A are in this case and 
then substitute in the standard result. 


34 


ae ey = -1 fx+3 
ἘΣΤΕ ὦ cosh (alte 


Here it is: 


x? +6x+1=x? + 6x +] 
=x? +6x+3?4+1-9 
=(x+3)?-8 


= (x + 3)? — (22)? 
So that Z =(x +3) and A=2/2 


τ άπ πε τὰ IN ie oa ee ne 
ee Ϊ Vx? + 6x +1) ζω: “| vie +3)?- (2/2) 3% 
= cost" [55 | τ 


Let us now collect together the results we have established so far so 
that we can compare them. 


So turn on to frame 35. 
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3 Here are our standard forms so far, with the method indicated in each 
case. Ge : Ξ 
τ ΡῈ Σ τα : : 
1. | Fran? On nf 24 al [8 Partial fractions 
aZ = 1 A + Z ” ” 
Fos samfanz}+c 
hed tle Ξ 
[ποτ χα [2}.ες Put Z = A tan 6 
—dZ__ [2 τ Σ κι 
4. [π sin [2}"ς Put Z=A 5ἰπθ 
Gf eee Seite iG Put ΖΞ A sinh 9 
MZ? +) =Ss A u sin. 
6. | gates ΓΝ = cosh” Ε Ἰες Put Z = A cosh @ 


Note that the first three make one group (without square roots). 

Note that the second three make a group with the square roots in the 
denominators, 

You should make an effort to memorize these six results for you will be 

expected to know them and to be able to quote them and use them in 

various examples. 


You will remember that in the programme on hyperbolic Rineions 
3 6 we obtained the result sinh 1x = Inf x τ να + ry 


΄“΄--- 
>! 


= inf ae 
sint {Sn {ἘΜ 0 το ξ "ν᾽ "4 


Similarly 
-i1fZ)_ (Z+WZ? —A*)\ 
cosh { a omy ema j 


This means that the results of standard integrals 5 and 6 can be expressed 
either as inverse hyperbolic functions or in log form according to the 


needs of the exercise. 
Turn on now to frame 37. 
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The remaining three standard integrals in our list are: 
7. Ϊ VA? - Z?).dZ 8. \v@ +A?)dZ 9. Ϊ V(Z? -- Αὖ),.αΖ 


In each case, the appropriate substitution is the same as with the 
corresponding integral in which the same expression occurred in the 
denominator. 


ie. for Wee -Z?).dZ put Z=Asin@ 
[ve +A’).dZ ” Z=Asinhé 
Ϊ MZ? -A2). αΖ " ~Z=Acoshé 


Making these substitutions, gives the following results. 


{ MA?-2).dZ = ¥ {snr 2) wa) + vsosee (Wii) 


Ϊ “(Ζ2 + AY) dZ = | sinti™( 2) Ne + C se. (Vii) 


[μα - A), dZ= + IE *). cost? (2) Ὁ... (ix) 


These results are more complicated and difficult to remember but the 
method of using them is much the same as before. Copy them down. 


37 


Let us see how the first of these results is obtained. 
[vee -Z*).dZ Put Z=Asin6 
ὁ A? —Z? = A? — A? sin? = A*(1 -- sin?) = A? cos?6 
Ὁ YA?~-Z?)=Acos@ AlsodZ=A cos 6 dé 
[μα - 22). ἃὰΖ {a cos 6. A cos 6 dé = A? cost dé 


@ | sin 20 A? 2 sin 8 cos @ 
= 272 ΕΒ 
= A + ΙΕ - ἢ [0.2ΞἘ aod 


2 2_ 72 2. 72 
Now sin = % and costg = 1-5, = AE ἃ cos 9 = ν(42--Ζ) 
‘ A*{, 4/Zy , ZW(A?-Z?) 
2 72 δα if eae 
Μὰ Z’).aZ 5 {in (ats γί 
-ΑἾς α{Ζγ͵, ZA? -- Ζ) 
5 {sin (2): ΑΞ +C 


38 


The other two are proved in a similar manner. Now on to frame 39. 
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39 


Here is an example 
V(x? + 4x + 13).dx 


First of all complete the square and find Z and A as before. Right. 
Do that. 


40 


x? + 4x + 13 =(x + 2)? +3? 


So that, in this case and 
| ve? +4x + 13).dx =|Vic + 29 +37}.dx 
This is of the form 


A*{ .- ZZ? + A?) 

2 2 = 

[μὰ + Α2).2 = > {sia (Es IEA) +C 
So, substituting our expressions for Z and A, we get 


| V(x? + 4x + 13), αχ = νιν 


41 


{vor τάχ + 13).dx = [πω [-- Φ 3)» + &t2)ver tH ες: 4x + 3} C 


We see then that the use of any of these standard forms merely involves 
completing the square as we have done on many occasions, finding the 
expressions for Z and A, and substituting these in the appropriate result. 
This means that you can now tackle a wide range of integrals which were 
beyond your ability before you worked through this programme. 


oo NDoannoonn0ongnonego00n00000 onae0o0o0ng 


Now, by way of revision, without looking at your notes, complete the 
following: 


(iii) [Ξ ra ea 


407 


Integration 2 


42 


Jams ‘Be 
| rare oS = cost} +c \+c 


You will not have remembered the third group, but here they are again. 
Take another look at them. 


var 2).42 - ἃ $a (7). WO?) ες 


2 2 
| vir+ at) aZ A inh” (4 )+ Nec 
AYZVE-M)  -(Z 
2. AZ = 1{ΞΞ 
{ve -- A?).dZ= itor ae cosh’ (2))-ς 
Notice that the square root in the result is the same root as that in the 
integral in each case. 


100 OoOo0oo0000000 ΕἘΓΕΕΕΕ ΕΠ ΕΙΠΕ ΕΓ ΤΠ ΕΒ ΠΕ ΕΠΕ 


That ends that particular section of the programme, but there are 
other integrals that require substitution of some kind, so we will now deal 
with one or two of these. 

Turn on to frame 44. 
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SSS ax 
atb sin?x + ¢ cos*x 


414 Integrals of the form Ϊ l 


Example 1. Consider dx, which is different from any we 


3 + cos?x 
have had before. It is certainly not one of the standard forms. 

The key to the method is to substitute ¢ = tan x in the integral. Of 
course, tan x is not mentioned in the integral, but if tan x =f, we can 
soon find corresponding expressions for sin x and cos x. Draw a sketch 
diagram, thus: 


ΠΝ t 
cay ; + SINX “ΜΙ + 1?) 
tanx Ξ ; 

: ἢ COs χα πὶ 7 72) 
Also, since t = tan x,—— = sec?x = 1 + tan?x Ξ 1 +t? 
dx 1 dx= at 
dt 1+? 1+? 
1 3432741 4437? 
Bese of he i BEE eee oe 
Then 3 + cos*x 31 itp fae 


So the integral now becomes: 


a 1ι| αἱ 
3 cos?x" 4131 1τ2 


THiS ἐδτι ιν ας 


40 


Finally, since ¢ = tan x, we can return to the original variable and obtain 


Wek 1 οἰ[ν3.πχ 
Ves ae Or ἢ 2 Jec 


Turn to frame 46. 


409 


Integration 2 


The method is the same for all integrals of the type 46 


ἔξξαξ ee ee 
a+b sin?x + c cos?x 
In practice, some of the coefficients may be zero and those terms 


missing from the function. But the routine remains the same. 
Use the substitution ¢ = tan x. That is all there is to it. 


From the diagram 


47 


ὌΝ are page ee 
sin χ "J +?) acy ῇ +17) 


We also have to change the variable. 


. at 
t=tanx .. he 7 SCX = 1 τ tan?x = 1 + 2? 


Fa oe 2. 
a pepe aedoinsesTasescaa’s 
_ _dt 18 
cen ere 


Armed with these substitutions we can deal with any integral of the 
present type. This does not give us a standard result, but provides us with 


a standard method. 
We will work through another example in the next frame, but first of 


all, what were those substitutions? 
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49 : t 1 
sin x “VO +?) cos x “V0 ἘΠ) 


Right. Now for an example. 


1 
2 sin’x + 4 cos*x 


Example 2. Determine Ϊ dx 


t 
ah, we have 
Bae Cae eres 
1+2? 1+? J+t+?? 


a ax-| te dt 
"| 2 sin?x + 4 cos?x 2? +4°1+4+0? 


Using the substitution above, and that dx = 


2 sin?x + 4 cos?x = 


50 sate fate 


and since ¢ = tan x, we can return to the original variable, so that 


1 1 [ἴλη x 
στε τς ΠΟ Ξ' ποῖ + 
: sin?x + 4 cos?x τὰ 2Μ2 τ | V2 ¢ 
Now here is one for you to do on your own. 
Remember the substitutions: 


: t 
t=tan x sin x “Va +7) 


Right, then here it is: 
1 


Example 3. Σοσῶῶχε! dx 


Work it right through to the end and then check your result and your 
working with that in the next frame. 
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51 


oeroe 1 


Here is the working: 


2 2+1+2? 
2 =e = 
2 cos*x t+ 1 haar eas Ee: 
. 311} 
1+¢? 


Ι ΠΕ αἱ 
2 οοβἦχ Ἐ1 sag 1τ 
1 Vey pf Jt 
=| stpar= taw'(A)+e 


1, _,Jtanx 
waif 2h 
v3 v3 
So whenever we have an integral of this type, with sin?x and/or cos?x 
in the denominator, the key to the whole business is to make the substitu- 
TOM f° eee viescesevtstees 


52 


Let us now consider the integral | dx 
5+4cosx 
This is clearly not one of the last type, for the trig. function in the 
denominator is cos x and not cos?x. 
In fact, this is an example of a further group of integrals that we are 
going to cover in this programme. In general they are of the form 


1 : : τού σα : 
———_—_———_ dix, i.e. sines and cosines in the denominator but not 
at+bsinx +ccosx 


squared. 


So turn on to frame 53 and we will start to find out something about 
these integrals. 
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53 Integrals of the type Ϊ ᾿ 


— το αχ 
atbsinxt+ccosx 


The key this time is to substitute ¢ = tan 5 


? : : : . x x 
From this, we can find corresponding expressions for sin 5 and cos 5 


2 
from a simple diagram as before, but it also means that we must express 


sin x and cos x in terms of the trig. ratios of the half-angle — so it will 
entail a little more work, but only a little, so do not give up. It is a lot 
easier than it sounds. 


First of all let us establish the substitutions in detail. 


m2 Vat) 
i 
V1 + 2?) 
sin x = 2 sin =2. 3 ᾿ 2b 
Πρ ETON 1+? 
COs X = COS he galls as aie ΒΕ. τα τ 
2 2 ae τεῷ τ 
πο δε Σ oe Ξ 
Also, since r=tan>, aerate 5 = 26 + tan? 5) 
elie 
2 
ax_ 2. dx = 2it 
dt 1+?? ee ΤῊΣ 
So we have: 5 ; 
If r= tan> sin x Tae ge 
Py a 
55 Ξ ΤῊ 
- 2dt 
ἀν Ἐ ΤῊ 


It is worth remembering these substitutions for use in examples. So 


copy them down into your record book for future reference. Then we 
shall be ready to use them. 


On to frame 54. 
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ax 
Example 1. la ace 


: Stat x 
Using the substitution ¢ = tan > we have 


1-27) 


= ( 
5+4cosx=St4 ἜΤΙ 
Sr or Paar 91 


1 1Ὲ1 
᾿ dx flee ab oof Δὲ 
“V544cosx JOtP 1+? 9112 


54 


Here is another. 
dx 
SES: {; sin x + 4 cos x 


Using the substitution ¢ = tan 5 


: _ 6t , 41-27) 
3 sinx + 4 cosx= ΠΤ get 


4+ 6t- 40? 
τὸ 
1ι|Ξ . 2at 


rocoto 
“V3sinxt+4cosx J4+6¢-4t? 142? 


es) sen Skee 
c=. a 


55 


Now complete the square in the denominator as we were doing earlier 


in the programme and finish it off. 


Then on to frame 56. 
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56 1, (L+2 tan x/2 
=I G5 tan ab c 


3, 4 an 
of = Ξ 1 -- es μὴ 
For 1 5 τ 1-¢t 5 ) 


Integral, 1-} Mle “(3 dt 


= 1, fs/4+t-3/4 _1, fl/2tt 
᾿ς πὸ} περ t μο 
2 

1, [121 1 ed 

Ξ- = ft 
ΤΙΣ ΤΠ ΤῚΣ . 


And here is one more for you, all on your own. Finish it: then check your 
working with that in the next frame. Here it is. 


i aes 
Example 3. {i Ἐπ απ aoa ANS ἐὐρονζοιψου γονοξενις 


tan x/2 
5] inf Ea] C 
Here is the working. 


2 At 
+ =, = τ —,- 
1 +sinx—-cosx=1 ge Gage 


-ἀ τε eda {πῇ 
ἘΞ ΞΕ ee 


1112 


ἜΕ 2dt _ 1 
is ἘΞ +t) 142" 5 = fake at 


τ} ee = tan x/2 
[ τ᾿ ς inf; + tan 2, Ἐς 
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You have now reached the end of this programme except for the Test 5 8 
Exercise which follows. Before you work through the questions, brush up 
any parts of the programme about which you are not perfectly clear. Look 
back through the programme if you want to do so. There is no hurry. 
Your success is all that matters. 
When you are ready, work all the questions in the Test Exercise. The 
integrals in the Test are just like those we have been doing in the pro- 
gramme, so you will find them quite straightforward. 


Test Exercise — XIV 


Determine the following: 


M | asa 
= Ι;»5 - ἐ3χ-- 5 
a Peer 2x? ee 
4. 
—— aol 
δ Seay Ὁ τῆς 
5} “ί(1--α --χλαχ 
7 
os ee 
δ. ΤΣ ἘΞ 
a Crores 
| sec x dx 


You are now ready for your next programme. Well done! 
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Further Problems — XIV 


Determine the following: 


iy cee eee 4 dx 
“Vx? + 12x 415 * | 8-12x-x? 
dx x-8 
3. | ΒΕ 4 [τέκετο Ὁ 
Ἔν Pa ene ae 
" } Vee + 12x + 48) | armas 
7 dx. 8. 6x—5 
| Ferrets |e nee 
dx 
9. | oes wo. eee 
dx 3x3 — 4x? + 3x 
Ta Berea 2, | ere dx 
Ἐν eee? 4 
13. [ ve ox -x?) dx 14, |. tei = 
ax 
ἜΣ. ἘΞ το | Same 2x +9 cos*x 
dx x 
Te erry 2-x a 
Paix 2 sin?6) 
x+3 cos x 
19. | yas ayy ἀχ 20. (oe 
Piet ee —x+14 ax 
τ ΤΣ τ αξτφ αν 3: ee 
x+2 See: eee 
τὸ | Vor +9) a: \ ee 
* dx dé 
25. J G+ 4-9} 26. 1: 3 sin?@ — τοῦθ 
x+3 _ 2 
τε +x +10) 28. | vos 2x — x? dx) 
4 dx a’ax 
fy ο (αὐ +x’)? a he + a)(x? + 2a”) 


(Put x =a tan 8) 
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REDUCTION FORMULAE 


Programme 15 


1 In an earlier programme on integration, we dealt with the method of 
integration by parts, and you have had plenty of practice in that since 
that time. You remember that it can be stated thus: 


[μῶν ur—fr du 


So just to refresh your memory, do this one to start with. 


When you have finished, move on to frame 2. 


2 [Pe deme? 2x42] το 


Here is the working, so that you can check your solution. 
le & dx =x? (e*)- afer x dx 
= x? & ~2[x(e*) {et dx] 


=x? & ~Ie~+2e~+C 
=e" [x7 =2e 4 2] τς 


On to frame 3. 


Now let us try the cane thing with this ane = | 
3 [x e dx =x"(e*) - n fer χ ἀχ 
= x eX -n| eux hax 
Now you will see that the integral on the right, ie. Ϊ e χ dx, is of 


exactly the same form as the one we started with, i.e. | οὔ x" dx, except 
for the fact that n has now been replaced by (n—1) 
Then, if we denote |" e dx byl, 


we can denote | x! & dx by Iy-1 


So our result 


[ete ἀν ταδὶ τα [een dx 


can be written 
Pex Sele knee Then on to frame 4. 
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This relationship is called a reduction formula since it expresses an 
integral in n in terms of the same integral in (n—1). Here it is again. 


If I, = [x εἰ dx 


then I, =x" e* -—n.1,_, 


Make a note of this result in your record book, since we shall be using 
it in the examples that follow. 


Then to frame 5S. 


Example Consider [ x" e dx 


This is, of course, the case of I,, = | x” e* dx in which n = 2. 
We know that I, =x” e* —nI,., applies to this integral, so, putting 
n= 2, we get 
I, =x? εἴ --21) 
and then I, =x! εἴ --110 
Now we can easily evaluate Ig in the normal manner — 


Io = [xe ae=[ τ τ δα το +C 
So I, =x? & -21, 
and I, =xe*-e* τῷ, 
Δ ΠΏ =x? e& -2xe%+2e+C 
=e [x2 -2x +2] +C 


And that is it. Once you have established the reduction formula for a 
particular type of integral, its use is very simple. 


In just the same way, using the same reduction formula, determine the 


integral 2 e& dx. 


Then check with the next frame. 
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6 [δα τὸ μ᾽ - 30? ἐὰν τα] τὸ 


Here is the working. Check yours. I, =x" e* —nIy-1 


n=3 Iz =x δ᾽ -31, 

n=2 I, =x? e-21, 

n=1 I, =xe*—1I, 
and Ip = | 2° e* de = εἰ dx=e+C 

Ἢ I, =x° e* -- 3.1, 


= x3 e* — 3x? δ. +61, 
= x3 e* — 3x? δ᾽ + 6xe* — 6e* τὸ 
= οὶ [x3 - 3x? + 6x-6] +C 


Now move on to frame 7. 


7 Let: us now find a reduction formula for the integral | x” cos x dx. 
1, = fx cos x dx 
x" (sin x) —n | sin x x"! dx 


x" sinx—n ἕω sin x dx. 


Note that this is not a reduction formula yet, since the integral on the 
right is not of the same form as that of the original integral. So let us 
apply the integration-by-parts routine again. 


n-1 


n =x" sinx—n {x sin x dx 


8 I, =x" sinx+nx™ cosx—n(n-t){ 24 cos x dx 


Now you will see that the integral \xr 2 cos x dx is the same as the 


integral [᾿ cos x dx, with n replaced by ................ 
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n-2 9 


ie. n =x" sinxt+nx™! 


cosx —n(n-1)1,_, 
So this is the reduction formula for I,, = | x” cos x dx 
Copy the result down in your record book and then use it to find 


x* cos x dx. First of all, put 1 = 2 in the result, which then 


PIVES ἐπι ἐρο ἐν νος ρα Mashed etext 

I, =x? sinx + 2x cosx-2.1. Ip 10 
Now Io = {2 cos x dx = [oosx ax =sinx +C, 
And so 


lL, =x? sinx + 2x cosx-—2sinx+C 
Now you know what it is all about, how about this one? 
Find a reduction formula for | x" sin x dx. 


Apply the integration-by-parts routine: it is very much like the last one. 
When you have finished, move on to frame 11. 


= yl Nl o: = — 
1, =—x" cosxt+nx™™ sinx —n(n-1) 1,_, 


For: ἴῃ -[»" sin x dx 


= x"(-cosx)+n [5555 dx 


-x” cosx + n {x Ginx) τῷ πιὸ | sinx x*? ax| 


- 1, = x" cosxtnx™! 
n 


Ί 


βίη x -- πίῃ -- 1)1,..2 
Make a note of the result, and then let us find | x° sin x dx. 


Putting n = 3,1, =-x° cosx + 3x? sinx -- 3.2.1} 


and then 1, Ξ] x sinx dx 
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¥ 


So that I, =—x? cosx + 3x? sinx-61, 
I, =-x? cosx + 3x? sinx + 6x cosx—6sinx+C 


Note that a reduction formula can be repeated until the value of n 
decreases to n = 1 or n = 0, when the final integral is determined by 
normal methods. 


Now move on to frame 13 for the next section of the work. 


13 Let us now see what complications there are when the integral has limits. 
us 


Example. To determine [ x" cos x dx. 
oO 


Now we have already established that, if I, = [x cos x dx, then 
I, =x" sinx tnx"?! cosx—n(n- 1) 1,_, 


π 
If we now define I, -| x" cos x dx, all we have to do is to apply the 
0 


limits to the calculated terms on the right-hand side of our result 
I, = |x" sinx tnx”! cos3| : =n -- 1) lsc, 
= [0 τη π|’ (-1)] -[0+ 0] -- πῦι -- 1)1,.. 
Ὁ, =a - πα -- 1)1,,. 


This, of course, often simplifies the reduction formula and is much 
quicker than obtaining the complete general result and then having to 
substitute the limits. 


π 
Use the result above to evaluate | x* cos x dx. 


First put n = 4, giving Ig = ooo... cece eeeeeeeeeteeeeee 


14 1, =-47° -4.3.1, 


Now put n = 2 to find I,, which is Iq = ιν, 
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I, = π-2.π-- 2.1.1 


π π π 
and Io a1 x? cos χ ἀκ εἰ cos.x ἀν τ [sin x] =0 
0 0 Ξ 0 
So we have I, =-49° - 121, 
I,= -2π 
and Se dg Sh Ri esepseeeseasett τ» 


15 


π 
| x* cosx dx =I, ---ἀπΡῬ + 240 
0 


Now here is one for you to do in very much the same way. 


π 
Evaluate | χ' cos x dx. 
9 


Work it right through and then check your working with frame 17. 


Ις =—Sm* + 60n? — 240 


1, =—nn"™ -- πίη -- 1) Iy_2 
me I, =—574 — 5.4. I; 
1, Ξ-3π2 -- 3.2.1, 


and I, Ἵ ᾿ ᾿ ᾿ a Ὁ) Ξ / ᾿ sin x dx 
= [eos x] =) -@=-2 


“ I; = —5n4 = 20 I, 
1, =—37? — 6(-2) 
1 1, =—Sa* + 60π2 — 240 


Working: 


Turn on to frame 18. 
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18 Reduction formulae for (i) [snr ax and (ii) [costs dx. 
(i) | sin” x dx. 
Let IJ,= | sits dx =| sin’™'x sin x dx =| sin”! x .d(—cos x) 
Then, integration by parts, gives 
I, = sin”? x.(—cos x) + (γι — 1) Ϊ cos x.sin”*x cos x dx 
=-sin! x. cos x +(n—-1) [costs sin ax dx 
=-sin™!x.cosx +(n—-1)| (1 -sin?x) sin” ?x dx 
=-sin”! x .cos x + (n— 1) {sin 2x dx - [sins ax| 
. I, =-sin™ "x. cosx + (n—- 1) La τα π- 1) 10 
Now bring the last term over to the left-hand side, and we have 


ni, =-sin"!x,cosx +(n—- 1)I,_, 


So finally, if I, =| sintx dx, I, = -t sin”! x, cos x + wt Le. 


Make a note of this result, and then use it to find | sintx ax 


1 5x 


ἴςξτξ εἰπὴχ .cos x τ δὴ sin?x. cos x τ Ὸς sin x cosx + 7 +C 


For Ig =~) sin®x cos x +201. 
Ig = —} sin®x cos x +3 Ab: 
I, =—} sin x cos x+ 4 Ip. Io =[arex+c 
.I¢= - sin’x cos x + : ΒΤ cos x εἰ. μ 
Ξ τὸ sin'x cos x -2 sin?x cos x τὰ - sin x cos x ἐξ C 


= τὶ 5η Χ cos x -2, sin? x cos x — ΝΣ sin x cos x εἰς +C 
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(ii) [cost dx, 2 0 


Let I,= [costs dx = Ϊ cos™ 1x cosx dx = [oss d(sin x) 


cos*1x,sin x —(n— 1) | sinx.cos”?x (—sin x) dx 


n 


cos"! x sin x + (n- Ἢ sin*x cos"? x dx 


cos™} 


x.sinx + (n—1)]| (1 —cos?x) cos*?x dx 


cos* 1x sinx +(n—-1) {eos dx — foos'x ax| 


Now finish it off, so that I, = 


τς ae eee n-1 
I, =7 008 x .sinx + τῇ ap rae 


For I, = cos*!x.sinx +(n-1)1,_,-@-1) Ih 
n 1, =cos*!x.sinx +(n-1)I,_,. 


1 : n-1 
“ L, =—cos™?! x.sin x + ΞΕ 
non nn 


Add this result to your list and then apply it to find | cos°x dx 


When you have finished it, move to frame 22. 


1 : 4 : ὃ. 
[cos'x dx = =cos*x sin x + — cos?x sinx ἐπε sinx +C 


5 iS 15 


Here it is: 


I, =< cos*x sin x +21, 


2 
I, <5 cos*x sin x +3h 


And I, = Joos. dx =sinx+C, 
As = Zoostx sin x ὙΦ] costs sin x ἐξ sin x] +C 


53 
ὦ ees sin χ + = cos?x sinx + —sinx +C 
5 15 15 


On to frame 23. 
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23 The integrals τὰ dx and foos'x dx with limits x = 0 and x = 7/2, 


give some interesting and useful results. 
We already know the reduction formula 
? lon π--ἰ 
sin"x dx =I, = a sin”! x .cos x + ra! Fo 
Inserting the limits 


: n/2 n-1 
I, =| —~sin"™ x c0s.| + Ve 
n 0 n 


= [ο- ο] 11, 
Ξε 1 
: 6 Tha 


In 


And if you do the same with the reduction formula for [cos"x dx, you 
get exactly the same result. 


2 [2 
So for [: sin”x dx and { cos”x dx, we have 
0 0 
π- 
I, = = i 


Also ------- -- 
(i) Ιξπ is even, the formula eventually reduces to Ig 


πί2 πί[2 

ie.| ldx=[x] Ξπ|2 2. Ig Ξπ|2 
0 0 

(ii) Ifn is odd, the formula eventually reduces to I, 


π|2 π|2 
ie. | sin x dx = [-cos x | =-(-1) ..1.Ξ1 
0 0 


π|2 
So now, all on your own, evaluate [ sinSx dx. What do you get? 


24 


4 
For I; =5-L 
13 -Ξ. I, and we know that I, = 1 
ὦ ey 
οἰ BP as 
In th fia (nee 
n the same way, fin [΄ cos’x dx. Then to frame 25. 
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16 = 35 
5 
For ἰς =G- la 
3 
=7-h 
1 π 
I, =5 + lo and Ip => 
ι,-53 3.1 tat 
6 6422 32 


Note that all the natural numbers from n down to 1 appear alternately 
on the bottom or top of the expression. In fact, if we start writing the 
numbers with the value of n on the bottom, we can obtain the result 
with very little working. 


(n- 1) (n-3) (n-5S) .... 
es ΠΞΑ͂Σ, ΞΞ- 5: etc. 


If n is odd, the factors end with 1 on the bottom 


e.g. Taree and that is all there is to it. 
If n is even, the factor 1 comes on top and then we add the factor 1/2 
7.5.3.1 π 


She 6.4.0 92 


So (i) [sict ΡΣ 
and (ii) (ee BES Sesdaitirietes 


26 


This result for evaluating {sn dx or [τοῖα dx between the limits 


x =O and x = 2/2, is known as Wallis’s formula. It is well worth 
remembering, so make a few notes on it. 


Then on to frame 27 for a further example. 
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27 Here is another example on the same theme. 
π|2 
Example. Evaluate [ sin'x cos?x dx. 
0 


We can write 


π|2 π|[2 
Ϊ sin'x cos*x dx = Ϊ sin’ x(1 -- sin?x) dx 
0 0 


π[2 
Ϊ (εἰπῆ x -- εἰη7χ) dx 
ο 


Finish it off. 


28 


le= 4.2 -8 1. Ξ 6.4.2 - 16 
5. 5: 1 15°’ 7 7.5.3.1 3 
8 16 8 
Is —ln = 55 τ 35 * Jos 


2 9 All that now remains is the Test Exercise. The examples are all very 
straightforward and should cause no difficulty. 
Before you work the exercise, look back through your notes and 
revise any points on which you are not absolutely certain: there should 
not be many. 


On then to frame 30. 
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Test Exercise—XV 


Work through all the questions. Take your time over the exercise: 
there are no prizes for speed! 
Here they are then. 


1. Ifl, = te e?* dx, show that 


x” e n 
I, = 2 = oe Ta 
and hence evaluate ["᾿ e?* dx, 
n/2 
2. Evaluate (i) Ϊ sin?x cos®x dx 
0 


π|2 
(ii) | sin*x cos*x dx 
0 
3. By the substitution x =a sin θ, determine 


a 2 
] χϑ(α2 aye! dx 
0 


4. By writing tan”x as tan”? x. (sec?x — 1), obtain a reduction formula 


for tan”x dx. 


a/4 1 
Hence show that I, all tan"x dx =-—— — I, 


π-1 -2 
0 


5. By the substitution x = sin?@, determine a reduction formula for the 
integral 


[μι ~ x) ax 
Hence evaluate 


1 
Ϊ x? 4 -- χ)Ἕ[Σ ax 


0 


30 
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Further Problems—XV 


π|2 ᾿ 
1. If, =| x cos™x dx, when n > 1, show that 
0 


ee a 


n> 5:2 
2. Establish a reduction formula for { sin” x dx in the form 


1 


lon ne 
Ι, =—=sin™’*x cosx +—— I, 
n n 7 


n 


and hence determine Τὰ dx. 


3. Ifl, = | x” σαν dx, show that I, == I,-,- Hence evaluate 
0 


| x? eX dx 
ce) 


π 
4. IfL, =| e~ sin"x dx, show that I, ~ ag Di ae 
0 


π|2 
5. ΠῚ, = { x” sin x dx, prove that, forn >2, 
0 


I, = n(5) πρὶ -- 1})1,,. 


Hence evaluate 1353 and I. 


6. If I, -[- e& dx, obtain a reduction formula for I,, in terms of Τὴ 


and hence determine | x4 & dx. 


7. If, -| sec"x dx, prove that 


1 n-2 
In =] 1 tanx sec” x + Tn (n > 2) 
a/6 
Hence evaluate | sec®x dx. 


9 
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8. 


11. 


12. 


n/2 
Ifl, -| e~ cos"x dx, where n > 2, prove that 
0 


n/2 
( I,=1-n } δ sin x cos”? x dx 
0 


(ii) (2 + 1) In = 1Ltn(n—- 1) In-r 


_ 263-1446"? 


Show that I, 629 


_Ifl,= ζω’ +a?)" dx, show that 


I, x(x? + a?)" + 2na? lel 


ee 
“al 


ΤΙ, Ξ ἊΣ dx, (n > 1), show that 


es ee ee 
α-1) 7 


I, = 
Hence determine I¢. 
Ifl, = fas x)" dx, show that 

1, =x(Inx)" -a.1,_, 
Hence find Ϊ (In x)? dx. 


If 1, = [cost dx, prove that 


n-1 


I, = cosh”! x sinh x + Iy-2 


a 
Hence evaluate Ϊ cosh? x dx, where a = cosh” (,/2). 
0 
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INTEGRATION APPLICATIONS 


PART 1 


Programme 16 


We now look at some of the applica- 
tions to which integration can be put. 
Some you already know from earlier 
work: others will be new to you. So 
let us start with one you first met 
long ago. 

Areas under curves 


To find the area bounded by the 
curve y = f(x), the x-axis and the 
ordinates at x = aand x =b 
There is, of course, no mensuration 
formula for this, since its shape 
depends on the function f(x). Do 
you remember how you established 
the method for finding this area? 

Move on to frame 2. 


Let us revise this, for the same 
principles are applied in many other 
cases. 

Let P(x, y) be a point on the curve 
y = f(x) and let Ay denote the area 
under the curve measured from 
some point away to the left of the 
diagram. 

The point Q, near to P, will have 
co-ordinates (x + 6x, y + 6y) and 
the area is increased by the extent 
of the shaded strip. Denote this 
by δΑχ. 


If we ‘square off the strip at the level of P, then 
we can say that the area of the strip is 
approximately equal to that of the rectangle 
(omitting PQR). 


ie. area of strip = 5 Ay “Ξ....ϑνομνρνηνρμνμν 


Turn to frame 3. 
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5Ay 2 γὸχ 


1.6. the total area of the strip divided by the width, 5x, of the strip gives 
approximately the value y. 

The area above the rectangle represents the error in our stated 
approximation, but if we reduce the width of the strips, the total error is 


very much reduced. 


If we continue this process and make 5x ~ 0, then in the end the error 


5A 
Therefore, <= ay 


LD 


will vanish, and, at the same time, 24 Pe sashereetareint iceled 


bay , day 
5x dx 


Correct. So we have S4s = y (no longer an approximation) 
Y 


ΔΊ Ay -[y dx 
- [ ΠΟ) dx 
Ay = F(x) +C 


and this represents the area under the curve up to the point P. 


Note that, as it stands, this result would not give us a numerical value 
for the area, because we do not know from what point the measurement 
of the area began (somewhere off to the left of the figure). Nevertheless, 
we can make good use of the result, so turn on now to frame 5. 
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5 Ay = ] y dx gives the area up to the point P(x, y). 
Y 


y=) So: 
(i) If we substitute x = b, we have 
the area up to the point L 


ie. Ap =|y dx with x = ὃ. 


(ii) If we substitute x =a, we 
have the area up to the point K 


ie. Ay =| yae with x =a. 


If we now subtract the second result from the first, we have the area 
Y y =f(x) under the curve between the 
ordinates at x =a andx =b. 


ie. A= Ρ ὌΠ al Ρ ἀκα =a) 


This is written ΓΞ [ 


and the boundary values a and ὃ are called the limits of the integral. 


Remember: the higher limit goes at the top. 


the lower limit goes at the bottom. Phat seeing logical: 


So, the area under the curve y = f(x) between x = 1 and x = 5 is written 


5 
a=[ y dx. 
1 


Similarly, the area under the curve y = f(x) between x = —5 and x =-1 
is written A= oo. 
On to frame 6. 
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Let us do a simple example. 


Find the area under the curve y = x? + 2x + 1 between x = 1 and x =2. 


2 2 
ατί yax= | (x? + 2x + 1) dx 
1 1 


-|$+4+2+0] -[4eisise] 
(putting x = 2) (putting x = 1) 


= | 83+ c| - [25+ c| 


= 1 its? 
63 units 


Note: When we have limits to substitute, the constant of integration 
appears in each bracket and will therefore always disappear. In practice 
therefore, we may leave out the constant of integration when we have 
limits, since we know it will always vanish in the next line of working. 


Now you do this one: 


Find the area under the curve y = 3x? + 4x — 5 between x = 1 and 


x=3, 


Then move on to frame 7. 


3 3 
For a={ (3x? τὰς --5)αχ τὶ χ' + 2x? - 5x | 
1 


1 


ἰβεν ] [μὴ 
-[>]-[2]- ame 


An integral with limits is called a definite integral. 
With a definite integral, the constant of integration may be omitted, 


Definite integrals 


not because it is not there, but because 


On to frame 8. 


7 
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ὃ ... it occurs in both brackets and disappears in 
subsequent working. 


So, to evaluate a definite integral 
(i) Integrate the function (omitting the constant of integration) and 
enclose within square brackets with the limits at the right-hand 
end. 
(ii) Substitute the upper limit. 
(iii) Substitute the lower limit. 
(iv) Subtract the second result from the first result. 


Ϊ Ι ydx= [Feo | ᾿ = F(b) -- F(@) 


a 


Now, you evaluate this one. 


9 5-166 


Here it is: 


π|2 
Now, what about this one: i x cos x dx. 
0 


First of all, forget about the limits. 


[> COS KX Hi Aicictietties 


When you have done that part, turn to frame 10. 
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10 


Ρ cos x dx = x(sin χ)- [sn dx 


=x sinx tcosx+C 


n/2 n/2 
ae { x cosx dx = E sin x + cos. | 


0 0 
Sea eee ett You finish it off. 
π 
ri 11 
n/2 n/2 
for | x cosx ax =x sin x + cos | 
~ 0 0 
π 
-ἰΣ..ο 5 1 


If you can integrate the given function, the rest is easy. 


So move to the next frame and work one or two on your own. 


Exercise 


Evaluate: 12 
ωΪ ” (2x — 3} dx 
1 
5.1 
@| oxts ax 


(3) ie 7 


x?+9 


e 
| x? Inx dx 
1 


When you have finished them all, check your results with the solutions 
given in the next frame. 
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13 Solutions 


ω] ἀπ ΤΩΙ = {at -οὐἹ 


Ξ --ἰ[-- eure -ἱ 
εὐ | 10 5 
«---- = + 
(2) | Ξε ρὲ [inc ) : 
=In 10-In5=In-2= In 2 


3 3 
ax _{1 | 
(3 We x? +9 E ae Bilica 


[μα 1) = (tan? [-1] | 
[ 


e€ 3 3 Je 
: 2 —| x Inx _x 
uf In x dx [ Ἢ 


3 3 
ΤΕΣ; 
=72 τ πο +1) 


On to frame 14. 


In very many practical applications we shall be using definite 
14 integrals, so let us practise a few more. 


Do these: πῶ. ay 
5 ἘΣ τος ae 
0 


1 + cos?x 


2 
ὍΝ πὰ. 


π 
(7) | x? sin x dx | 
0 


Finish them off and then check with the next frame. 
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Solutions 


(5) [ «ἘΞ. = dx [τῷ (+ ΠΝ 
Ξ [τι (1+ 9- ἰτμα + »| 


= [τα +n 2|=in2 


(6) [ret arexey-[ eas 


=xe~—e*+C 

2 2 
-{ χε dx =[e@-0| 

1 1 
=e? —Q=e? 


(7) [: sin x dx = x? (-cosx) + 2 cos dx 


=~ x? cosx +2{ x(sins)~ fsinx ax} 
=~-x? cosx + 2x sinx t+ 2cosx+C 


π π 
Ἶ Ϊ x? sinx dx =| (2-x7) cosx + 2x sin 
0 0 


= |e-m ye) + o| Ξ E + o| 


= q*-2-2=7n7?-4 


Now move on to frame 16. 


15 


Before we move on to the next piece of work, here is just one more 
example for you to do on areas. 


Example. Find the area bounded by the curve y = x? — 6x + 5, the 
x-axis, and the ordinates at x = 1 andx Ξ 3. 


16 


Work it through and then turn on to frame 17. 


442 


Programme 16 


17 


=-5— ite? 
A 53 units 


Here is the working: 
3 


3 x3 3 
a{ y ax =| (x? - Gx + 5) dx =| ~ 3x? + 5x 
1 1 1 


= (9-274 15)-(G-3+5) 
= (-3)- (24) = 54 units? 
Cae Sasa 


If you are concerned about the negative sign of the result, let us 
sketch the graph of the function. Here it is: 


We find that between the limits we are given, the area lies below the 
X-axis. 
For such an area, y is negative 
. ydx is negative 
. SA is negative .. A is negative. 
So remember, 


Areas below the x-axis are negative. 


Next frame. 


18 The danger comes when we are integrating between limits and part of 
the area is above the x-axis and part below it. In that case, the integral 
will give the algebraic sum of the area, i.e. the negative area will partly 
or wholly cancel out the positive area. If this is likely to happen, sketch 
the curve and perform the integration in two parts. 


Now turn to frame 19. 
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Parametric equations 19 


Example. A curve has parametric equations x = at? , y = 2 at, Find the 
area bounded by the curve, the x-axis, and the ordinates at ¢ = 1 and 
t=2. 


ὃ 
We know that A -| y dx where a and ὁ are the limits or boundary 


a 
values of the variable. 


Replacing y by 2 at, gives 


ὃ 
A -| 2 αἱ dx 
a 
but we cannot integrate a function of t with respect to x directly. We 
therefore have to change the variable of the integral and we do it thus — 
dx 


We are given x=at? .. Goat dx = 2at dt 
2 2 

We nowhave A -| 2at.2at dt =| 4a’ t? dt 
1 1 


Sis λον ον δ τος Finish it off. 


2 312 0 
ae{ 4a? 13 ar=4a'| © 2 
1 3 1 
wage | 8 1}. 28α2 
4a 3 i}. 3 


The method is always the same — 


(i) Express x and y in terms of the parameter, 
(ii) Change the variable, 
(iii) Insert limits of the parameter. 


Example. If x =a sin @,y = b cos @, find the area under the curve 
between 6 = 0 and @ Ξπ. 


ὃ π 
al y dx =f bcos$.acos6.d6 x=asin@ 
a 0 dx =a cos @ dé 


π 
ab cos?6 dé 
0 
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21 = 


For A= ao” (0520 dé =ab E Su ral 
0 
παρ 


"ὦ 5} τ 


Now do this one on your own: 
Example. If x = @ — sin 8, y = 1 —cos@, find the area under the curve 


between @ = 0 and @ = 2. 


When you have finished it, move on to frame 22. 


22 


ee 


Working: 
ὃ 
y dx y =(1 -- cos 6) 
a pea — sin 6) 
x =(1—cos 6) dé 


A 


0 


π 


τ: ἜΠΠ Ὶ ἡ 
= (1 -- 2 cos @ + cos?@) dé 


0 


-|o- 25η9θ..9.. 518 sin 26" 
2. Ὁ ee 
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Mean values 2 3 


To find the mean height of the students in a class, we could measure 
their individual heights, total the results and divide by the number of 
subjects. That is, in such cases, the mean value is simply the average of 
the separate values we were considering. 


Y y= f(x) 


To find the mean value of a 
continuous function, however, 
requires further consideration. 


When we set out to find the mean value of the function y = f(x) 
between x =a and x = b, we are no longer talking about separate items 
but a quantity which is continuously changing from x =a to x = ὃ. If we 
estimate the mean height of the figure in the diagram, over the given 
range, we are selecting a value M such that the part of the figure cut off 
would fill in the space below. 


Y 


In other words, the area of the 
figure between x =a and x = ὁ is 
: shared out equally along the base 
ce Rte Lata line of the figure to produce the 
rectangle. 


gp AEE Α 
ἂν: Base line b-a 


ore eee 


1 [ 
“ M=7—]| yadax 
b-a), 


So, to find the mean value of a function between two limits, find the area 
under the curve between those limits and divide by .......Ψ.ὕΨὅὕἍννννννννννννννννον 


On to frame 24. 
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24 length of the base line 


So it is really an application of areas. 


Example. To find the mean value of y = 3x? + 4x + 1 between x =—1 and 
x=2, 


1 . 
Mee ee 
1 2, 
ἬΘΗ, od + 4x + 1) dx 
2 


=l 
3 

-4[18]=6 ὁ M=6 
3 -----..-. . 


Here is one for you: 


Example. Find the mean value of y = 3 sin 51 + 2 cos 3t between ¢ = 0 
andt=7 


Check your result with frame 25. 


. 25 


Here is the working in full: 


M= πὴ (3 sin 51 Ὁ 2 cos 30 at 


1 3 cos δὲ 2 εἰπ | π 
Ξ-- — τ--- - 
π 5 3 0 


1 3 cos5z 4 2sin 3π 3 
- -i+ 
Προ [eo] 
-1/3,3 - 6 

τον Ὶ Με τς 
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RMS. values 2 6 


The phrase ‘r.m.s. value of γ᾽ stands for ‘the square root of the mean 
value of the squares of y’ between some stated limits. 


Example. If we are asked to find the r.m.s. value of y = x? + 3 between 
x= 1 and x = 3, we have — 


r.m.s. = «/(Mean value of y? between x = 1 and x = 3) 


Δ (t.m.s.)? = Mean value of y? between x = 1 andx =3 
3 

=——| yp? dx 
1 


3 
(r.m.s.)? = Al (x* + 6x? + 9) dx 
1 


- |) 243 .11 
3 + 54427] [t+2+9|| 
=3 {486481112} 

mes 1296-112] 

2 
_l es 
=5 {118-4} = 59.2 


rms. =4/59-2= 7.694 +. r.m.s. = 7-69 


So, in words, the r.m.s. value of y between x = a and x = b means 


(Write it out) 


Then to the next frame. 
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28 


το the square root of the mean value of the squares of y 


between x =a andx=b’ 


There are three distinct steps: 
(1) Square the given function. 
(2) Find the mean value of the result over the interval given. 
(3) Take the square root of the mean value. 
So here is one for you to do: 
Example. Find the r.m.s. value of y = 400 sin 2007¢ between ὦ = 0 and 
1 


** 700 


When you have the result, move on to frame 29. 


29 


See if you agree with this — 
y? = 160000 sin? 200zt 


= 160000. (1 ~ cos 400z) 
= 80000 (1 — cos 400zf) 


; ὩΣ 1 1/100 
Ὁ (rm.s.)* = an 80000 (1 -- cos 400nt) dt 
i090 °* 0 


= 100. 80000 [1S Soe | ae 
ἢ 4007 
0 
= 6) 
8.10 [τὸ o| 
= 8.105 


~ rms. =V(8.10*) = 2002 = 282.8 


Now on to frame 30. 
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Before we come to the end of this particular programme, let us think 3 0 
back once again to the beginning of the work. We were, of course, 
considering the area bounded by the curve y = f(x), the x-axis, and the 


ordinates atx =a andx=b. 


Y γπ (αὶ 


We found that 


b 
ΑΞ ydx 


a 


i "δ a b 


Let us look at the figure again. 
Υ 


y=) Tf P is the point (x, y) then the 


area of the strip 6A is given by 
δΑ-».δχ 


If we divide the complete figure 
up into a series of such strips, 
then the total area is given 
approximately by the sum of 
the areas of these strips. 


ie. At D y.6x 2 = ‘the sum of all terms like..’ 


The error in our approximation is caused by ignoring the area over each 
rectangle. But if the strips are made narrower, this error progressively 
decreases and, at the same time, the number of strips required to cover 
the figure increases. Finally, when 5x > 0, 


A= sum of an infinite number of minutely thin rectangles 


ὃ x=b 
~ A=) ydx= Σ y.dx whenx >0 
a x=a 

It is sometimes convenient, therefore, to regard integration as a summing 
up process of an infinite number of minutely small quantities each of 
which is too small to exist alone. 

We shall make use of this idea at a later date. 
Next frame. 
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1. Areas under curves y= f(a) 


Areas below the x-axis are negative. 
2. Definite integrals 


A definite integral is an integral with limits. 
b b 
Ϊ ydx = |Feo | = F(b) — F(a) 
a a 


3. Parametric equations 
χ Ξ Κὴἢ, y = FXO) 


x2 x2 ty dx 
Ϊ yax =| F(t) dx -| F(t).7 dt 
x ty 


xy 1 
4. Mean values 


5. RM.S. values 


6. Integration as a summing process 


x=b b 
When ὃχ- 0. Σ y.bx=| y ax 


x=a a 


All that now remains is the Test Exercise set out in the next frame. 
Before you work through it, be sure there is nothing that you wish to 
brush up. It is all very straightforward, so take your time. 


On then to frame 32. 
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Test Exercise—XVI 3 2 


Work all the questions. 


1. 


Find the area bounded by the curves y = 3e?* and y = 3e™ and the 
ordinates at x = 1 and x = 2. 


. The parametric equations of a curve are 


π ἘΣ 7 ae 
joo%=2t 2 2 cos τοί 


Find the area under the curve between ¢ = 0 and f = 10. 


y=2sin 


. Find the mean value of y = a between x = -+ 


τοῦ 
and x = +3. 


. Calculate the r.m.s. value of i= 20 + 100 sin 100z¢ between ἐξ 0 


and ¢ = 1/50. 


. Ifi=1sin wrand v= ie + Ri, find the mean value of the product 


dt 


2π 
vi between tf ΞῸ andt= aes 


. {Εἰ = 300 sin 100t + I, and the r.m.s. value of i between t = 0 


and t = 0-02 is 250, determine the value of I. 
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Further Problems—XVI 


1. 


10. 


Find the mean height of the curve y = 3x? + 5x -- 7 above the 
x-axis between x = —2 and x = 3. 


. Find the r.m.s. value of i = cos x + sin x over the range x = 0 to 


week 
4° 


. Determine the area of one arch of the cycloid x = @ — sin 0, 


y = 1— cos 6, i.e. find the area of the plane figure bounded by the 
curve and the x-axis between θ = 0 and 6 = 27. 


. Find the area enclosed by the curves y = sin x and y = sin 2x, 


between x = O andx=7/3. 


. If f= 0-2 sin 10a¢ + 0-01 sin 30zt, find the mean value of i between 


t=O andt=0-2. 


. Ifi=i, sin pt +i, sin 2pt, show that the mean value of i? over a 


period is si + ia). 


. Sketch the curves y = 4e* and y = 9 sinh x, and show that they 


intersect when x = In 3. Find the area bounded by the two curves 
and the y-axis. 


. Ifv = νρ sinwt andi =ig sin(wt — a), find the mean value of vi 


between t= 0 andr= alle 
ω 


. fis + I sinwot, where E, R, I, ὦ are constants, find the r.m.s. 


. 2 
value of i over the range t= 0 tot are 


The parametric equations of a curve are 


x =a cos*t sint,y =a cost sin?t 


Show that the area enclosed by the curve between ἡ = 0 andt= A 
2 
is ed units? . 


32 
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13. 


14. 


20. 


. Find the mean value of y = xe 


. A plane figure is bounded by the curves 2y = x? and x°y = 16, the 


. Find the area bounded by the curve (1 — x”) y = (x — 2) (x — 3), the 


x-axis and the ordinates at x = 2 andx = 3. 


. Find the area enclosed by the curve a(a — x) y = x°, the x-axis and 


the line 2x =a. 


Prove that the area bounded by the curve y = tanh x and the straight 


line y = 1 between x = 0 and x = ©, is In 2. 


Prove that the curve defined by x = cos*t, y = 2 sin? t, encloses an 
area ὅπ units? . 

4 
~x/a 


between x = 0 and x =a. 


x-axis and the ordinate at x = 4. Calculate the area enclosed. 


. Find the area of the loop of the curve y? = x4 (4+ x). 


. If f=], sin(wt + a) + I, sin(2wt + B), where I, ,1,, ὦ, a, and β are 


constants, find the r.m.s. value of i over a period, i.e. from ¢ = 0 


tore 28 
Ww 


. Show that the area enclosed by the curve x =a (20 — sin 21), 


y = 2a sin’ t, and the x-axis between f = 0 and t = 7 is 3πα2 units?. 


A plane figure is bounded by the curves y = 1/x?,y = ex/2 — 3 and 
the lines x = 1 and x = 2. Determine the extent of the area of the 
figure. 


? 
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INTEGRATION APPLICATIONS 


PART 2 


Programme 17 


1 Introduction 


In the previous programme, we saw how integration could be used 


(a) to calculate areas under plane curves, 
(b) to find mean values of functions, 
(c) to find r.m.s. values of functions. 


We are now going to deal with a few more applications of integration: 
with some of these you will already be familiar and the work will serve as 
revision; others may be new to you. Anyway, let us make a start, so move 
on to frame 2. 


2 Volumes of solids of revolution 


If the plane figure bounded by the curve y = f(x), the x-axis, and 
the ordinates at x = a and x = ὃ, rotates through a complete revolution 
about the x-axis, it will generate a solid symmetrical about OX. 

Υ y =f(zx) 


Let V be the 
volume of 


the solid 
generated. 


The volume generated by the strip = the volume generated by the 
rectangle. 
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Correct, since the solid generated is a flat cylinder. 
If we divide the whole plane figure up into a number of such strips, 
each will contribute its own flat disc with volume zy”. 6x. 


x=b 
.. Total volume, Ν Ξ 5— my?.dx 
xa 
The error in the approximation is due to the areas above the rectangles, 


which cause the step formation in the solid. However, if 5x > Ὁ, the error 
disappears, so that finally V =o... 


This is a standard result, which you have doubtless seen many times 
before, so make a note of it in your record book and move on to frame 5. 


Here is an example: 
Example, Find the volume generated when the plane figure bounded by 
y= 5 cos 2x, the x-axis, and ordinates at x = 0 andx rr rotates about 
the x-axis through a complete revolution. 

n/4 πίᾳ4 
We have: γεΞ Ϊ nytdx = 25H | cos? 2x dx 

0 0 


Express this in terms of the double angle (i.e. 4x) and finish it off. 
Then turn on to frame 6. 
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2 
6 V= Zn units? 
nl4 πίᾳ 
For. V=n y? dx= 254} cos? 2x dx 
0 0 
π [74 cos 26 = 2 cos?6-1 
= 238 | (i + cos 4x) dx 1 
2 Jo cos?6 = 5(1 + cos 20) 
_25n [ sin 4x ie 
2 4 


Now what about this one? 
Example. The parametric equations of a curve are x = 312,ν = 3t-??. 
Find the volume generated when the plane figure bounded by the curve, 
the x-axis and the ordinates corresponding to t = 0 and ¢ = 2, rotates 
about the x-axis. [Remember to change the variable of the integral!] 
Work it right through and then check with the next frame. 


7 V = 49.627 = 156 units? 


Here is the προ ἐν Follow it through. 


ve ny? dx x= 32, y=3t-2? 
t=2 

νεί n(3t—t?)? dx x = 32? 
t=0 ax = 6t dt 


2 
= εἰ (912 — 623 + t*) 6t dt 
0 


2 

= ααΪ (9r8 ~ αἰ + 15) dt 
0 

oe [96 268° εἶ 

-ο Ἢ εἰ 


Ξόπ [36 — 38-4 + 10-67 | = 67 | 46-67 - 38.4] 


= 67 (8-27) = 49-62n = 156 units? 
So they are all done in very much the same way. 


Turn on now to frame 8. 
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Here is a slightly different example. 8 


Example. Find the volume generated when the plane figure bounded by 
the curve y =x? + 5, the x-axis, and the ordinates x = 1 and x = 3, rotates 
about the y-axis through a complete revolution. 

Note that this time the figure rotates about the axis of y. 


Y 


y = f(x) 


Half of the solid formed, is shown in the right-hand diagram. We have 
b 
no standard formula for this case. lv -| ny’ dx refers to rotation 
a 
about the x-axis. | In all such cases, we build up the integral from first 


principles. 
To see how we go about this, move on to frame 9. 


Here it is: note the general method. 9 


If we rotate an elementary strip 
PQ, we can say — 

Vol. generated by the strip + vol. 
generated by rectangle 

(i.e. hollow thin cylinder) 


.. 5V = area of cross section X circumference 
6V = νδχ.2πχ > 2nxy 6x 
For all such strips between x = 1 and x = 3 
x= 3 
V2ZT6V= Σ Anxy.dx 
x=1 
As usual, if 6x > 0, the error disappears and we finally obtain 
3 
V= 2 πχν dx 
1 
Since y = x? + 5, we can now substitute for y and finish the calculation. 


Do that, and then on to the next frame. 
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10 


Here is the working: check yours. 


3 3 
Vv =| 2πχν dx = "εἶ x(x? + 5) dx 
1 1 


3 
= an | (x3 + 5x) dx 
1 


x* 5χ2}5 
= 2| = 2] 

81 45 1 5 
2n| [St + (5+3}| 


2 ara 
2 


Ξ 2π [0 + 20] = 807 units? 


Whenever we have a problem not covered by our standard results, we 
build up the integral from first principles. 


11 


This last result is often required, so let us write it out again. 

The volume generated when the plane figure bounded by the curve 
y = f(x), the x-axis and the ordinates x = a and x = ὃ rotates completely 
about the y-axis is given by: 


b 
V= 2ε} xy dx 
a 


Copy this into your record book for future reference. 


Then on to frame 12, where we will deal with another application of 
integration. 
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Centroid of a plane figure 12 


The position of the centroid of a plane figure depends not only on 
the extent of the area but also on how the area is distributed. It is very 
much like the idea of the centre of gravity of a thin plate, but we cannot 
call it a centre of gravity, since a plane figure has no mass. 

We can find its position, however, by taking an elementary strip and 
then taking moments (i) about OY to find X, and (ii) about OX to find ¥. 
No doubt, you remember the results. Here they are: 


Add these to your list of results. 


Now let us do one example. Here goes. 
Find the position of the centroid of the figure bounded by y = e?*, 13 
the x-axis, the y-axis, and the ordinate at x = 2. 
2x 
y=e 


Y 


First, to find x 


2 
Ϊ xy dx 
a ane 
2 
| ydx 
0 
We evaluate the two integrals quite separately, so let = τ 
2 2 
Then I, -| Ket dx Ξις  λλουρνσονς 
0 
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For: 


Similarly, I, =i e?* dx which gives 12. = ..ccecseeeeeee 


15 


Now we have to find y 


-ς 3e* +1 _ 3(54-60)+1_ 163-8+1 _ 164-8 
*" AeF—1)° 2(5460-:1) 109-2-1 108-2 


¥ = 1.523 
2 1.2 
| qe a 1, Note that the 
Lop pe denominator is the 
\ ydx I same as before. 
0 
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bo “Ὸ ἴ) 1) = 4(54-60 ἢ 
‘psa = == + Ξ -- : 
we y i La 7 ) a ) χί 
2 .- 35.060 13. 
So the results are: . =o 


x = 1-523; y = 13-9 
Now do this one on your own in just the same way. 
Example. Find the position of the centroid of the figure bounded by the 


: Σ . π 
curve y = 5 sin 2x, the x-axis, and the ordinates at x = 0 δηάχΞ 6 


(First of all find ¥ and check your result before going on to find 7) 


¥ = 0.3424 18 


-: 
wo 


| 


0 0 
aoe n/6 
= 5[ x Coos 28) ἘΣ cos 2x ἀκ] 
2 ee 
= s|-* cos 2x , sin 2x)" 
~ 2 4 0 
τοῖς πον Δδὺν5 
- 622 8 
-ς[ν3. π|.5]ν3. τ 
7 8 24) 4) 2 6 
7/6 HO ςΓῚ 5 
MSE) ἀρχῶν ϑε |p ees ese 
2 2.2 4 
0 0 oe 
ss 
6 


θ᾽, τ τ 


= 058660 -- Ο.5236 .. X=0- 
Do you agree with that? If so, push on and find y. 
| When you have finished, move on to frame 19. 


LJ 


Il 
Θ 
Loe) 
> 
NS) 
AN 
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19 


_Now to frame 20. 


fal 


πἰίδ 
25 sin? 2x dx 


Here is the working in detail. 


L= 


NI-P 
Cy 
oO 


1/6 
= 25 4(1 ~ cos 4x) ax 
2 Jo 
- 5 [5 _ sin 4x] af 
4 4 9 
525 3 aaa) DI ox εἰ Te V3 
4 a sin sing = 5 
-25]1 ν3 
4 8 
25 


ΔΙῸ a 


.5236 - 0.2153] 


fel. =, Wa! 
Θ -οαϊμβδ 
| 


3083 | = 25(0-07708) = 1-927 
Therefore 


So the final results are 
¥ = 0-342, p = 1-542 


20 


Here is another application of integration not very different from the 
last. 


Centre of gravity of a solid of revolution 


To find the position of the centre of gravity of the solid formed when 
the plane figure bounded by the curve y = f(x), the x-axis, and the 
ordinates at x = a and x = δ rotates about the x-axis. 


If we take elementary discs and 
sum the moments of volume (or 
mass) about OY, we can calculate 
x. b 

xy? dx 


This gives x = 


Integration Applications 2 


lie 21 


Correct, since the solid generated is symmetrical about OX and therefore 
the centre of gravity lies on this axis, i.e. y= 0. 
So we have to find only x, using 


b 
[ xy? dx 

xX =t a elt 

δ I, 
Ϊ y* dx 

a 
and we proceed in much the same way as we did for centroids. 

Do this example, all on your own: 
Example, Find the position of the centre of gravity of the solid formed 


when the plane figure bounded by the curve x? + y? = 16, the x-axis, and 
the ordinates x = 1 and x = 3 rotates about the x-axis. 


When you have finished, move to frame 22. 


¥= 1.89, p=0 22 
Check your working. 
3 3 x41 3 
if -| x(16 — x?) dx -| (16x — x3) dx = E =| 
1 1 1 


= (72-4) -(8-4) 


=64-20=44 . 1, =44 


3 x3 
=| (16-28) dx= [16-3 ] 
1 3.}} 
Ξ-(48.-9) - (16-} 
=235 1. 1,= 23} 
3 i 3 
geht εὐ 05 -.132 _ 1.89 


So ΧΈΞ1.89, y=0 
They are all done in the same manner. 
Now for something that may be new to you. 


Turn on to frame 23. 
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23 Lengths of curves 


To find the length of the arc of the curve y = f(x) between x =a and 
x=b. y y = f(x) 


Let P be the point (x, y) and Q a point on the curve near to P. 
Let 5s = length of the small arc PQ. 


Then (6s)? =(6x)* ἐδ)" BEE art oe 


(Shae) τ Δ 0] 
Πδχ-50 -- 42] εξ {0 


Make a note of this result. 
Then on to the next frame. 


2 Example. Find the length of the curve y* = x* between x = 0 and x = 4. 


2 = 3 5 = 3/2 . ὧν 3 ἃ Ae dy _ 9x 
γ Ξχ Av yFx ἀν 2. ι{ 1+7 


ef oa e048) ] 


0 
are Pee ee = 
== [ον ο 1| = [31:6 | 
= = (30-62) = 9-07 units 


That is all there is to it. Now here is one for you: 


Example. Find the length of the curve y = 10 cosh τ between x =—1 
and x = 2. 


Finish it, then turn to frame 25. 
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s = 3-015 units 25 


Here is the working set out. ὲ : 
y = 10 cosh a s= [Μ +(2) jax 


dy . Xe eve dy 2 24:9. δ, 2 x 
gions ΞΕ —_— ΤῊΝ τ |--- - + —_ = Saati 
sinh 10 1 ( - 1+ sinh 10 cosh 10 


Ls ἰ Joos] ax = " cosh ao dx = [10 sinh a ᾿ 
=10 | sinh Q-2 -- sinh (-0-1)} sinh(—x) = —sinh x 
= 10[sinh 0-2 + sinh 0-1] 
= 10[ 0-2013 + 0-1002 | 
= 10 [ 0.3015] = 3.015 units 
Now to frame 26. 


Lengths of curves — parametric equations 


Instead of changing the variable of the integral as we have done before 26 
when the curve is defined in terms of parametric equations, we establish 
a special form of the result which saves a deal of working when we use it. 


ere it is : ie Let y =f(t),x = F(t) 
oe =) As before 
δ =F (6s)? 5 (x)? + (69)? 


ἘΝ ge Divide by (61)? 
(2) 

(5) -() «By 
ae VG) (47] 
of Me eye 


This is a very useful result, Make a note of it in your book and then turn 
on to the next frame. 


If 6f > 0, this becomes 
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2] Example. Find the length of the curve x = 2 cos?@, y = 2 sin? @ between 
the points corresponding to 6 = 0 and @ = 7/2. 


Ramenter anf (5) Ge) 


0 dé 


We have % 6 coste (—sin 6) = —6 cos?@ sin @ 


dé 
dy in? 
aw 6 sin’ @ cos @ 
. (ax? (ἄγ 40 «:..2 4 2 
Bs (5) ΠΡ, = 36 cos’@ sin?@ + 36 sin*@ cos’ 6 
= 36 sin?6 cos” (cos? 6 + sin?) 
= 36 sin?@ cos?6 
: dx? (ἀν an 
J (&) +(2) | = 6 sin 6 cos 6 = 3 sin 26 


π|2 
is | 3 sin 20 dé 


0 
Sa estes Finish it off. 


28 | s=3 units 


πίλ 
For we had 5 =| 3 sin 26 dé 


= Lets Po he : 
ἢ Ι rig 8 )| πο 
It is all very straightforward and not at all difficult. Just take care not 


to make any silly slips that would wreck the results. 


Here is one for you to do in much the same way. 


Example. Find the length of the curve x = 5(21 — sin 2r), y = 10 sin?t 
between {ΞΟ and ἐξξ π. 


When you have completed it, turn on to frame 29. 
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29 


For: x = 5(2t — sin 2), y = 10 sin?t 
᾿ ax 5(2 — 2 cos 20 = 10(1 - cos 22) 


ᾧ- 20 sin tf cos t = 10 sin 21. 
dt 


dxy | (dy)? 2 2 
preset 227) = = + 
(Ξ) +() 100(1 — 2 cos 2t + cos? 20) + 100 sin? 2r 
= 100(1 — 2 cos 2¢ + cos? 2r + sin? 27) 
= 200(1 — cos 2r) But cos 2t= 1 — 2 sin?¢ 
= 400 sin? r 


Ὁ {(Ὁ} + ὦ} = 20 sine 


π “Ὁ 
8 -| 20 sin t dt = 20 [τῶ ἢ 
0 0 


= 20 ω ἘΞ c| = 40 units 
Next frame. 


30 


So, for the lengths of curves, there are two forms: 


(i) ce jax when y = F(x) 


(ὃ s { AG 2 ap for parametric 


equations. 
Just check that you have made a note of these in your record book. 


Now turn on to frame 31 and we will consider a further application of 
integration. This will be the last for this programme. 
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31 Surfaces of revolution 
If an arc of a curve rotates about an axis, it will generate a surface. Let 


us take the general case. 
Find the area of the surface generated when the arc of the curve 
y =f(x) between x =x, andx =x, rotates about the x-axis through a 


complete revolution. 


Y 


If we rotate a small element of 
arc 6s units long, it will generate 
a thin band of area 6A. 

Then 6A = 2πγ. ὃς 


Dividing by 5x, gives 6A. ὃς 
δι bx 

: dA _ ds 

and if 6x > 0, τ (VR 


Now we have previously seen that < - (1 (2) 


- = = ony J (1 (2) | 


So that A= oe 
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a-[" amy Δι +(Z) 32 


This is another standard result, so copy it down into your record 
book. 


Then on to the next frame. 


Here is an example requiring the last result. 


Example. Find the area generated when the arc of the parabola y? = 8x 3 3 
between x = 0 and x = 2 rotates about the x-axis. 


me ae eg 
0 
y? = 8x Spe aoa AD ads? ἢ ae a2 


1+(2) = 1+ 2. ἐξε 


.ΑΞ ᾿ an 2y2 ὃς [{53] dx 


ἰ, ee A OtBk ay 


4/20 p (x+ oH dx 


ἜΤ ΡΠ ΤΠ Finish it off: then move 
on. 


A= 19.57 = 61-3 units” 34 


2 1 
For we had A=4y2.1| (x + 2)? dx 
0 


nan esp 


=F | (a) (2va)] 
Ξ 8s 82 - 4 εξ [7312] 


Ξ 19.5π Ξ6].3 units? 


Now continue the good wark by moving on to frame 35. 
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3 5 Surfaces of revolution — parametric equations 


We have already seen that if we rotate a small arc 6s, the area δὰ of 
the thin band generated is given by 


5A = 2ay.6s 
If we divide by 56, we get 

BA a γεν 58 

50 66 
and if 6@ > 0, this becomes 

ga _, 45 

αθ "a6 


We already have established in our work on lengths of curves that 
ool Ge) (8) 
Bh any {{{Π| +3) | 
a=" am /{CBy (Q)')a 


This is a special form of the result for use when the curve is defined as a 
pair of parametric equations. 


On to frame 36. 


Example. Find the area generated when the curve x =a(@ — sin 0), 
3 6 y =a(1— cos @) between θ = 0 and 6 = 7, rotates about the x-axis 
through a ima revolution. 


Here =a(l—cos @) .  () = a?(1—2 cos @ + cos? 6) 
o . (ὦ Cae 3 ἢ 
τ =a sin @ Ἢ (=) =a‘ sin’é 


S (Θ᾽ +(2) Ξ43(1 -- 2 cos θ + cos?@ + sin? 6) 


dé 6 
=2a? (1 --οο50) But cos@=1 ~ 2 sin?-> 


. 46 
Ξ 4 2 sin? -- 


ΠΡ 


Finish the integral and so find the area of the surface generated. 
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MG) +B) p 22508 37 
ΑΞ Ϊ ' ony J (@) ay) do 


π 
Ξ an «(1 —cos @). 2a she. de 
0 2 


Ξ i 29 . θ 
Ξ2π a(2 sin* =). 2a sin= dé 
0 2 2 


π ἢ θ θ 
= Ra? ie BON ce Me 
81a ja cos 5) sins: dé 
π 


= ὃπα2 ᾿ (sin =— cos? 5 sin 5 \a9 


- 5πα3 [το δὰ osh+ 2 cos® 3:95. 9" 
[ 0 


3 
8na? (0) - oe 


= 8πα2 4/3 |= = ἔπε units? 


Here is one final one for you to do. 

Example. Find the surface area generated when the arc of the curve 

y = 327, x =3t-2° between ¢ = 0 and? = 1 rotates about OX through 
2π radians. 

When you have finished — next frame. 


Hereitisinfull. , ὧν. ei εξ» 
γεϑβ 2-6 (2) = 361 38 
2 
χΞϑι--τ "95 -3- 312 = 3(1 - ) . (2) = 9(1 — 27? τ.) 
dxy ayy? = - 2 4 2 
() +(2) 9— 18t? 97 + 36t 


; =9+ 1827 + 94 = 9(1 + 27)? 
Σ a=[ 2n 3t? ψ9(1 + t?)?. at 
0 


1 1 
= 18n{ P+) dt=18r) (2 τι) at 
0 0 


Bere ee ἣν fail 8 _ 48m 
1895 ae = 80] 54g [eter ἐς τϑϑξ υρω 
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3 g Rules of Pappus 


There are two useful rules worth knowing which can well be included 
with this stage of the work. In fact we have used them already in our 
work just by common sense. Here they are: 

1. If an arc of a plane curve rotates about an axis in its plane, the area 
of the surface generated is equal to the length of the line multiplied by 
the distance travelled by its centroid. 

2. If a plane figure rotates about an axis in its plane, the volume 
generated is equal to the area of the figure multiplied by the distance 
travelled by its centroid. 


You can see how much alike they are. 


By the way, there is just one proviso in using the rules of Pappus: the 
axis of rotation must not cut the rotating arc or plane figure. 

So copy the rules down into your record book. You may need to 
refer to them at some future time. 


Now on to frame 40. 


Revision Summary 


40 


1. Volumes of solids of revolution 
(a) about x-axis 


62 
Parametric equations V =| ny? ee ἀθ’ Fishes. 
(b) about y-axis a1 
Y 
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2. Centroids of plane figures 


4. Lengths of curves 


y= f(x) 


Parametric equations 


5. Surfaces of revolution 


y=fx) 


Parametric equations 


a /(+(2)] Be. aesied (vii) 
s={ vB) [2 ee (vii) 
A -(" any,/(1 ᾿ (2) } ne (ix) 
A an 2πν (2) 4 (2) | eee (x) 


All that now remains is the Test Exercise in frame 41, 50 when you are 


ready, turn on and work through it. 
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Ai Test Exercise—XVII 


The problems are all straightforward so you should have no trouble 


with them. Work steadily: take your time. Do all the questions. Off 
you go. 


ἜΒΗ 


Ἂ 


ww 


. Find the position of the centroid of the plane figure bounded by the 


curve y = 4—x? and the two axes of reference. 


. The curve y? =x(1 —x)? between x = 0 and x = 1 rotates about the 


x-axis through 27 radians. Find the position of the centre of gravity 
of the solid so formed. 


. Ifx =a(@ —sin@), y = a(1 — cos 6), find the volume generated when 


the plane figure bounded by the curve, the x-axis, and the ordinates at 
6 =0 and @= 27, rotates about the x-axis through a complete 
revolution. 


. Find the length of the curve 4xy = x? + 4 between x = 1 and x =e. 


. The arc of the catenary y = 5 cosh between x =O and x = 5 rotates 


about OX. Find the area of the surface so generated. 


. Find the length of the curve x = 5(cos θ + @ sin @), 


y = 5(sin 6 — @ cos 6) between 6 = Ο and 6 = 2/2. 


. The parametric equations of a curve are x =e! sint, y =e! cost. If the 


arc of this curve between f = 0 and f = 7/2 rotates through a complete 
revolution about the x-axis, calculate the area of the surface generated. 


Now you are all ready for the next programme. Well done, keep it up! 
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Further Problems—XVIH 


2 
1. Find the length of the curve y =5-% +4 1n(1 —x) between x =0 


Εἴ 
and x = 5. 


2 For the catenary y =5 cosh, calculate 


(i) the length of arc of the curve between x = 0 and x = 2. 
(ii) the surface area generated when this arc rotates about the x-axis 
through a complete revolution. 


3. The plane figure bounded by the parabola y? = 4ax, the x-axis and 
the ordinate at x =a, is rotated through a complete revolution about 
the line x = —a. Find the volume of the solid generated. 


4. A plane figure is enclosed by the parabola y? = 4x and the line y = 2x. 
Determine (i) the position of the centroid of the figure, and (ii) the 
centre of gravity of the solid formed when the plane figure rotates 
completely about the x-axis. 


5. The area bounded by y?x = 4a?(2a — x), the x-axis and the ordinates 
x =a, x = 2a, is rotated through a complete revolution about the 
x-axis. Show that the volume generated is 4πα (2 In 2 -- 1). 


6. Find the length of the curve x?/3 + y?/3 = 4 between x = 0 and 
x=8. 


7. Find the length of the arc of the curve 6xy =x* + 3, between x = | 
and x = 2. 


8. A solid is formed by the rotation about the y-axis of the area bounded 
by the y-axis, the lines y =—5 and y = 4, and an arc of the curve 
2x? — y? = 8. Given that the volume of the solid is Lee , find the 


distance of the centre of gravity from the x-axis. 
9. The line y = x — 1 is a tangent to the curve y = x3 —5x? + 8x-4 


at x = 1 and cuts the curve again at x = 3. Find the x coordinate of 
the centroid of the plane figure so formed. 


478 


Programme 17 


10. Find by integration, the area of the minor segment of the circle 
x? τ γῇ Ξ 4 cut off by the line y = 1. If this plane figure rotates 
about the x-axis through 27 radians, calculate the volume of the 
solid generated and hence obtain the distance of the centroid of the 
minor segment from the x-axis. 


11. If the parametric equations of a curve are x = 3a cos @ — a cos 36, 
y = 3a sin @ --α sin 30, show that the length of arc between points 
corresponding to 0 = 0 and θ = ¢ is 6a(1 — cos φ). 


12. A curve is defined by the parametric equations 
x=6@-sin@, y=1-—cosé 
(i) Determine the length of the curve between 6 = 0 and 0 = 2π. 
(ii) If the arc in (i) rotates through a complete revolution about the 
x-axis, determine the area of the surface generated. 
(iii) Deduce the distance of the centroid of the arc from the x-axis. 


13. Find the length of the curve y = cosh x between x = 0 andx = 1. 
Show that the area of the surface of revolution obtained by rotating 


the are through four right-angles about the y-axis is τ -Ὁ units. 


14. A parabolic reflector is formed by revolving the arc of the parabola 
) = 4ax from x = 0 tox = h about the x-axis. If the diameter of the 
reflector is 2/7, show that the area of the reflecting surface is 


τ [ω + 4n?)3/? ΕἾ 


15. A segment of a sphere has ἃ base radius r and maximum height A. 


Prove that its volume ral h? + 37? | 


16. A groove, semi-circular in section and 1 cm deep, is turned in a solid 
cylindrical shaft of diameter 6 cm. Find the volume of material 
removed and the surface area of the groove. 


17. Prove that the length of arc of the parabola y? = 4ax, between the 
points where y = 0 and y = 2a, ἰ5 αἱ Ψ2 + In(1 + -V/2)} This arc is 
rotated about the x-axis through 27 radians. Find the area of the 
surface generated. Hence find the distance of the centroid of the 
arc from the line y = 0. 
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18. A cylindrical hole of length 2a is bored centrally through a sphere. 
3 


Ε _.  . ἅπα 
Prove that the volume of material remaining is π᾿ 


19. Prove that the centre of gravity of the zone of ἃ thin uniform 
spherical shell, cut off by two parallel planes is halfway between the 
centres of the two circular end sections. 


20. Sketch the curve 3ay” = x(x — a@)?, when a > 0. Show that 
3 = 
a = £5 Gan) and hence prove that the perimeter of the loop is 


4a/ “3 units. 
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INTEGRATION APPLICATIONS 


PART 3 


Programme 18 


1 1. Moments of inertia 


The amount of work that an object of mass m, moving with velocity ν, 
will do against a resistance before coming to rest, depends on the values 
of these two quantities: its mass and its velocity. 

The store of energy possessed by the object, due to its movement, is 
called its kinetic energy, and it can be shown experimentally that the 
kinetic energy of a moving object is proportional 


(i) to its mass, 
and (ii) to the square of its 0. eee 


K.E.cmy? 2. K.E.=kmy? 


That is, 


and if standard units of mass and velocity are used, the value of the 
constant k is}. 
Δ ΚΕ. Ξξ νιν 


No doubt, you have met and used that result elsewhere. 
It is important, so make a note of it. 


In many applications in engineering, we are concerned with objects 
that are rotating — wheels, cams, shafts, armatures, etc. — and we often 
refer to their movement in terms of ‘revolutions per second’. Each 
particle of the rotating object, however, has a linear velocity, and so has 
its own store of K.E. — and it is the K.E. of rotating objects that we are 
concerned with in this part of the programme. 


So turn on to frame 4. 
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Let us first consider a single particle P of mass m rotating about an 4 
axis X with constant angular velocity w radians per second. 


DN 


im This means that the angle θ at the 
centre is increasing at the rate of 
w radians/ per second. 


Of course, the linear velocity of P, ν cm/s, depends upon two quantities 


(i) the angular velocity (w rad/s) 
ANd Also: © (Gi) wscsscscvectee che caevesvesetegieedeessevaves 


how far P is from the centre 5 


a To generate an angle of 1 radian in a 
φς second, P must move round the circle 
᾿ ‘ a distance equal to 1 radius length, 

pen ᾿ i.e.r(cm). 


If @ is increasing at 1 rad/s, Pis moving at r cm/s, 
PPT ee ” 2 ᾿  Pis moving at 2r cm/s, 
Re oe ᾿ *3 =” ΡΞ moving at 3r cm/s, etc. 
So, in general, 

if 6 is increasing at ὦ rad/s, P is moving at wr cm/s. 
Therefore, if the angular velocity of P is w rad/s, the linear velocity, 


V, OF PaS.20. nies 


6 


We have already established that the kinetic energy of an object of 
mass m moving with velocity v is given by 


KBs tneeaticads 
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So, for our rotating particle, we have 
K.E.=4mv? 
=4m(wr)* 
=tmu?r? 


and changing the order of the factors we can write 


where «= the angular velocity of the particle P about the axis (rad/s) 
m = mass of P 
r = distance of P from the axis of rotation 


Make a note of that result: we shall certainly need that again. 


ΚΕ. =4 w?. mr? 


If we now have a whole system of particles, all rotating about XX 
with the same angular velocity ὦ rad/s, each particle contributes its own 
store of energy. 


x 
K E; =4 Wr. My ry 
πο τη 
K.E, TT been cence Ή ΉῊΝ 
r2. ir? 
rs —ms K.E3 Π «οὐδοοεςοοοοδοφοδθοοο 
ἧς Sees ΚΣ anaeg ce 
Χ 
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So that, the total energy of the system (or solid object) is given by 
K.E. = K.E, + K.E, + K.E,; + K.E, t+... 


=4w?.m, ry? ἘΞ wm, ry? +4w?.m; r3? τορος 
K.E.= 25 w?.mr? 


K.E.=4 οἷ, Dmr? (since w is a constant) 


This is another result to note. 


10 


This result is the product of two distinct factors: 


(i) 4? can be varied by speeding up or slowing down the rate of 
rotation, 

(ii) Dm? is a property of the rotating object. It depends on the 
total mass but also on where that mass is distributed in relation to 
the axis XX. It is a physical property of the object and is called its 


second moment of mass, or its moment of inertia (denoted by the 
symbol I). 


but 


. [= ZImr? (οι all the particles) 


Example: For the system of particles shown, find its moment of inertia 
about the axis XX. 
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TI I =21 kg m? 


Since I= Zmr? nae 

2.3 ae ey ees 

= & ἘΠ] ἜΡΩΣ Ξ2ί Κα - 
b Pe 1G 


it 


" 


Move on to frame 12. " Se Ly ΞῈ 
2. Radius of gyration 
if. 
"————-m, 
᾿ 5 If we imagine the total mass Μ of 
Ξ me the system arranged at a distance k 
(m) from the axis, so that the K.E. of M 
| i: would be the same as the tota] K.E. 
r3——~ m3 of the distributed particles, 


τ τ 
Χ 
then 4w*.Mk? =4 2. Dmr? 
Mk? = Dmr? 


and & is called the radius of gyration of the object about the particular 
axis of rotation. 


So, we have l=Dmr?: Mk2=] 
1 = moment of inertia (or second moment of mass) 
k= radius of gyration about the given axis. 
Now let us apply some of these results, so on you go to frame 13. 


Example 1. To find the moment of inertia (I) and the radius of 
13 gyration (k) of a uniform thin rod about an axis through one end perpendi- 
cular to the length of the rod. 


Xx 

" Pa Ἵ 

7 «(Let p = mass per unit length of rod 
Le x | - Mass of element PQ = p.éx. 

χ 8 


fe οἱ 
ἧς Second moment of mass of PQ about XX = mass X (distance)? 
= p.6x. x? = px?.8x. 
“Ὁ Total second moment for all such elements can be written 
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a 
12D px?.6x 
0 


The approximation sign is included since x is the distance up to the 
left-hand side of the element PQ. But, if 6x > 0, this becomes 
a x3]? pad pa? 
1Ξ px?.dx= IF] = wy 
\" Clue os 3 
Now, to find k, we shall use Mk? =1, so we must first determine the 
total mass M. 
Since p = mass per unit length of rod, and the rod is a units long, the 
total mass, M =... 


14 


M=ap 
3 
Mk? =I ap.k? =" 
2 
iP =S k= 
3 
_ Pa - «ἡ 
I 3 and k V3 


Now for another: 


Example 2. Find I for a rectangular plate about an axis through its c.g. 
parallel to one side, as shown. 


Let p = mass per unit area of plate. 
Mass of strip PQ = b.5x.p 


Second moment of mass of strip 
about XX 


=b 5x p.x? 


(i.e. mass X distance”) 
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Did you remember the limits? 
So now, if 6x > 0, 


—d/2 ~a/2 
: (d>\__d3\\_bpd 
τ (3) ( 24 |. 1 
_ bd? p 
ay 
d2 
and since the total mass M=bdp, I= no) 
l= bd*p _Md* 
1 2 


This is a useful standard result for a rectangular plate, so make a note of 
it for future use. 


17 


Here is an example, very much like the last, for you to do. 
Example 3. Find 1 for a rectangular plate, 20 cm X 10 cm, of mass 2 kg, 
about an axis 5 cm from one 20-cm side as shown. 

Χ 


10cm 


i 


Take a strip parallel tothe axis and 
argue as before. 


Note that, in this case, 
20cm 


ie. p = 0-01 kg/cm? 


KV SSSASSSASSSSSSSSSSSSSSSSSY 


ae 


Finish it off and then turn on to the next frame. 


Seng ee Z = eee = 
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I= 217 kg cm? 18 


Χμε- 45cm >| Here is the working in full: 


p= 0-01 kg cm? 


Area of strip = 20.6x 

Δ Mass of strip = 20.6x.p 

“. 2nd moment of mass of strip 
about XX + 20.6x.p.x? 


x =15 
Δι’ Total 2nd moment of mass=I2 = 20px?.x. 


x= 5 
15 3715 
If 5x > 0, 1-| 20 px*ax = 20 6|=| - 208{3375 -125| 
5 5 Ξ 
- 20 1 _650_, 2 
23250} τὸ 3 217 Κρ cm 


Now, for the same problem, find the value of k. 


k= 10-4 cm 19 
for Mk? =I and M=2kg 


02k? =217 .. k? = 108-5 
Δ k =+/108-5 = 10-4 cm 
Normally, then, we find I this way: 


(i) Take an elementary strip parallel to the axis of rotation at a 
distance x from it. 
(ii) Form an expression for its second moment of mass about the axis. 
(iii) Sum for all such strips. 
(iv) Convert to integral form and evaluate. 


It is just as easy as that! 
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20 3. Parallel axes theorem 


If Il is knowr about an axis through the c.g. of the object, we can easily 
write down the value of I about any other axis parallel to the first and a 
known distance from it. 


A 
Let G be the centre of gravity of the 
| object 
| Dr ; 
; Let m = mass of the strip PQ 
| 7 Then Ig = Emx? 
Z 
| ; and Ing = Em(x +I)? 
| 2 
| a 
i ι se 
Γ᾿ (τὸ -- 


Ὁ ΤᾺ = Dm(x? + 2ιχ +P) 
= Dmx? + L2mxl + Umi? 


= Dmx? +2lDmx+l?OSm (since /is a constant) 
2= 


Right. In the middle term we have © mx. This equals 0, since the axis XX 
by definition passes through the c.g. of the solid. 
[π our previous result, then, 


=mx?=1g; Umx=0; Tm=M 
and substituting these in, we get 
Tap =Igt+MP 


Thus, if we know Ig, we can obtain I 4p by simply adding on the 
product of the total mass X square of the distance of transfer. 


This result is important: make a note of it in your book. 
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Example ]. To find 1 about the axis AB for the rectangular plate shown 99 
below. A 


Total mass = 3kg 


B 
We have: Ig = 
. Tap Ξὶς + MP? 
=4+43.25=4+75=79 kg cm? 
ΔΊ Iyp = 79 kg cm? 
As easy as that! nis ens eae 
; Next frame. 


You do this one: 

Example 2. A metal door, 40 cm X 60 cm, has a mass of 8 kg and is 23 

hinged along one 60-cm side. 

Here is the figure: 
A Χ 
ἢ 40cm >| Calculate 

(i) I about XX, the axis through the c.g. 
(ii) 1 about the line of hinge, AB. 
(iii) k about AB. 


60 cm 


B 


x 
Find all three results: then turn on to frame 24 and check your working. 
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24 [ἸΧχχ = 1067 kg cm?; ΙΒ = 4267 kg cm?; ΚΑΒ = 23-1 cm ] 
Solutions: 


(i) 


(ii) Ing =Ig+Ml? = 1067 +8. 20? = 1067 + 3200 
= 4267 kg cm? 
(iii) Mk?= [8 ..ἕ 8k? = 4267 .. kh? =533-4 3 k= 23-1 em 
If you made any slips, be sure to clear up any difficulties. 


Then move on to the next example. 


25 Let us now consider wheels, cams, etc. — basically rotating discs. 
To find the moment of inertia of a circular plate about an axis through 
its centre, perpendicular to the plane of the plate. 


"ες 


If we take a slice across the disc as an elementary strip, we are faced 
with the difficulty that all points in the strip are not at the same distance 
from the axis. We therefore take a circular strip as shown. 


Mass of strip =27x.5x.0  (p = mass per unit area of plate) 
ἦς 2nd moment of strip about ZZ > ooo | 


Ὀ 
, 
4 
g 
7 
7 
7 
4 
7 
iy 
4 
2 
4 
4 
7 
7 
7 
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26 


Δι 2nd moment of strip about ZZ = 21px*.6x 
ἧς Total 2nd moment for all such circular strips about ZZ, is given by 


r x4 r 
If 6x > 0, Iz Ξὴ 2npx?.dx = 2np|—> 
0 4 10 


ert 


_ 2npr* _ arp 


AP 2 
Total mass, M = mr’ 
ἘΣΞ arp _M.r° 
ae 2 


This is another standard result, so note it down. 


Next frame. 


_ Tp MP 27] 


Example 1. Find the radius of gyration of a metal disc of radius 6 cm 
and total mass 0-5 kg. 

We know that, for a circular disc, 
Με 
Ds, 
so off you go and find the value of k. 


IZ = and, of course, Mk? =1 


_M.r? _ 0-5. 36 _ 2 
I, = 7 5 =9kg cm 
Mk? =I 5k? =9 k? =18 

k=4.24 cm 


They are all done in very much the same way. 


Turn to frame 29. 
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2 4 Perpendicular axes theorem (for thin plates) 


Let 6m be a small mass at P. 
Then Iy = Ydm.y? 


and ἴν * LSm.x? 


Let ZZ be the axis perpendicular to both XX and YY. 
Then Iz = Σδηι (ΟΡ) = Ldm.(x? + y”) 
= Lom.y? + Lbm.x? 
Ὁ Ig aly tly 
.. If we know the second moment about two perpendicular axes in the 


plane of the plate, the second moment about a third axis, perpendicular to 
both (through the point of intersection) is given by 


I7 =Ix tly 
And that is another result to note. 


30 To find I for a circular disc about a diameter as axis. 
x 


We have already established that 


- ᾿ 1, = tp Mur? 
BI 3.32 
Let XX and YY be two diameters 
perpendicular to each other. 

Ζ 2 
Then we know Ix tly =lz = Me 
But all diameters are identical 

. : Μιυῖ , ΟΜ.» 

ἮΝ ly =ly Ὁ 21s oe ris 
“. For a circular disc: 

πῆρ _ M.r? mr’p _ M.r? 


Make a note of these too. 
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Example, Find I for a circular disc, 40 cm diameter, and of mass 12 kg, 31 


(i) about the normal axis (Z axis), 
(ii) about a diameter as axis, 
(iii) about a tangent as axis. 


Work it through on your own. When you have obtained (ii) you can 
find (iii) by applying the parallel axes theorem. 


Then check with the next frame. 


32 


12 = 2400 kg cm?; Iy = 1200 kg cm?; I, = 6000 kg cm? 


For: 


(iii) Ly = 1200 kg cm? 

By the parallel axes theorem 
Ιτ =Iy + MI? 

= 1200 + 12.20? 


= 1200 + 4800 
= 6000 kg cm? 


ES eens 


In the course of our work, we have established a number of important 
results, so, at this point, let us collect them together, so that we can see 
them as a whole. 


On then to the next frame, 
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3 3 Useful standard results, so far. 


1. T==mr?; M.k? =] 
2. Rectangular plate (p = mass/unit area) 


[2 
a Ss, Sa es 
Ὁ 


3. Circular disc 


I - πεῖρ = Mr? 
2. 2 2 
x Lee arp = M.r? 
Χ "4 4 
Ζ 
4. Parallel axes theorem 5. Perpendicular axes theorem 
a x Ζ 
| Y 
| 
| 
| 
x Χ 
} 
| : i 
Β' Χ Ζ 
Tap =I + MI? [2 =Ix τίν 


These standard results cover a large number of problems, but some- 
times it is better to build up expressions in particular cases from first 
principles. Let us see an example using that method. 
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Example 1. Find 1 for the hollow shaft shown, about its natural axis. 34 
Density of material = 0.008 kg/cm’. 


a ἀδοῖι::-------. οἱ 


Mass of shell = 2πχ.δχ.40ρ. kg 


ἡ 2nd mt.about XX 22mx.5x.40p.x? 
= 80 mpx?.6x 


x=8 
᾿ς Total2ndmt. Σ 807px°.5x 
x=4 


Now, if 6x τοῦ, 15 wee eeeeeereee 
and finish it off, then check with the next frame. 


= 1931 kg cm? 35 


8 478 
For I= 80n0| x3 dx = βοπρ δ 
4 4 }4 
Ξ Sone [642 - 167] 
= 207p . 48. 80 = 207 .48.80.0-008 
= 614-47 = 1931 kg cm? 
Here is another: 
Example 2. Find land k for the solid cone shown, about its natural axis 


Υ symmetry. 


First take an elementary disc at 
distance x from the origin. For this 
disc, OX is the normal axis, so 


Then sum for all the discs, etc. 


Finish it off. 
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36 ly = 2562p ; k= 2:19 cm 


Solution: 
4 
For elementary disc: ly = my 
ate 10 ny* 5xp 
Totally 5 2 ΞΞ a 
10 4 10 
If 5x +0, Ix = ΤΡ. ape 10 y* dx 
9 2 2 Jo 
Now, from the figure, the slope of the generating line is 4/10. 
ae 
τὸ 


_ 1p 0-0256 [Ὁ 
2 Usa 


= 1p0-0256. 107 = 256 mp 


Now we proceed to find k. 


Total mass = M =4 147 10p = ee 
Mk? =1 
, LOOAP κα = 256 mp 
Aes 3.256.πρ 
160.πρ 
. 364 
40 
Ξ 4.8 


Ὁ ΚΞ 4.8 = 2:19 cm 
Turn now to frame 37. 
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5. Second moments of area 


In the theory of bending of beams, the expression Lar’, relating to the 

cross-section of the beam, has to be evaluated. This expression is called 

the second moment of area of the section and although it has nothing 

to do with kinetic energy of rotation, the mathematics involved is 

clearly very much akin to that for moments of inertia, i.e. Dr’. 
Indeed, all the results we have obtained for thin plates, could apply to 

plane figures, provided always that ‘mass’ is replaced by ‘area’. In fact, 

the mathematical processes are so nearly alike that the same symbol (I) 

is used in practice both for moment of inertia and for second moment 

of area. 


37 


Moments of inertia Second moments of area 
I= <mr? 1= Zar? 
Mk? =I Ak? =] 
Rectangular plate Rectangle 
iS bd°p EA ba? 
σ΄ 12 C12 
12 1 
Circular plate Circle 
_ rtp nr* 
ey ΠΝ 
2 2 
ipa pete 
Χ 4 Χ 4 
Mr? Ar 
4 4 


Parallel axes theorem — apphes to both. 


lap = Ig + MI? Inp Ξῖς t+ Al? 


Perpendicular axes theorem — applies to thin plates and plane figures only. 


Turn on. ele tly 


38 
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39 There is really nothing new about this: all we do is replace ‘mass’ by 
‘area’. 


Example 1. Find the second moment of area of a rectangle about an axis 
through one corner perpendicular to the plane of the figure. 


Ζ 


ea eee 
PO 9p = gp, 2 om 


By the parallel axes theorem, Ly =... 


40 Ιχ = 128 cm* 


for ly = 32+ 24.2? = 32+ 24.4 
= 32 +96 = 128 cm* 


3 
Also eave = a 
RS 1 Meibed asm a 
Al lpg = 72 em: 
for 4. 6° 4 


4? 


For, again by the parallel axes theorem, 

ly = 72 + 24.3? = 72 + 216 = 288 cm* 
So we have therefore: Iy = 128 cm* 

and ly = 288 cm* 


ἐς 12 (which is perpendicular to both ly and Iy) = 
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ἘΣ 43 


a [5 ἘΥΓΓΕΙΓΤΈΕΙΓΕΕΙ ΕἸ ΕἸ ΕΙ ΕΠΠΙ Π ΓΠῸῚ ἘΓΓΙ Ε ΓΤ Γ 


When the plane figure is bounded by an analytical curve, we proceed in 
much the same way. 


Example 2. Find the second moment of area of the plane figure bounded 
by the curve y = x? + 3, the x-axis, and the ordinates at x = 1 and x = 3, 
about the y-axis. 


Y 
y=x?t+3 


Area of strip PQ = y.6x 
.. 2nd mt. of strip about OY = y.5x. x? 
=x? y.6x 


PASSES 


τ Μὰ 3 Χ “Ty one y 6x 


3 
If 5x > 0, ty =| KV ΧΙ ΞΟ  Α οι εελλιις 
1 


Finish it off. 
ly = 74-4 units* 44 


for l= 


5 
= (22 +27) -(£+1) 


= = + 26 = 48-4 + 26 = 74-4 units* 


Note: Had we been asked to find ly , we should take second moment of 
yy rae 

the strip about OX, i.e. ydx 6) ;sum for all strips 2 — 6x;and then 
2 x=1 4 

evaluate the integral. 

Now, one further example, so turn on to the next frame. 
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A Example 3. For the triangle PQR shown, find the second moment of area 
and k about an axis AB through the vertex and parallel to the base. 


ἶ 
ae ee 


First consider an elementary strip. Area of strip =x.dy 
.. 2nd mt. of strip about AB = x.6y.y? =xy?.6y 
ἦι Total 2nd mt.about AB for all such strips 


yas 
=D xy?.by 
y=0 


5} 
If &y > 0, lan =| xy? dy 
0 


We must now write x in terms of y — and we can obtain this from the 
figure by similar triangles. 
Finish the work off, so that [yyy = «τοννννοννννννννννννς, 


46 1=250cm* ; k= 3-536 cm | 


ὥς ας ὃν 
For we have ae ae: x 5 
5 85 8 γῇ 5 
τ ἘΞ 2 Ξ- 3 Ξ.: ial 
ΑΒ | dy ἐν dy ἼΗΙ 
-3 (κ4..0] = & s 4 
=39 [5*-0] 7g (625) 250 cm 
_ 5.8 2 
Also, total area, A = ~~ = 20 cm 
. Ak? =I 7. 20k? =250 
k* =12-5 


“ k= 3-536 cm 
Next frame. 
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Composite figures 47 


If a figure is made up of a number of standard figures whose individual 
second moments about a given axis are I,, Iy, Is, etc., then the second 
moment of the composite figure about the same axis is simply the sum 
of I,, ly, Is, etc. 

Similarly, if a figure whose second moment about a given axis is I, 
is removed from a larger figure with second moment I, about the same 
axis, the second moment of the remaining figure is ] = 1, — 12. 


Now for something new. 


48 


6. Centres of pressure 
Pressure at a point P depth z below the surface of a liquid. 


5 5 If we have a perfect liquid, the 
pressure at P, i.e. the thrust on unit 
area at P, is due to the weight of the 

i column of liquid of height z above it. 


Pressure at P = p = wz, where w = weight of unit volume of the liquid. 


Also, the pressure at P operates equally in all directions. 


5 5 
| 
| Note that, in our considerations, we 
Ι ᾿ shall ignore the atmospheric pressure 
which is also acting on the surface of 
Ι the liquid. 
wz. | 


p=wz 


The pressure, then, at any point in a liquid is proportional to 
the ἐς τον Severe of the point below the surface. 
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48 


Total thrust on a vertical plate immersed in liquid. 


Ξ 5 Consider a thin strip at a depth Ζ 
Ζ a below the surface of the liquid. 
4; Pressure at P= wz. 
Sr a eee .. Thrust on strip PQwz (area of strip) 
=w.z.a.62Z 


Then the total thrust on the whole plate 


z=d4 
ἜΣ awzésé&z 
z=dy, 


d 
If 6z > 0, total thrust =| ᾿ αυνΖΩΖ Ξ....ϑρνννόνννννν 


dy 
aw 
50 4,3 αν 
d 
for: total thrust = af] 7 ae με" ταν 
Bliee 2 


This can be written 
Total thrust = (dz -d,) (dz + dy) 


= wa da) (2E%) 


d,+ 
2 Ξ is the depth half way down the plate, i.e. it indicates 


Now, 


the depth of the centre of gravity of the plate. Denote this by Z. 
Then, total thrust = wa(d,—d,)Z=a(d,—d,)wzZ. 
Also a(d, —d,) is the total area of the plate. 
So we finally obtain the fact that 
total thrust = area of plate X pressure at the c.g. of the plate. 


In fact, this result applies whatever the shape of the plate, so copy the 
result down for future use. 


On to the next frame. 
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Total thrust = area of plate X pressure at the c.g. of plate ay 


So, if w is the weight per unit volume of liquid, determine the total 
thrust on the following plates, immersed as shown. 


(i) 8 5 (ii) 85 85 
Sh —— 
4cm x ee 4cm Ν 
Γ᾿ 1Ocm 
6cm | 
«<8 cm—>| 
So, thrust (i) = oo... eee and thrust (ii) = 00... 


thrust (i) = 336 w : thrust (ii) = 180 w 52 


For, in each case, 
total thrust = area of surface X pressure at the c.g. 


~. 8 5 
(ἢ ae RC 
Area = 6 X 8 Ξ 48cm? 
Tom 
ite Pressure at G=7w 
6cem ἡ Total thrust = 48.7w 


Σ = 3361 


(ii) Area = one = 30cm? 
4cm 
+s 10 ¢m --»[ em Pressure at G = 6w 
᾿ ὡς Total thrust = 30.6w 


=180w 


On to the next frame. 
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53 If the plate is not vertical, but inclined at an angle @ to the horizontal, 
the rule still holds good. 


Example: 


Depth of G =d, +3 sin 30° =d, 4 


a b 
Pressure at G = (4; + ἢν 
Total area=ab 


Total thrust = wee 


54 


ab(d, εθὴν 


Remember this general rule enables us to calculate the total thrust on 
an immersed surface in almost any set of circumstances. 


So make a note of it: 


total thrust = area of surface X pressure at the c.g. 


Then on to frame 55. 
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Depth of centre of pressure 5 5 


n The pressure on an immersed plate 

aN increases with depth and we have seen 
how to find the total thrust T on the 
plate. 


The resultant of these forces is a single force equal to the total thrust, 
T, in magnitude and acting at a point Z called the centre of pressure of 
the plate. Let Z denote the depth of the centre of pressure. 

To find Z we take moments of forces about the axis where the plane of 
the plate cuts the surface of the liquid. Let us consider our same rectangu- 
lar plate again. 

8 ΕἸ 


αι 


N 


α.δὃΖ 


So the thrust on the strip ΡΟ = ......μεννννννννεννενν 
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58 a.6Zw.z ie. awzsz 


The moment of this thrust about the axis in the surface is therefore 
=awz62.z 
=awz?.8z 


So that the sum of the moments of thrusts on all such strips 


59 2 
Σ awz? &z 


Now, if δΖ > 0, 


dy 
the sum of the moments of thrusts = | awz?.dz 


Also, the total thrust on the whole plate ΞΞ........ὕἍννννννννννονον 


60 aa 
Ϊ awzadz 


Right. Now the total thrust X Z = sum of moments of all individual thrusts. 


4, - [42 
“| awzdex =| ανν Ζ2 dz 
ay ay 


᾿ d 
“. Total thrust X 7 = w| or 


=wl 
Therefore, we have 
τ wl _wAk? 
totalthrust AwzZ 


ke 
z 


Nil 


2S 


Make a note of that and then turn on. 
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So we have these two important results: 61 


(i) The total thrust on a submerged surface 
= total area of face X pressure at its centroid (depth 2) 
(ii) The resultant thrust acts at the centre of pressure, the depth of 
2 
which, Z, is given by z = Ξ . 


Now for an example on this. 


Example 1. For a vertical rectangular dam, 40m X 20m, the top edge 
of the dam coincides with the surface level. Find the depth of the centre 62 


of pressure. 


In this case, Z = 10m. 
To find k? about AB 


d? _40.20.400 _ 80 000 m4 


ς 12 12 3 
lap τς t AP = 20 + 800 100 
= £.(80 000) 
4 80000 400 
22 7 ean a τἰτΣ ἀμόμως τὸς 
Δ το =e $00 5 
gk? 400 _ 40 _ 
z= = 310 3 = 13-33 m 


Note that, in this case, 
(i) the centroid is half-way down the rectangle, 
but (ii) the centre of pressure is two-thirds of the way down the 
rectangle. 
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63 Here is one for you. 


Example 2. An outlet from a storage tank is closed by a circular cover 
hung vertically. The diameter of the cover = | mand the top of the cover 


ΕἸ 5 is 2-5 m below the surface of the 
Ϊ liquid. Determine the depth of the 
centre of pressure of the cover. 
25m 
Cm. 
ΞΖ... Ὑ 
Work completely through it: then check your working with the next 
frame. 7 
64 
We have: 
(i) Depth of centroid = 2 = 3m 
Ξ ὃ (ii) To find k? about AB 
A B 
[c= Ar _ πὰ)". 6); ey 
3m c 4 4 64 
| _ Tt 
ΙΑΒ το 64 Ss A.3? 
us 2 
=— + 1 
64 πὰ) .9 
- πὶ 9π 145π 
64 4 64 


ἔστ ΑΒ κατ πὰ ἢ ἢς 
Be ee ἢ θ 2 


ΕΠ ΕΙΠΕ ΓΕ ΧΣΕΕΙ ΒΕ ΕΙ ΠΡΕΙ ΠῚ ἘΠ ΕΙΠΕ 


And that brings us to the end of this piece of work. Before you work 
through the Test Exercise, check down the revision sheet that follows in 
frame 65 and brush up any part of the programme about which you may 
not be absolutely clear. 


Then, when you are ready, turn on to the Test Exercise. 
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Revision Sheet 


1. SECOND MOMENTS 
Mts. of Inertia 


2nd Mts. of Area 


(i) Ξ Σ ιν (i) I= Zar? 
Mk? =1I Ak? =] 
(ii) Rectangular plate: (ii) Rectangle: 
I bd*p _ Md? if δι) Ad 
ο΄ 12 12 er dl I 
(iii) Circular disc: (iii) Circle: 
Τ - πῆρ = Mr? ee mr = Ar? 
a) 2 re oa 
τ. το, Μυ [yp = AY 
x4 4 Χ 4 4 
(iv) Parallel axes theorem: 
Inp Ξῖς tM? Iap=lot Al? 
(v) Perpendicular axes theorem (thin plates and plane figures only): 


I, =ly tly 
2. CENTRES OF PRESSURE 
(i) Pressure at depth z = wz (w = weight of unit volume of liquid) 
(ii) Total thrust on plane surface 
= area of surface X pressure at the centroid. 
(iii) Depth of centre of pressure (Z): 
Total thrust X Z = sum of moments of distributed thrust 


where k = radius of gyration of figure about axis in surface of 
liquid, 
z = depth of centroid. 
Note: The magnitude of the total thrust 


= (area X pressure at the centroid) 
but it acts through the centre of pressure. 
bDooouodan ΓῚ ΙΝ] og Q ooaq0coda0a ΠΌΡΕ ΕΜ ΕΣ 
Now for the Test Exercise, on to frame 66. 
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66 


Work through all the questions in the Test Exercise. They are very 
much like those we have been doing, so will cause you no difficulty: 
there are no tricks. Take your time and work carefully. 


Test Exercise — XVIII 


1. (i) Find the moment of inertia of a rectangular plate, of sides a and b, 
about an axis through the mid-point of the plate and perpendicular to 
the plane of the plate. (ii) Hence find also the moment of inertia 
about an axis parallel to the first axis and passing through one corner 
of the plate. (iii) Find the radius of gyration about the second axis. 


2. Show that the radius of gyration of a thin rod of length / about an axis 
through its centre and perpendicular to the rod is aE ; 

An equilateral triangle ABC is made of three identical thin rods 
each of length /. Find the radius of gyration of the triangle about an 
axis through A, perpendicular to the plane of ABC. 

3. A plane figure is bounded by the curve xy = 4, the x-axis, and the 
ordinates at x = 2 and x = 4. Calculate the square of the radius of 


gyration of the figure (i) about OX, and (ii) about OY. 


4. Prove that the radius of gyration of a uniform solid cone with base 


2 
Σ Ε τς r 
radius r about its natura] axis is Ss ἢ 


5. An equilateral triangular plate is immersed in water vertically with 
one edge in the surface. If the length of each side is a, find the total 
thrust on the plate and the depth of the centre of pressure. 
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Further Problems — XVII 


1. 


10. 


A plane figure is enclosed by the curve y =a sin x and the x-axis 
between x = 0 and x = 7. Show that the radius of gyration of the 


av/2 


figure about the x-axis is στ. 


A length of thin uniform wire of mass Μ is made into a circle of 
radius a. Find the moment of inertia of the wire about a diameter 
as axis. 


A solid cylinder of mass M has a length / and radius r. Show that its 


2 2 
. : : : r 1 
moment of inertia about a diameter of the base is Me +4) 


Show that the moment of inertia of a solid sphere of radius r and 


. ee 
mass M, about a diameter as axis, is=Mr’. 


Prove that, if kK is the radius of gyration of an object about an axis 
through its centre of gravity, and k, is the radius of gyration about 
another axis parallel to the first and at a distance / from it, then 

ky =V(k? +P). 


A plane figure is bounded by the parabola y? = 4ax, the x-axis and 
the ordinate x = c. Find the radius of gyration of the figure 
(i) about the x-axis, and (ii) about the y-axis. 


Prove that the moment of inertia of a hollow cylinder of length J, 
with inner and outer radii r and R respectively, and total mass M, 
about its natural axis, is given by 1 = 4M (R? +77). 


Show that the depth of the centre of pressure of a vertical triangle 
with one side in the surface is+-A, if h is the perpendicular height 
of the triangle. 


Calculate the second moment of area of a square of side a about a 
diagonal as axis. 


Find the moment of inertia of a solid cone of mass M and base 
radius r and height h, about a diameter of the base as axis. Find also 
the radius of gyration. 
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11. 


12. 
13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


A thin plate in the form of a trapezium with parallel sides of length 
a and b, distance d apart, is immersed vertically in water with the 
side of length a in the surface. Prove that the depth of the centre of 
pressure (2) is given by 

_ d(at 3b) 


~ 2a + 2b) 


Find the second moment of area of an ellipse about its major axis. 


Nu 


A square plate of side a is immersed vertically in water with its upper 


side horizontal and at a depth d below the surface. Prove that the 
2 
; ἢ a 
centre of pressure is at a distance 6a + 2d) below the centre of the 
square. 


Find the total thrust and the depth of the centre of pressure when a 
semicircle of radius a is immersed vertically in liquid with its diameter 
in the surface. 


A plane figure is bounded by the curve y = e*, the x-axis, the y-axis 
and the ordinate at x = 1. Calculate the radius of gyration of the 
figure (i) about OX as axis, and (ii) about OY as axis. 


A vertical dam is a parabolic segment of width 12 m and maximum 
depth 4 mat the centre. If the water reaches the top of the dam, 
find the total thrust on the face. 


A circle of diameter 6 cm is removed from the centre of a rectangle 
measuring 10 cm by 16 cm. For the figure that remains, calculate 
the radius of gyration about one 10-cm side as axis. 


Prove that the moment of inertia of a thin hollow spherical shell of 


: : 5 ed: 
mass M and radius r, about a diameter as axis is 3 Mr?. 


A semicircular plate of radius a is immersed vertically in water, with 
its diameter horizontal and the centre of the arc just touching the 
surface. Find the depth of the centre of pressure. 


A thin plate of uniform thickness and total mass M, is bounded by 

the curve y=c cosh, the x-axis, the y-axis, and the ordinate x =a. 
Cc: 

Show that the moment of inertia of the plate about the y-axis is 


Ma? —2ca cothi() + 224), 


515 


Programme 19 


APPROXIMATE INTEGRATION 


Programme 19 


Introduction 


In previous programmes, we have seen how to deal with various types of 
integral, but there are still some integrals that look simple enough, but 
which cannot be determined by any of the standard methods we have 
studied. 
1 
Σ 
For instance { x e* dx can be evaluated by the method of integration 
0 


by parts. 1 


What do you get? _ 


2 


, ft 
for: x e* dx = [xe εἰ e* dx 
0 0 0 
: i 
= [ex = οἱ = [ere -ἢ 
0 0 


1 
=e? (-4)- °C I) =1-4Ve 

That was easy enough, and this method depends, of course, on the fact 

that on each application of the routine, the power of x decreases by 1, 


until it disappears, leaving fe dx to be completed without difficulty. 
doy 


Σ 
But suppose we try to evaluate | x? e* dx by the same method. The 
0 


process now breaks down. Work through it and see if you can decide why. 


When you have come to a conclusion, move on to the next frame. 


Reducing the power of x by 1 at each application of the 
method, will never give x°, 1.6. the power of x will never 
disappear and so the resulting integral will always be a product. 


For we get: ᾿ 


x} 1 + ee 
| x? eX dx= [se] ε ἢ eX x* dx 
0 0 0 


and in the process, we have hopped over x°. 
So here is a complication. The present programme will show you how 
to deal with this and similar integrals that do not fit in to our normal 


patterns. So on, then, to frame 4. 
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Approximate integration 


’ First of all, the results we shall get will be approximate in value, but like 
many other ‘approximate’ methods in mathematics, this does not imply 
that they are ‘rough and ready’ and of little significance. 

The word ‘approximate’ in this context simply means that the 
numerical value cannot be completely defined, but that we can state the 
value to as many decimal places as we wish. 


e.g. To say x = +/3 is exact, but to say 


x = 1-732 is an approximate result since, in fact, \/3 has a 
value 1-7321 ... with an infinite number of decimal places. 


Let us not be worried, then, by approximate values: we use them 
whenever we quote a result correct to a stated number of decimal places, 
or significant figures. 


n= 3h; 17 = 3-142 : 1 =3-14159 


are ΤΡ ΤΕΣ values 


We note, of course, that an approximate value can be made nearer and 
nearer to the real value by taking a larger number of decimal places — and 
that usually means more work! 

Evaluation of definite integrals is often required in science and engineer- 
ing problems: a numerical approximation of the result is then quite 
satisfactory. 

Let us see two methods that we can apply when the standard routines 
fail. 


On to frame 6. 
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6 Method 1. By series 


1 
Σ 

Consider the integral x? eX dx, which we have already seen cannot be 
0 


evaluated by the normal means. We have to convert this into some other 
form that we can deal with. 


Now we know that 2 23 


4 
x x 
x= SS, pubes τα κῶς 
Ἐπ ΟΕ eA πε τη 
1 i 2 
2 4X my? x 4* 4% 
xe x ἐγ κε: Ἐς ἘΠῚ 


1 512 7/2 
{[ρ» +x3/2 ion apt ὌΝ | dx 


Now these are simply powers of x, so, on the next line, we have 


43/2 98/2 7957/2 79/2 ie 

ἘΞ 

| Cae a ae ree 

[2 3/2 2 x5/2 x2 

= + + — 
3 5 7 


L{2x 2x? x3 x4* x5 $ 
Ι — 2 — ‘a ‘camila — 
[ εὐ! τ τ 7 132. I. 
a PNA De, paths stl 
POs ea eo 
= v3 [033 + 0-1000 Ἐ0.0179 + 0.0023 + 0-0002.. ] 
-ΥΞξ [0.457] 
5 
= 1.414 (0-2269) 
= 0.3207 


All we do is to express the function as a series and integrate the powers 
of x one at a time. 
Let us see another example, so turn on to frame &. 
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Here is another. 


a 
To evaluate | inl ex) dx 
0 vx 


First we expand In(1 + x) as a power series. Do you remember what it is? 


In(1+x)= 


2 3 4 5 
Inf +x)=x-5 toe x 
ὉΠ ΟΣ 2. ee χϑ 
i - 


. find +x) o 
ae ax = 


POR ara eae ie 


5 21 18 °°" 


In. +x) 4, 2 ajo_a8? 2x7? _ xP 
ΓΕ ax ae ἘΕ 


So that, applying the limits, we get 


Gee Ἔχ) χ - [>| 2x _x? +28 x ee ἢ 
ο νὰ 3. 5 21 18 0 


:- 11 154.1Ὁ΄᾽.} τ 
ν 213 20 84 288 880 sas --'} 
= 0-7071 | 0-3333 ~ 0-0500 + 0-0119 ~ 0-0035 


+ 0-0011 ~0-0004... 
= 0-7071 (0-2924) 
= 0-2067 


Here is one for you to do in very much the same way. 


1 
Evaluate Vx. cos x dx 
0 


Complete the working and then check your result with that given in the 
next frame. 
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11 0-531 to 3 decimal places 


Solution: Se SR eR Ie 
cos x =] ata δ᾽ 8: " 
5/2 Fe se oy ὁ 
2 24 720 
1 4 3/2 7/2 xii /2 x 19/2 1 
᾿ Ξ Te ἘΞ th ee eee ΣΝ, 
| VE cosx ax | 3.» .- 7. ie 8400. |, 


Διο Vx cos x =x1/? — 


το ον hs 

3 7 132 5400 °° 
= 0-6667 — 0-1429 + 0.007576 — 0-000185 +... 
= 0-531 to 3 dec. pl. 


Check carefully if you made a slip. Then on to frame 12. 


The method, then, is really very simple, providing the function can 
readily be expressed in the form of a series. 

But we must use this method with caution. Remember that we are 
dealing with infinite series which are valid only for values of x for which 
the series converges. In many cases, if the limits are less than 1 we are 
safe, but with limits greater than 1 we must be extra careful. For instance, 


oid 
the integral | ΓΕχβ dx would give a divergent series when the limits 
2 

were substituted. So what tricks can we employ in a case such as this? 


On to the next frame, and we will find out. 


Approximate Integration 


4 
To evaluate | a dx 13 
2 1+x 


We first of all take out the factor x? from the denominator 


|e Pees a P| Py 
1+ 80 a 
τὴν ὩΣ 


This is better, for if x is going to be greater than 1 when we substitute 


the limits, = Will DE... wAcsestiicteents 


ic 14 


Right. So in this form we can expand without further trouble. 


4 Ie κα. 
= -3 ie ee eis 
Ϊ [,» [ 33 tx pte ds 


Sie Maiti ate Now finish it off. 


0-088 to 3 decimal places 15 


Ἐν [- see et δέ τειν 
8 160 2048 ᾿᾿᾿ 
=— 0-03125 + 0-00020 — 0-00000 + 0-12500 — 0-00625 + 0-00049 
= 0-12569 — 0.03750 
= 0-08819 
= 0-088 to 3 dec. pl. 
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16 


Method 2. By Simpson’s rule 


Integration by series is rather tedious and cannot always be applied, so 
let us start afresh and try to discover some other method of obtaining the 
approximate value of a definite integral. 
We know, of course, that integration can be used to calculate the area 
under a curve y = f(x) between two given points x =a and x = b. 
Y 


So, if only we could find the area A by some other means, this would 
give us the numerical value of the integral we have to evaluate. There are 
various practical ways of doing this and the one we shall choose is to 
apply Simpson’s rule. 


So on to frame 17. 


17 


Simpson’s rule 
To find the area under the curve y = f(x) between x =a and x =b. 


(a) Divide the figure into any even number (n) of equal-width strips 
(width s) 

(b) Number and measure each ordinate: γι, ¥2,.¥3,---,¥n41- 
The number of ordinates will be one more than the number of strips. 


(c) The area A of the figure is then given by: 
A asler +L)+4E+ 2R| 


Where s = width of each strip, 
F + L=sum of the first and last ordinates, 
4E = 4 X the sum of the even-numbered ordinates, 
2R=2 X the sum of the remaining odd-numbered ordinates. 


Note that each ordinate is used once — and only once. 
Make a note of this result in your record book for future reference. 
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ass[@ +b +48 +2R| 


The symbols themselves remind you of what they represent. 


6 
Example: To evaluate | y dx for the function y = f(x), the graph of 
which is shown. ? 


4567 
if ee 8 9 γεγ(α) 


6 
To fina | y dx 
Ὥ 


FF 


Suppose we find the lengths of the ordinates to be as follows: 


Ord.No.| 1 2 3 4 5 6 7 8 9 
Length 75 8-2 10-3 11-5 12-4 12-8 12-3 11-7 11-5 


Then we have 
F+tbL=7-5+11-5=19 
4E=4(8-2+ 11-5 + 12-8 + 11-7) = 4(44-2) = 176-8 
2R = 2(10-3 + 12-4 + 12-3) = 2(35) = 70 
So that 


A ἈΠ [19 + 176-8 + 70] 


[265-8]= 44-3. A= 44.3 units? 


6 
=. Ϊ , f(x) dx 5.44.3 


The accuracy of the result depends on the number of strips into which 
we divide the figure. A larger number of thinner strips gives a more 
accurate result. 

Simpson’s rule is important: it is well worth remembering. 

Here it is again: write it out, but replace the query marks with the 
appropriate coefficients. 


A ase +L) +?E+ oR | 
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Α ΑΞ [ΘΟ Ὁ +4e+2R| 


In practice, we do not have to plot the curve in order to measure the 
ordinates. We calculate them at regular intervals. Here is an example. 


n{3 
Example: To evaluate | Vsin x dx, using six intervals. 
0 


(a) Find the value of s: 
eo 0 π, ceed 
Se τ (= 10° intervals) 
(Ὁ) Calculate the values of y(ie. s/sin x) at intervals of 7/18 between 
x = 0 (lower limit) and x = 7/3 (upper limit), and set your work out 
in the form of the table below. 


Ὁ (Ὁ 
n/18 (10°) 
n/9 (20°) - Leave the right-hand side of 
πί6 (30°) | 0. your page blank for the 
2n/9 (40°) moment. 
51/18 (50°) 
π|3 (60°) 


Copy and complete the table as shown on the left-hand side above. 


20 Here it is: check your results so far. 


9) (ii) (iii) 


x sinx | Vsinx 
0 (05) 
π|18 (10°) | 0-1736 | 0-4166 
π|9 (20°) | 03420 | 0.5848 
πί6 (30°) 


π|3 (60°) 


Now form three more colunins on the right-hand side, headed as shown, 
and transfer the final results across as indicated. This will automatically 
sort out the ordinates into their correct groups. 


Then on to frame 21. 
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F+tL E R 
Note that 0.0000. 7 
(a) You start in column 1 “0.4166.. 
(b) You then zig-zag down the "70-5848 
two right-hand columns 0.7071-- ΄ 
(c) You finish back in column]. "20.8016 
08752 
0-9306° 


Now total up each of the three columns. 


(i) (ii) 


Your results should be: F+tL E 
0-9306 1-9989 


Now (a) Multiply column (ii) by 4 so as to give 4E, 
(b) Multiply column (iii) by 2 so as to give 2R, 
(c) Transfer the result in columns (ii) and (iii) to column (i) and 
total column (i) to obtain (F + L) + 4E + 2R. 
Now do that. 


F+L E oe 23 


This gives: F+L—> 0.9306 1.9989 13864 
4E—> 7.9956 4 2 
IR—» 2.7728 79956 2.7728 

(F +L) +4E+2R ———> 11-6990 


The formula is A 23 ((F + L) + 4E + 2R] so to find A we simply need 
to multiply our last result by =. Remember 5 = 77/18. 


So now you can finish it off. 


526 


Programme 19 


24 


For: Ass [(Ε + L) +4E+2R] 
ams [11-6990] 


= 4/54 [11-6990] 
= 0.6806 


3 
Vsin x dx = 0-681 


0 
Before we do another example, let us see the last solution complete. 


π 
To evaluate Ϊ " Vsin x dx by Simpson’s rule, using 6 intervals. 
0 
= 73-8 =n/18 (= 10° intervals) 
VJsin x a: R | 
0 (0°) 0-0000 Ἴ 
π|18 (105) | 0-1736 | 0.4166 0-4166 
πί|9 (20°) | 0-3420 | 0-5848 0-5848 
n/6 (30°) 0-5000 1 0-7071 0-7071 
2n/9 (40°) 0-8016 0-8016 
51/18 (50°) 0-8752 0-8752 
m/3 (60°) 0-9306 
F+L ——> 1-9989 | 1-3864 | 


4 ——> 
2R ——> 
(F+L)+4E+2R ——> 


4 2 
7:9956 | 2-7728 


11-6990 


π 
: sin x dx 50.681 
0 


Now we will tackle example 2 and set it out in much the same way. 
Turn to frame 25. 
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1-0 
Example 2. To evaluate V1 +x3)dx, using 8 intervals. 2 ἢ 
0-2 


First of all, find the value οἵ s in this case. 


For p= = = 01 ΞΟ. 


Now write the column headings required to build up the function 
values. What will they be on this occasion? 


aver [Ἐ [a] 27 


Right. So your table will look like this, with x ranging from 0-2 to 1.0. 


1.0039 


F+L—~+> 
4E —> 
2R—> 

(F + L) + 4E + 2R———> 


Copy down and complete the table above and finish off the working to 


1-0 


evaluate | VU + x3 )dx. 
0-2 


Check with the next frame. 
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28 


3-3639 
2 
6.7278 


18-1916 


(Ε 1) Hab 128 -----ν [27.3375 
bse ((F + L) + 4E + 2R] 
OF [27-3375] =4 [2-73375] = 0.9113 


1-0 
᾿ | “ΚΙ +x3)dx 20-911 
0-2 


There it is. Next frame. 


29 Here is another one: let us work through it together. 


3 
Example 3. Using Simpson’s rule with 8 intervals, evaluate y dx, where 
the values of y at regular intervals of x are given. 


10 1-25 1-50 1-75 200 2-25 2:50 2-75 3-00 


2-45 2-80 3-44 4-20 433 3-97 3-12 2:38 1-80 


If these function values are to be used as they stand, they must satisfy the 
requirements for Simpson’s rule, which are: 


(i) the function values must be spaced at ............. intervals of x, 
and 
(ii) there must be an ow... number of strips and therefore an 


ΡΣ Ss shia δε number of ordinates. 
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regular; even; odd 30 


These conditions are satisfied in this case, so we can go ahead and 
evaluate the integral. In fact, the working will be a good deal easier for 
we are told the function values and there is no need to build them up as 
we had to do before. 

In this example, ς = wo... eee 


Off you go, then. Set out your table and evaluate the integral defined 
by the values given in frame 29. When you have finished, move on to 


frame 32 to check your working. 


13-35 | 10-89 
4 2 


21-78 


1=4 (F +L) +46 + 2R| “23 [79.43] 


(F+L)+4E+2R—>| 79.43 


= A [79-43] = 6-62 


3 
ὃ Ϊ y dx ~ 6-62 
1 
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3 Here is one further example. 


Example 4. A pin moves along a straight guide so that its velocity 
v (cm/s) when it is a distance x (cm) from the beginning of the guide at 
time ἡ (5), is as given in the table below. 


t (s) 005 10 15 20 25 30 3-5 4.0 
v (cm/s) 


0 400 7.94 11-68 14.97 17-39 18-25 16-08 0 
Apply Simpson’s rule, using 8 intervals, to find the approximate total 
distance travelled by the pin between ¢ = 0 and t= 4, 
We must first interpret the problem, thus: 
4 
=e εν «εὖ ν αἱ 
᾿ 0 
and since we are given values of the function v at regular intervals of ἔ, 
and there is an even number of intervals, then we are all set to apply 
Simpson’s rule. 
Complete the problem, then, entirely on your own. 


When you have finished it, check with frame 34. 


34 


0-00 


0-00 | 49.15 | 41-16 

196-60 4 2 

2R—>| 82-32 | 196-60 | 82-32 

(F +L) + 4E + 2R—+| 278-92 
x=% [(F +L) +4E+2R] and s=0.5 


4E --» 


ax =4 [278-92] = 46-49 +. Total distance * 46-5 cm 
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Proof of Simpson’s rule 3 5 
So far, we have been using Simpson’s rule, but we have not seen how it is 
established. You are not likely to be asked to prove it, but in case you are 
interested here is one proof. 


Divide into an even number of strips 
(2n) of equal width (s). Let the 


ordinates be y1,2,¥3,---Yan+1- 
Take OX and OY as axes in the 
position shown. 
Then A=(-s,y1); 
X  B=(0,y¥2); C=(s,y3) 


Let the curve through A, B, C be represented by y =a + bx + cx? 


VF a+tbCs) tes? (i) 
y2 =a (ii) 
y3 =atbstcs?* (iii) 


ox : , l 
(iii) -—@) y3-y1 Ξ2δς -. Dep. 05 2) 


: ΤΙ τὰ Ι 
(Ὁ τ (ii) - 2G) νι t ¥3~ 2», = 2 οὐ =F Οἱ -- 2») + Vs) 
Let A, = area of the first pair of strips. 


Ρ ξ 2 3 
Ay =| y dx | (a bx + extyax = | ax εξ +] 
ἐδ —s —S 
Χο .. 2551 
5.265 +S 2 28», +> .5.3 (v1 - 2ν2 +3) 


25 (62 τ). — 2¥2 +3) 23 (1 + 4y2 + y3) 
So Ay a5 (νι τάν, + ys) 
Similarly A, ἘΠ (v3 + 4ν4 +s) 


A3 ae (Vs + 46 τ y7) 


An = (Yana + 4¥an Ὁ) χη τι) 
Total area A=A, +A, +A3t.. + Ap. 
ΟῚ 
AA “Slo + Vans) +4024 Vat... t+ Von) t+20atyst... *Yan)| 


A=3 [((F + L) + 4E + 2R] 
On to frame 36. tp eet oe ee τς 
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We have almost reached the end of the programme, except for the 
usual Test Exercise that awaits you. Before we turn to that, let us revise 
once again the requirements for applying Simpson’s rule. 


(a) The figure is divided into an even number of strips of equal 
width s. There will therefore be an odd number of ordinates or 
function values, including both boundary values. 


b 
(b) The value of the definite integra | f(x) dx is given by the 
a 


numerical value of the area under the curve y = f(x) between 
x=aandx=b 


1=A 24 ((F +L) +46 + 2R] 


where s = width of strip (or interval), 
F + L=sum of the first and last ordinates, 
4E = 4 X sum of the even-numbered ordinates, 
2R = 2 X sum of remaining odd-numbered ordinates. 


(c) A practical hint to finish with: 


Always set your work out in the form of a table, as we have 
done in the examples. It prevents your making slips in method 
and calculation, and enables you to check without difficulty. 


Now for the Test Exercise. The problems are similar to those we have 
been considering in the programme, so you will find them quite straight- 
forward. 


On then to frame 37. 
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Test Exercise — XIX 


Work through all the questions in the exercise. Set the solutions out 


neatly. Take your time: it is very easy to make numerical slips with work 
of this kind. 


1. Express sin x as a power series and hence evaluate 


| = dx to 3 places of decimals. 
0 


0-2 
2. Evaluate | x! e?* dx correct to 3 decimal places. 
0-1 


3. The values of a function y = f(x) at stated values of x are given below. 


20 25 30 35 40 45 50 5-5 6-0 


3-50 6-20 7-22 6-80 5-74 5-03 6-21 8-72 11-10 


Using Simpson’s rule, with 8 intervals, find an approximate value 


6 
of | y ax. 
2 


π|2 
4. Evaluate cos θ d@, using 6 intervals. 
0 


πί[2 
5. Find an approximate value of | V(1 — 0-5 sin?@)d6 using Simpson’s 
rule with 6 intervals. θ 


Now you are ready for the next programme. 
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Further Problems — XIX 


Lis 


1 
2 
Evaluate | ν( -x?)dx (i) by direct integration, 
0 (ii) by expanding as a power series, 
(iii) by Simpson’s rule (8 intervals). 


2. State the series for In(1 + x) and for In(1 -- x) and hence obtain a 


series for inf ues =| 
1-x 


0:3 
Evaluate | in| {8 
0 1- 


x . 
Jar, correct to 3 decimal places. 


In each of the following cases, apply Simpson’s rule (6 intervals) to 
obtain an approximate value of the integral. 


ee ax π " 
ἊΝ 1 +3 cosx w\ ὁ 4 cos 0)? dé 


n/2 dd 
ON) vara 


. The coordinates of a point on a curve are given below. 


x 10 1 2 3 4 5 6 7 ὃ 
») 4 59 70 64 48 3.4 25 1-7 1 


The plane figure bounded by the curve, the x-axis and the ordinates 
at x = 0 and x = 8, rotates through a complete revolution about the 
x-axis. Use Simpson’s rule (8 intervals) to obtain an approximate value 
of the volume generated. 
The perimeter of an ellipse with parametric equations x = 3 cos @, 

πί2 1 
y =2sin 0, is 2/2 (13—5 cos 26)? dé. Evaluate this integral 

0 


using. Simpson’s rule with 6 intervals. 


2 
Calculate the area bounded by the curve y=e™* , the x-axis, and the 
ordinates at x = 0 and x = 1. Use Simpson’s rule with 6 intervals. 
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7. 


10. 


11. 


12. 


13. 


14. 


The voltage of a supply at regular intervals of 0-01 s, over a half- 
cycle, is found to be: 0, 19-5, 35, 45, 40-5, 25, 20-5, 29, 27, 


12-5, 0. By Simpson’s rule (10 intervals) find the r.m.s. value of the 


voltage over the half-cycle. 


Show that the length of arc of the curve x = 30 —4sin 6, 
y =3-4 cos 0, between 6 = 0 and 6 = 27, is given by the integral 


Qn 
| V(25 -- 24 cos 0)d@. Evaluate the integral, using Simpson’s rule 
0 


with 8 intervals. 


1 
Obtain the first four terms of the expansion of (1 + χ 2 and use 
1 


2 
them to determine the approximate value ot| V(1 +x3)dx, correct 
0 


to three decima! places. 


Establish the integral in its simplest form representing the length of 
the curve y = 2 sin 8 between @ = Ο and θ = 2/2. Apply Simpson’s 
rule, using 6 intervals, to find an approximate value of this integral. 


Determine the first four non-zero terms of the series for tan 4x and 
1 


2 - . 
hence evaluate | /x.tan +x dx correct to 3 decimal places. 
0 


Evaluate, correct to three decimal places, 


(i) ᾿ Vx.cos x dx, (ii) \ να. sin x ax. 
0 0 


nf2 
Evaluate | V(2-5 — 1-5 cos 20)d@ by Simpson’s rule, using 6 
0 
intervals. 
1 4 
Determine the approximate value ot (4 + x*)? dx 
0 


(i) by first expanding the expression in powers of x, 
(ii) by applying Simpson’s rule, using 4 intervals. 
In each case, give the result to 2 places of decimals. 
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POLAR CO-ORDINATES SYSTEM 


Programme 20 


1 Introduction to polar co-ordinates 


We already know that there are two main ways in which the position of 
a point in a plane can be represented. 


(i) by Cartesian co-ordinates, i.e. (x, y) 
(ii) by polar co-ordinates, i.e. (r, @). 
3 _The relationship between the two systems can be seen from a diagram. 


For instance, x and y can be expressed 
in terms of ry and @. 


2 


Or, working in the reverse direction, the co-ordinates r and @ can be found 
if we know the values of x and y. 


3 r= V(x? +y?); 0= tari (2 | 


This is just by way of revision. We first met polar co-ordinates in an 
earlier programme on complex numbers. In this programme, we are going 
to direct a little more attention to the polar co-ordinates system and its 
applications. 

First of all, an easy example or two to warm up. 


Example 1. Express in polar co-ordinates the position (—5, 2). 

Important hint: always draw a diagram; it will enable you to see 

which quadrant you are dealing with and prevent your making an initial 

slip. 
Y 

Remember that θ is measured from 

the positive OX direction. 


B 


Ρ 
| 
Ι 
J 
I 


X, We——— 5 —_-_- +O XxX 
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(5-385, 158°12’) | 4 


For: 


A (i) r2= 2? +57=4425=29 
p= f29 = 5.385, 
(i) tamE=2=0-4 B= 21°48’ 
“9 = 158°12' 


Position of P is (5-385, 158°12') 
A sketch diagram will help you to check that 6 is in the correct quadrant. 
Example 2. Express (4, —3) in polar co-ordinates. Draw a sketch and you 
cannot go wrong! 


When you are ready, move to frame 5. 


| (5, 323°8') | 5 
Here it is. (i) r2=37+47=25 ..γΞ5 
(i) tanE=3=0-75 .. E= 36°52’ 


ἡ 6 = 323°8' 
| (4, -3) = (5, 323°8’) 
' Ὺ 


| Example 3. Express in polar co-ordinates (-2, --3). 


Finish it off and then move to frame 6. 


3-606, 236°19" 


(i) r?=2? +37 =44+9= 13 
r=+/13 = 3-606 6 
(i) tanE=3=15 2. E=56°19' 


“8 = 236°19' 
(-2,-3) = (3-606, 236°19’) 


Of course, conversion in the opposite direction is just a matter of evaluat- 
ing x =r cos 9 and y =r sin @. Here is an example. 


Example 4. Express (5, 124°) in Cartesian co-ordinates. 
Do that, and then move on to frame 7. 
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7 (-2-796, 4.145) 


(i) x = 5 cos 124° =—5 cos 56° 
= —5 (0-5592) = —2-7960 
(ii) y= 5sin 124° = 5 sin 56° 
= 5(0-8290) = 4-1450 


- (5, 124°) = (-2-796, 4-145) 


That was all very easy. 
Now, on to the next frame. 


8 Polar curves 


In Cartesian co-ordinates, the equation of a curve is given as the general 
relationship between x and y, i.e. y = f(x). 

Similarly, in the polar co-ordinate system, the equation of a curve is 
given in the form r = f(8). We can then take spot values for 6, calculate 
the corresponding values of r, plot r against 6, and join the points up with 
a smooth curve to obtain the graph of r = f(6). 


Example I. To plot the polar graph of r = 2 sin 6 between 6 = 0 and 
6 = 2n. 

We take values of θ at convenient intervals and build up a table of 
values giving the corresponding values of r. 


30 
0-5 
1-0 


60 
0-866 
1-732 


120 
0-866 
1-732 


150 
0.5 
10 


Complete the table, being careful of signs. 


When you have finished, turn on to frame 9. 


541] 


Polar Co-ordinates System 


Here is the complete table. 


150 180 
0 0.5 0-866 1 0-866 0-5 0 


sin @ 


r=2 sin 6 


(i) We choose a linear scale for r and indicate it along the initial line. 

(ii) The value of r is then laid off along each direction in turn, points 
plotted, and finally joined up with a smooth curve. The resulting graph is 
as shown above. , 


Note that when we are dealing with the 210° direction, the value of r is 
negative (—1) and this distance is therefore laid off in the reverse direc- 
tion which once again brings us to the point A. So for values of 6 between 
6 = 180° and @ = 360°, r is negative and the first circle is retraced exactly. 
The graph, therefore, looks like one circle, but consists, in fact, of two 
circles, one on top of the other. 


Now, in the same way, you can plot the graph of r = 2 sin7@. 

Compile a table of values at 30° intervals between 0 = 0° and 8 = 360° 
and proceed as we did above. 

Take a little time over it. 


When you have finished, move on to frame 10. 
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1 Here is the result in detail. 


------ 


a ὑπ τὶ 
Ι: 6/0 30 60 90 120 150 180 
sn@d|0O 05 0-866 1 0.866 0-5 0 
- = 0 0-25 0-75 1 0-75 0-25 0 


r=2sin7@ 10 0-5 1.5 22 1-5 0.5 0 
i τὸ λἰδξυθε ὅσον. 


58:10 |-0-5 -0-866 -Ἰ -0-866 -Ὁ.5 
sin’@ | 0-25 0-75 1 0-75 0-25 


| r= 2 sin?0 0-5 1-5 2 1-5 0-5 


2 
6 [2 0 240 270 300 330 360 
0 
0 
0 


/ f \ 
240° 270° 300° 


This time, 7 is always positive and so there are, in fact, two distinct 
loops. 


Now on to the next frame. 


1 Standard polar curves 


Polar curves can always be plotted from sample points as we have done 
above. However, it is often useful to know something of the shape of the 
curve without the rather tedious task of plotting points in detail. 

In the next few frames, we will look at some of the more common 
polar curves. 


So on to frame 12. 
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1. r=asiné@ 


5. r=asin 20 
' 
\ 
! 
Ι 
Ι 
1 


| 
| 
Ι 
Ι 
t 
' 


4 Ν »- 
215° 315 
7. r=a cos 20 
90° 
[ 
Ι 
270° 


There are some more interesting polar curves worth seeing, so turn on to 


4. r=acos’6 


j270° 


8. r=acos 30 


120° 
\ 


/ 
240° 


Frame 13. 
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12 9. γξαᾷ Econ) 10. r=a(1+2cos@) 
I 


11. r* =a? cos 26 


135°, ' ase 
Ν 1 7 
N 7 \ 
Ν 1 7 t 
΄-Ν Ι Ζ΄ 
Ξ- (--Ξ 5 ets ( 
a f° 
Oy 
7 Ν 1 
7 ! Ν 
΄ 1 N Ι 
΄ ! Ν Ι 
? ἈΝ 
Ζ΄ Ι N Ι 


Sketch these 12 standard curves in your record book. They are quite 
common in use and worth remembering. 


Then on to the next frame. 


The graphs of r=a + ὃ cos @ give three interesting results, according 
14 to the relative values of a and ὃ: 


(i) Ifa=b,we get --7 (cardioid) 


(ii) Ifa <b, we get --- (re-entrant loop) 


(no cusp or re-entrant 


(iii) Ifa >b, we get -- loop) 


1 
So sketch the graphs of the following. Do not compile tables of values. 
(i) r=2+2cos@ (iii) r=1+2cos6 


(ὃ r=5+3cos@ (iv) r=2+cos0 
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Here they are. See how closely you agree. 15 
(i) r=2+2cos@ (α Ξθ) (ii) r=5+3cos@@>b) 
( 


᾿ 
5: 


If you have slipped up with any of them, it would be worth while to plot 
a few points to confirm how the curve goes. 


On to frame 16. 


To find the area of the plane figure bounded by the polar curve 16 
r= f(@) and the radius vectors at 0 = 6, and @ = @. 


θ-θ2 


r=f(@) 


ο 
Area of sector OPQ = 6A =4r(r + δὴ) sin δθ 
RR. sin 86 
a eee eT 
δα dA sin 60 
If 66 >0, 50 ag 6 0, 50 Sie πὶ tan cedthat deat 
Next frame. 
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1] 


sin 60 
58 


>] 


. dA 
aye 5r(r + 0)1 Ξ Ζγ 


: 92. 2 
A= 3r° dé 
θ1 


Example 1, To find the area enclosed by the curve r = 5 sin θ and the 
radius vectors at θ = 0 and @ = 7/3. 


n/3 τ 
r=5sin@ ἊΝ ar 40 


[3 
A =|, 22 sin? dé 


3 
A | ε 4(1 — cos 26) dé 
0 
Finish it off. 


4)|3 4 
25 [π|3 25 sin ape 
ὦ Ξ- - 2D =o I 
For: A 4 (1 — cos 26) dé εἴ 2 do 
5 ae _sin ΓΕ 
413 2 
25[π V3 
Ξ AE 5 [= 3.8388 


A = 3-84 to 2 decimal places 


Now this one: 
Example 2, Find the area enclosed by the curve r = 1 + cos @ and the 
radius vectors at @ = Ο and @ = 7/2. 

First of all, what does the curve look like? 
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19 


r=1+cos@ 


Right. So now calculate the value of A between @ = 0 and @ = π|2. 
When you have finished, move on to frame 20. 


A=241=2178 20 


n{2 n/2 
For: A= ᾿ γ2αθ = ἢ (1 + 2 cos 6 + οο520) dé 
0 0 


n/2 
4/9 +2sin@ ed 
Δ. ds 


alee 6) 


ee ee 
A 8 +1 =2-178 


So the area of a polar sector is easy enough to obtain. It is simply 


92, 2 
Ατ᾿ ἢ dé 
θι 


Make a note of this general result in your record book, if you have not 
already done so. 


Next frame. 


Example 3. Find the total area enclosed by the curve r= 2 cos 30. 


Notice that no limits are given, so we had better sketch the curve to see 21 
what is implied. 


This was in fact one of the standard polar curves that we listed earlier 


in this programme. Do you remember how it goes? If not, refer to your 
notes: it should be there. 


Then on to frame 22. 
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Since we are dealing with r = 2 cos 36, r will become zero when 
cos 3@ = 0, i.e. when 30 = 7/2, i.e. when 6 = 2/6. 
We see that the figure consists of 3 equal loops, so that the total area, 


A, is given b 
Pa ὃ y A = 3 (area of one loop) 


= 6 (area between 6 = 0 and 0 = 2/6.) 
1/6 1/6 
A= 4 47? do = 3 4 ςο5230 dé 
0 0 


223 Fr] 


1/6 
since A= 12 Σ(1 + cos 68) dé 
0 


᾿ 7/6 
= 69 + ain 6] = 7 units? 
6 o-_ 


Now here is one for you to do on your own. 
Example 4. Find the area enclosed by one loop of the curve r=a sin 260. 


First sketch the graph. 


24 


Arguing as before, r = 0 when a sin 26 = 0, i.e. sin 20 = 0, i.e. 20 = 0, 
so that 20 =0,7,27,etc. _ 
Ὁ 6 =0, 7/2, 7, etc. 


So the integral denoting the area of the loop in the first quadrant will be 
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A ΠΝ r αθ 25 


Correct. Now go ahead and calculate the area. 


28 


Here is the working: check yours. 


n/2 azpnl2 
A ἢ γ2 40 aa) sin?26 dé 
0 2 Jo 


π|2 
| (1 -- cos 46) dé 
0 


=<lo -ϑο wie _ mat units? 
4 δε: 


Now on to frame 27. 


To find the volume generated when the plane figure bounded by 
r = f(@) and the radius vectors at 0 = 6, and 0 = 0 rotates about the 2] 
initial line. 


ο 
If we regard the elementary sector OPQ as approximately equal to the 


A OPQ, then the centroid C is distance = from 0. 


We have: Area OPQ 55 r+ dr) sin δθ 
Volume generated when OPQ rotates about OX = 6V 
Δ ΟΝ = area OPQ X distance travelled by its centroid (Pappus) 


τὰν + δὴ) sin δθ.2π0Ὸ 


Ξ tre + Sr) sin 560 .2πιῖν sin @ 


=3nr? (r + &r) sin 60. sin 6 


. oe = Sart(r + 6r) noe sin θ 
Then when ὃθ > 0, ae shasiel sia τς δ 1 
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29 0 
v= ᾿Ξ τ sin 6 dO 


θι 
Correct. This is another standard result, so add it to your notes. 
Then move to the next frame for an example. 


3 Example 1. Find the volume of the solid formed when the plane figure 
bounded by 7 = 2 sin @ and the radius vectors at 9 = Ο and 6 = 7/2, rotates 


about the initial line. 
n/2 2 
Wellnow, V -{ Ξ πὶ sin 6 dé 
0 


n/2 n/2 
=| 20 sin 6)°. sin 6 dé Ξ tos sin*6 dé 
ο 3 ο 3 
Since the limits are between O and 77/2, we can use Wallis’s formula for 
this. (Remember?) 
So Ni es lencitisedieed 


31 


For 


Example 2. Find the volume of the solid formed when the plane figure 
bounded by r = 2a cos θ and the radius vectors at 8 = 0 and @ = πί2, 
rotates about the initial line. 

Do that one entirely on your own. 
When you have finished it, move on to the next frame. 
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ν- 4πα' oe 32 


= ~~ units 


3 
π|2 2 
For vel 3-7-7 sin 8 a6 and r=2acos@ 
0 


Pe ieee ἜΝ 
= 1.8a>cos°@. sin 6 dé 
9 3 


3¢ 1/2 
=~ ae | cos?6 (— sin 0) αθ 
0 


__ 16na° τε τῆς Lona 1 
τ}, .ἃ ; 4 | 


_ 4na3 
=—~— units? 


So far, then, we have had 


62 
(i) A -{ 4r° de 
ϑι Check that you have noted 
these results in your book. 


θ 
(ii) | Sar? sin 6 αθ 
4 


To find the length of arc of the polar curve r = f(@), between 6 = θὲ 3 3 
and 6 = @. 


Q 
8s 
: : 5s? δΥ 
2n r2 2 $e yd — 
With the usual figure ds 08? 4 6r* ..Ψ soz" t 562 


if 66 +0, (4) = 7? {ΠῚ se a = ψ' {)} ΞΕ ideatecsld decades 
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34 


Example 1. Find the length of arc of the spiral r=ae?® from 6 = 0 to 


0 =2n. ᾿ 
Now, r=ae? ., 7 = 3a e679 


2π 2π 
Since /10.a.e28 do - 404 | 29) = 206m i 
0 0 


As you can see, the method is very much the same every time. It is merely 
a question of substituting in the standard result, and, as usual, a knowledge 
of the shape of the polar curves is a very great help. 

Here is our last result again. 


a ear 
5Ξ r* +(—) }dé 
ΠῚ 
Make a note of it: add it to the list. 


3 6 Now here is an example for you to do. 
Example 2. Find the length of the cardioid r =a(1 + cos 6) between 
6 =Oand 6 =7. 
Finish it completely, and then check with the next frame. 
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37 


r=a(i +cos@) 
. dr 


> =-asin@ 


ld 


Here is the working: 


2 

Ὁ a (5) Ξαἶβ Ἐ2 cos θ + cos? + sin6) 
=a*{2 +2 cos |= 2a?(1 + cos 6) 

: 19. 
Now cos θ can be re-written as (2 cos” 5 ὴ 
ei {6} 0... 28 
ἐν (5) 2a°.2 cos 5 
dr\? 6 
ᾧ 2 GEN Ns go 
Ἐ}}» ἢ: ) 2a cos 5 
π 

᾿ 8 τ ῳ 2a cos $ a8 =2a ! sin ἢ 
0 0 


= 44{1 - ΟἸ = 4a units 
Next frame. 


Let us pause a moment and think back. So far we have established 3 8 
three useful results relating to polar curves. Without looking back in this 
programme, or at your notes, complete the following. 

If r=f(@), (i) A= 


To see how well you have got on, turn on to frame 39. 
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dé 


621 4 
57 


θ᾽ 


5 


θ 
νε] * 2 a P sin 6 αθ 
6 


of Mee ay 


If you were uncertain of any of them, be sure to revise that particular 
result now. When you are ready, move on to the next section of the 
programme. 


Finally, we come to this topic. 
40 To find the area of the surface generated when the arc of the curve 
r= f(@) between @ = 6, and 6 = 6, rotates about the initial line. 
Once again, we refer to our usual figure. 


If the elementary arc PQ rotates 
about OX, then, by the theorem of 
Pappus, the surface generated, 8S, is 
given by (length of arc) X (distance 
travelled by its centroid). 


fe) LX 
. 6S 6s. 2n7PL *6s.2arsin θ 
. ss. _ 9 OS 
κα τ 27] sin 8 τῷ 
Ε i k k that oS 2. ae : 
rom our previous work, we know 50 fir (a) | 
58 2,(ary 
so that pz 2nrsing /{r 4} 


And now, if δθ -»0, o 2ar sin 8 Je 43 ] 


on = 2nr sin 6 “1 {Ξ)}ὼ 


This is also an important result, so add it to your list. 
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5 Ξ : 2πΥ sin alr (4) Jao 41 


This looks a little more involved, but the method of attack is much 
the same. An example will show. 


Example 1. Find the surface area generated when the arc of the curve 
r= 5(1 + cos @) between θ = 0 and 6 = 7, rotates completely about the 
initial line. 


Now, r=5(1+cos@) -. “ =—5sin@ 
dry? 
. 2 a 
ΗΝ Ἢπ|) τονε esecesnet ens 


42 


for γ2 {2} = 25(1 + 2 οοβθ Ἐρο52θ + 51η20) 
= 25(2 + 2 cos @) 
= 50(1 + cos 8) 
We would like to express this as a square, since we have to take its root, 


sO We now write cos @ in terms of its half angle. 


dr \? 6 
is 2 — = 2 ies 
= ἘΠῚ) 50(1 τ 2 cos 5 1) 


θ 
ΞΊ͵ΊΟΟ 2- 
100 cos 5 
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43 


π ὡς 
5: 2π.5(1 + cos θ) sin 6.10 cos 5 -d@ 
0 


π 
. Ss 100 (1 + cos 8) sin 6 cos Sao 
0 
We can make this more convenient if we express (1 + cos @) and sin @ 
also in terms of. 


What do we get? 


π 
Aa { cos* 5 sin a 
us θ 
For: S= roo | (1 + cos @) sin 6 cos dé 
0 
π 
Ξ 100% { 2 cos? τ. 2 sin : cos. cos αθ 


π 
Ξ 4001 [ἡ cos* 2 sin «9. 


Ξ Finish it off. 


6 Sus: 
Since S=-8007| cos* AG == dé 
0 2 2 


5 
= 800%: rN 5 
S = 1607 units 
And finally, here is one for you to do. 
Example 2. Find the area of the surface generated when the arc of the 
curve r=ae® between θ = 0 and @ = n/2 rotates about the initial line. 


Finish it completely and then check with the next frame. 
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= 46 


5 ᾿Ξ ma? (2e™ +1) 


For, we have: 


5 { 2nr sin 6 Jie +(“) \a0 


And, in this case, 


dr 
= 6 : = 6 
r=ae =, =ae 
dé 
dry? 
τ 1G) = gq? 029 +42 ¢e% = 2g? 028 


ἧ JI r? +(4))- V2.a.e8 
“Ss -("" Inae® sin@r/2ae® ao 
0 


2 4([π|2. oe 
2/27a 629 sin 6 dé 
0 


Let 1=[ew sin 0 d0 = e?9(—cos 6) + “μος θ 29 de 
=—e?9 ρρ95012 fer sin 6 - “μι θ ε39 as} 


I =—e?® cos 6 + 2e?® sin 9 -- 41 


ἡ. 51 =e79)2 sin 6 — cos 6 


629 
eat sin θ — cos 9) 
 S=2V2.na? (2 sin 6 — cos re 
= Ὁ πὸ [να -ο- ἰῷ: »| 
S= 2v/2.tta" (Δ εἶ + 1) units? 


5 


We are almost at the end, but before we finish the programme, let us 
collect our results together. 


So turn on to frame 47. 
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4] 


Revision Sheet 


Polar curves — applications. 


92 1 3, 
1. Area A= 7 ae 
θι 
64 2 ae 
2. Volume V= 30 sin 6 dé 
θι 
62 dr 2 
3. Length of arc s= Uae: dé 
Bios {, (56) | 


4. Surface of revolution 5 


θη ; 
2πῈ sin @ 
θ᾽ 


Jr + 
It is important to know these. The detailed working will depend on 
the particular form of the function r = f(@), but, as you have seen, the 
method of approach is mainly consistent. 
The Test Exercise now remains to be worked. First brush up any 
points on which you are not perfectly clear; then, when you are ready, 
turn on to the next frame. 
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Test Exercise — XX 48 


Answer all the questions. They are quite straightforward: there are no 
tricks. But take your time and work carefully. 


1. Calculate the area enclosed by the curve r@? = 4 and the radius 
vectors at θ = 7/2 and 0 Ξπ. 


2. Sketch the polar curves: 
(i) r=2:sin 6 (ii) r= 5 cos?6 | (iii) r = sin 20 
(iv) r=1+cos@ (v) r=1+3cosé (vi) r=3+cosé 


3. The plane figure bounded by the curve r = 2 + cos θ and the radius 
vectors at θ = 0 and 6 = 7, rotates about the initial line through a 
complete revolution. Determine the volume of the solid generated. 


4. Find the length of the polar curve r = 4 sin? g between θ = 0 and 
θ5-π. 


5. Find the area of the surface generated when the arc of the curve 
r=a(1—cos θ) between θ = 0 and @ = 7, rotates about the initial 
line. 


That completes the work on polar curves. You are now ready for the 
next programme. 
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Further Problems — XX 


1. 


10, 


Sketch the curve r = οοβ2θ, Find (i) the area of one loop and 
(ii) the volume of the solid formed by rotating it about the initial 
line. 


Show that sin*@ = : Τὰς 26... cos 4θ. Hence find the area 


2 8 


bounded by the curve r = 4 sin*6 and the radius vectors at @ =0 
and 6 Ξπ. 


Find the area of the plane figure enclosed by the curve r=a sec’(s) 


and the radius vectors at 6 = 0 and θ = 7/2. 


Determine the area bounded by the curve r = 2 sin 6 + 3 cos @ and 
the radius vectors at @ =O and 6 = 7/2. 


Find the area enclosed by the curve r = oe and the radius 
1 + cos 26 
vectors at θ =O and 6 =7/4. 


Plot the graph of r = 1 + 2 cos @ at intervals of 30° and show that it 
consists of a small loop within a larger loop. The area between the 
two loops is rotated about the initial line through two right-angles. 
Find the volume generated. 


Find the volume generated when the plane figure enclosed by the 


curve r = 2a νη) between θ = 0 and 6 = π, rotates around the 


initial line. 


. The plane figure bounded by the cardioid r = 2a(1 + cos @) and the 


parabola r(1 + cos @) = 2a rotates around the initial line. Show that 
the volume generated is 187a°. 


Find the length of the arc of the curve r=a οἴ) between 0 =0 
and 0 = 3π. 


Find the length of the arc of the curve 7 = 3 sin 6 + 4 cos 6 between 
6=Oand 6 =7/2. 
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11. Find the length of the spiral r = a@ between @ = 0 and 6 = 27. 
12. Sketch the curver =a sin'(5) and calculate its total length. 


13. Show that the length of arc of the curve r =a cos?@ between 0 = 0 
and @ = n/2 is a[2V3 + In(2 + /3)] /(2V3). 


14. Find the length of the spiral r=ae?® between θ = 0 and 6 = 6;, and 
the area swept out by the radius vector between these two limits. 


1S. Find the area of the surface generated when the arc of the curve 
r? =a? cos 26 between 6 = 0 and 6 = 7/4, rotates about the initial 
line. 
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MULTIPLE INTEGRALS 


Programme 21 


Summation in two directions 


Let us consider the rectangle bounded by the straight lines, x =, 
x =5,y =k, y =m, as shown. 
Y 


Then the area of the shaded element, δα = ......Ἅ.νννννννννννν 


If we add together all the elements of area, like 5a, to form the 
vertical strip PQ, then 6A, the area of the strip, can be expressed as 


Did you remember to include the limits? 
Note that during this summation in the y-direction, 6x is constant. 


If we now sum all the strips across 
the figure from x =7 tox =s, 

we shall obtain the total area of 
the rectangle, A. 


= y=m 
= > [ Σ ὃν. δαὶ 
x=r ly=k 


Removing the brackets, this becomes | 
x=S y=m | 
A= 2 Σ by. dx. 
x=r yok 
If now δ᾽ > Ο and 6x > 0, the finite summations become integrals, 


so the expression becomes A = .......Ψ.μνννννννονν 
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To evaluate this expression, we start from the inside and work 
outwards. 
x=s ἵει | oy y=m 
a=| ‘| dy | ax= | | dx 
xr tdp=k ' x=r yk 


and since m and k are constants, this gives A = .......0.cc00 


A=(m-k).(s—r) 5 


x=8 x S's 
for Ἀπ τα] =(m—k) Β 
xr x=r 
A=(m-—k).(s~—r) 
which we know is correct, for it is merely A = length X breadth. 
That may seem a tedious way to find the area of a rectangle, but we 
have done it to introduce the method we are going to use. 


First we define an element of area 5y. 5x. 
Then we sum in the y-direction to obtain the area of a 


[3 ds. 


vertical strip; whole figure 6 


We could have worked slightly differently: 
Y 


As before 5a = 5x. 5y. 

If we sum the elements in the 
x-direction this time, we get the 
area 6A, of the horizontal strip .CD 
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Now sum the strips vertically and 
10 we obtain once again the area of 
the whole rectangle. 


k 

ο Χ 
γξπ ᾿ ᾿ ͵ yom {xes 

A, Ξ,Σ (allhorizontal strips like CD) =~ > Σ ix. | 
yek yok |xer 


As before, if we now remove the brackets and consider what this 
becomes when 5x > 0 and ὃν > 0, we get 


a= | ‘| dx' dy 
ypHk ιὐ xr 


Complete the working to find A, and then move on to frame 9. 


g [ Ar πὸ τὴ θη τὰ) 


For af [spa] στηαν το της 


γΞεκ r 


”. A, =(s—r).(m~—k) which is the same result as before. 


So the order in which we carry out our two summations appears not to 
matter. 
Remember 


(i) We work from the inside integral. 

(ii) We integrate w.r.t. x when the limits are values of x. 
(iii) We integrate w.r.t. y when the limits are values of y. 
Turn to the next frame. 


Double integrals 10 
x 


y2 2 
The expression | | T(x, y) dx dy is called a double integral 
Yi ὦ xy 


(for obvious reasons!) and indicates that 


(i) f(x, y) is first integrated with respect to x (regarding y as being 
constant) between the limits x =x, andx =x, 
(ii) the result is then integrated with respect to y between the limits 
yey, andy =yp. 
Example 1 Ag 
Evaluate I = Ϊ { (x + 2y) dx dy 
1 #2 


So (x + 2y) is first integrated w.r.t.x between x = 2 and x = 4, with y 
regarded as constant for the time a 


2 'p4 δ: 
ι-} Ν (x + 2y) dx } dy. 
1! ; 


|" E + 2a] aw 
=| {6 τὸ)- ray] d 


2 
5) (6 ὁ WY) ὧν = .....υὐονννννμνέννννον 
Finish it off 


2 2 
For i=| (6 + 4y)ay=| ἐν + 29? 
1 


=(12+ 8)-(6+ 2)=20-8=12 
Here is another. 


Example 2 2 3 
Evaluate I -| { x?y dx dy 
10 
3 
Do this one on your own. Remember to start with f x?y dx with 


| y constant. 
Finish the double integral completely and then turn on fo Jrame 12. 


ἀπ το Rah Rid το Mice Aer 


ee 


a ae 
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Check your working: 


2 3 cae laa ie 
i={ Ϊ αν dxdy=| Ἵ x*y αχ' dy 
1 0 1s ὍΣ eta 


= 18 —- 4.5 = 13-5 


Now do this one in just the same way. 
Example 3 
2 pa 
Evaluate 1=/ | (3 + sin θ) dé dr 
1.0 


When you have finished, check with the next frame. 


13 [Ξ3πτ2 


Here it is: 


. (9π:τ2) αν 


Ξ Gn+2)r| 


= (30+ 2) (2-1) =3n+2 


On to the next frame. 
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Triple integrals. Sometimes we have to deal with expressions such as 


b pd pf 
1 -| Ϊ i f(x, y, 2) dx. dy.dz 
ave ve 


but the rules are as before. Start with the innermost integral and work 
outwards. 


as eae pe crn ak Ger aa ® 


Aweseewstesie wee 


All symbols are regarded as constant for the time being, except the one 
variable with respect to which the stage of integration is taking place. 
So try this one on your own straight away. 


14 


Did you manage it first time? Here is the working in detail. 


3 pl p2 
i= i Ϊ (x τῶν --Ζ) ἀχ. ἄν. 42 
1.-|νῸ 


3.0} χϑ 2 
=| Ϊ Ἔ + 2xy-xz} dy.dz 
1 J-1 2 0 


a1 3 ἢ 
-| | (2 + ἄν -- 22) dy. dz zl E + 2p? - 2y2| dz 
1.-Ὁ i -} 


3 3 
-| ((2+2~22)-(-2+2+22)} ae - (4-- 42) dz 
} a 
3 
=| 42-22 | 7 (12-18)-(4-2) =-8 


23 rl 
Example 2. Evaluate { (p? + q* ~r*) dp.dq.ar 
15 040 


| When you have finished it, turn on to frame 16. 


15 
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273 ΡῚ 
For 15} { Ϊ (p? + q? -- γ3) ἂρ dq ἂν 

Iv 040 
2 p33 1 

ὃς Ρ 2 2 

Ξ = ὑρᾳ pr | dq dr 
RAG 0 

ij “( ; 2} 

= atq’ -r*} dqar 
ae 3 


2 3 3 
= 4.4 - P| ar 
Ϊ, Ξ ges 0 
2 
-| (1 19 -- 3.2) dr 
1 
2 
= [ior] : Ξ (20 -- 8) -- [0 -- 1) 
= 12-9=3 
It is all very easy if you take it steadily, step by step. 
Now two quickies for revision: 


2 75 4 p3x 
Evaluate (i) Ϊ Ϊ ay dx, (ii) { Ϊ 2ν dy dx. 
1.3 0.0.1 


Finish them both and then move on to the next frame. 


17 Here they are. 
Ὁ ff. dy dx ΓΡΊ; ἀχ ἢ Ὁ -- 3) dx ἰ 2 ἀχ =| 2x] 


=4-2=2 


And finally, do this one. 


t= fax? 4) dr ay = Poet nae 


Multiple Integrals 


{= 15 18 


5 p2 
1 Ϊ (3x? -- 4) dx dy 
Ovi 


-[ |e = ax)" ay 
. [8 -8)-6 - 4} αν 


5 5 
-| say =| 39] =15 
0 0 


Now let us see a few applications of multiple integrals. 
Move on then to the next frame. 


Check the working. 


Applications 
Example 1, Find the area bounded by y = = , the x-axis and the 19 
ordinate atx = 5. / 


y= 


Area of element = 6y. 5x 


.. Area of strip ee by .bx 
y = 


x ee ΒΣ 


The sum of all such strips across the figure gives us 


x=5 = 
Aes (Σ᾽ sy bx 
x=Ol p= 
to VEY 
ἘΣ Σ by. bx. 
x=O ye 
Now, if δ᾽ > Ο and 6x > 0, then a= [” Bee 
0. 0 
5 5 
» 
patina 
0 
But ee 0 0 
5 
SOAS chsen242 
Finish it off 
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20 


21 


5 275 
For a=| Fax =| =] =] 
0 δ δ; τ 
Right. Now what about this one? 
Example 2. Find the area under the curve y = 4 sin> between x = Ξ 


and x = π, by double integral method. 


Steps as before. 
Area of element = dy. 6x 
Area of vertical strip 


ms ὃγ. ὃχ 


δα 
Total area of figure: 


If dy > 0 and 6x > 0, then 


mw py 
a={ Ϊ ὧν ἀκ τ. νοονμνναναν 
n/3J0 


Complete it, remembering that γιὲ = 4 sin5 


For you get 
y π y a 
ae [| ‘ay ax=| || ΧΩ yi dx 
nlW 0 π|3 0 πί3 


π π 
τ 4 sing dx =[~8 cos | 
π|3 2 πίβ3 


= (8 cos π|2) -- 8 cos π[6) 
=0-8. aes 4/3 units? 
Now for a rather more worthwhile example — on to frame 22. 
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Now for a different one. So turn on to the next frame. 


Example 3. Find the area enclosed by the curves 


x 
yy? =9x and y2 =F 


9 
First we must find the points of intersection. For that, γι =¥2.- 
4 
. Ox Ti ᾿ς x=Oorx? = 729,ie.x=9 


As usual, 
Area of element = dy. 6x 
*. Area of strip PQ 


δ 
Summing all strips between x =O and x =9, 


=Q = x=9 = 
ASE ΟΣ ay. ax} - = Σ᾽ by.dx 
x= OL Ξ}»2 x=0 yHye 


9 ry 
If 6y > 0 and 6x > 0, a=( | ᾿ dy dx 
Oly 
2 
Now finish it off, remembering that y,? = 9x and y2 =% 


22 


Here it is. 


0 
9 t 2 
= [" -5} ax 
0 
- [2x3 Ὁ] 
7 0 


= 584 -- 27 Ξ- 27 units” 
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2 Double integrals can conveniently be used for finding other values 
besides areas. 


Example 4. Find the second moment of area of a rectangle 6 cm X 4cm 
about an axis through one corner perpendicular to the plane of the figure. 
Ζ 


Second moment of element P about ΟΖ + δὰ (OP)? 
= $y. 6x. (x? τ») 
Total second moment about OZ 
ls" Σ᾿ (x? +?) dy dx 
x=0 y=0 
If x > 0 and ὃν > 0, this becomes 


6 4 
| 15} Ϊ (x? τ») dy dx 
970 


| 25 | 1= 416 cm* | 

| 6 4 6 yt 

1-| Ϊ οὐ +3?) dy axel [rr | dx 

0.0 0 0 

6 64 

| -| (ar + 3 dx 

0 

3 6 

= | = 288 + 128 = 416 cm* 
31s |, ———— 

Now here is one for you to do on your own. 

Example 5. Find the second moment of area of a rectangle 5 cm X 3 cm 


about one 5 cm side as axis. 
Complete it and then turn on to frame 26. 


La «Θσ'᾽ις σσίν --  - π᾿ Bee ee 
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| 1= 45 om*] 26 


Here it is: check through the working. 


Area of element = 6a = d5y. 5x 
Second moment of area of 5a 
about OX = Say? 

=y? ὃν 6x 


y x=5 y=3 7 
Second moment of whole figure * 2 ‘ Σ ἡ γῆ. by. bx 
x= »Ξ 


1{δν-» 0 and éx>Q 


On to frame 27. 


Now a short revision exercise. Finish both integrals, before turning on to 
the next frame. Here they are. 27] 


Revision 


Evaluate the following: 


2°3 

@ | | (y? - xy) dy ax 
Ov] 
3 

Gi) [J 2 2a ae 


When you have finished both, turn on. 


oar 
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28 


Here they are in detail. 


2 ¢3 2.3 2793 
εἴ Σ᾿ [Γ΄ αν 
(i) I [ὁ xy) dy dx ᾿Ξ x dx 


-(,(0-3)-6-3) 


3 p2 3 γϑ 2. 
(ii) 1-| | (x? + y?) dy ἀκ εὖ [xy +3] dx 
OJ 0 1 


=9+7=16 
Now on to frame 29. 


2 9 Alternative notation 


Sometimes, double integrals are written in a slightly different way. 


3 2 
For example, the last double integral I zl | (x? + y?) dy dx could 
0.01 


have been written 
3 2 
Ϊ ἀ (a? +y*) dy 
0 1 
The key now is that we start working from the right-hand side integral 


and gradually work back towards the front. Of course, we get the same 
result and the working is identical. 


Let us have an example or two, to get used to this notation. 


Move on then to frame 30. 
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Example 1. l= 


2 al2 

ax | 5 cos 6 dé 3 0 
0 0 
2 


It is all very easy, once you have seen the method. 
You try this one. 


6 π|2 
Example 2. Evaluate 1 -| ay| 4 sin 3x dx 
3 0 


Here it is. 


Now do these two. 


3 1 
Example 3. ax | (x — x?) dy 
2 0 


2 2y 
Example 4. | ay| (x —y) dx 
1 y 


(Take care with the second one) 


When you have finished them both, turn on to the next frame. 
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32 


Results: 


3 1 
Example 3. I -| dx) (x-x?)dy 
0 


0 
2 2y 
Example 4 I -| ay| (x - y) dx 
1 y 
2 2 x=2y 
x 
false 
1 x=y 
2 2 
εἶ dy [ω»’ τὸν τι Ξν 
2 2. ΡΣ 
= Voy. 
=\ dy-; -| = ay 
᾿ 2 1 2 
[5 «το: 
6, 666 
Next frame. 


3 3 Now, by way of revision, evaluate these. 


᾿ 4 p2yp 
(i) | te (2x + 3y) dx dy 


4 pe 
(ii) Ϊ ; ax Ἶ (2y -- 5x) dy. 


When you have completed both of them, turn on to frame 34. 
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(i) 128, (ii) —54-5 34 
Working 
4 ¢24y 
(i) I -| Ϊ (2x + 3y) dx dy 


=2 
= [> +330] ἌΞΕΙ, dy 
0 x=y 
4 


(4y? + 6y?)-(y? + 3») ὧν 


oO 
--- ro 


4 
=| 10y? - ay} dy -| 6y? dy 
0 0 


(ii) I= { ‘ ax" ὧν -- σχ)αν 
0 


So it is just a question of being able to recognize and to interpret the 


two notations. 


Now let us look at one or two further examples of the use of 


multiple integrals. 


1 
4 γιὰ 
=| αν} »" - sx] 
y=0 


2 4 
-| α- 5x3/2) dx |= ἘΞ 2x82] 


1 
= (8- 64)- (5-2) 
= -56 + 1.5 =-54.5 


Turn on then to frame 35. 
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Example 


To find the area of the plane figure bounded by the polar curve r = f(8), 
and the radius vectors at 6 = 6, and@=6@,. 


er 


Ὁ 


Small arc of a circle of radius r, 
subtending an angle δθ at the 
centre. 

. arc=r.60 


We proceed very much as before. 
Area of element * 6r..756 


Area of thin sector = "Ss τ 6r.r60 


r=0 
6 = 62 
Total area Σ ~ (all such thin sectors) 

θΞθι 
θ0θ5Ξθ = 

aS? [Σ᾽ r-br.56| 
θΞ-θι (r=0 
O0= 62 ΓΞ 

ἘΣ Σ γιδγ.δθ 
θΞθι r= 0 

Then if 66 > 0 and 6r> 0, 
62 pry 
ἈΞ] r.dr.d@ 
; 6; 0 
EYE Let, remnlaes asee nea Finish it off. 


3 δ The working continues: 
ee 


a. is = υ 62 277 
ae A=[ 5 dé 
Mes θι 0 


2 
ms } 
i.e. in general, asl 3} a6 


Which is the result we have met before. 


Let us work an actual example of this, so turn on to frame 37. 
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Example. By the use of double integrals, find the area enclosed by the 
polar curve r = 4(1 + cos θ) and the radius vectors at @=Q and @ = 7. 


r =4(1 + cos 8) 


[5] do But r, = £(8) 
ο = 4(1 + cos θ) 


ris 
ΝΑ = 8(1 + cos 6)? dé 
0 


π 
-| 8(1 + 2 cos 6 + cos?) dé 
0 


37 


π 
A=s/ (1+ 2 cos 6 + cos?) dé 
0 


For 


π 


=s[o+2sng+5+ 202 


2 4 
-8(8)-(0 


= 82 + 4 = 127 units? 


0 


Now let us deal with volumes by the same method, so move on to the 
next frame. 
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3 ῃ Determination of volumes by multiple integrals 


Ζ Surface z, = f(z, γ) 


Element of volume ὃν = 6x. 6y.6z. 
Summing the elements up the column, we have 


ΖΞΖι 
δν. ΞΣ δὃδχιδν.δΖ 
z=0 


If we now sum the columns between y = y, and y = y,, we obtain 
the volume of the slice. 


ὃν, Ξ Σ᾿ Σ᾿ bx. 8y.52 
yvryy 2Ξ0 
Then, summing all slices between x = x, and x = χα, we have the 
total volume. 


ves? Σ᾽ Σ΄ δχιδν.δ2 


X=Xy xX=x,; z=0 
Then, as usual, if 6x > Ὁ, ὃν > 0 and 6z > 0 


X2 p¥2 p71 
γε] { Ϊ dx .dy.dz 
Xi/ yiv 0 


The result this time is a triple integral, but the development is very 
much the same as in our previous examples. 
Let us see this in operation in the following examples. 


Next frame. 
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Example 1. A solid is enclosed by the plane z = 0, the planesx = 1,x= 4, 40 
y =2,y =5 and the surface z = x + y. Find the volume of the solid. 


First of all, what does the figure look like? 
The plane z = 0 is the x-y plane and the plane x = | is positioned thus: 


Working on the same lines, draw a sketch of the vertical sides. 


The figure so far now looks like this: 


Al 


If we now mark in the calculated heights at each point of intersection 
(z=x τ y), we get 


x 
This is just preparing the problem, so that we can see how to develop 
the integral. For the calculation stage, turn on to the next frame. 
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Volume of element * 6x. 5y.6z 
z= (ty) 


Volume of column 2 6x.6y Σ &z 
z=0 
= 5 = + 
Volume of slice 5 5x rs by : =" ἦ δΖ 
y=2 z=0 


= + 
Volume of total solid Σ 6x° Σ ὃν Σ 6z 
x= y=2 z=0 


Then, as usual, if 8x > 0, 5y > 0, 6z > 0, this becomes 
4 5 xt+y 
Vv =| ax( arf dz 
1 2 0 


And this you can now finish off without any trouble. (With this form 
of notation, start at the right-hand end. Remember?) 


μα 
4 4 γ275 
-| ax| (x + y) dy εἰ ax Ε + a 
1 2 1 2 
| 1 


2 1 
(8 +84) -@+2y}=4 {132-24} = 54 units? 
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Example 2. Find the volume of the solid bounded by the planes, 44 
z2=0,x=1,x=2,y=—1,y = 1 and the surface z=x? + y?. 


In the light of the last example, can you conjure up a mental picture 
of what this solid looks like? As before it will give rise to a triple integral. 


2 1 x7 + y? 
ν -| ax( ay| dz 
1 -1 0 


Evaluate this and so find V.  V = v.ecccccccscsseeees 


" 
V= Zz units 


For we have: 
2 1 x? ty? 
vel ax d dz 
1 πε. 0 
2 1 
-{ ax | dy (x? + y?) 
1 - 
2 341 
-| ax| xy +%| 
1 -l 
| 2 3) 2.1 
Ξ x +a)-(-x -ἢ ax 
{, (=" +3)-(-=* -3) 
2 
-| a 
1 
oe 
3 
a 
_jlo+a- π᾿ 
= ΔΒ units? 
Next frame. 
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46 


That brings us almost to the end of this programme. 


In our work on multiple integrals, we have been developing a form of 
approach rather than compiling a catalogue of formulae. There is little 
therefore that we can list by way of revision on this occasion, except 
perhaps to remind you, once again, of the two forms of notation. 


Remember: 


d pb 
(i) For integrals written Ϊ | f(x, y) dx. dy, work from the centre 
cva 


outwards. 
d b 
(ii) For integrals written [ dy| f(x,y) dx work from the right-hand 
c a 
side. 


Now there is the Test Exercise to follow. Before working through it, 
turn back into the programme and revise any points on which you are not 
perfectly clear. If you have followed all the directions you will have no 
trouble with the test. 


So when you are ready, move on to the Test Exercise. 
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Test Exercise—XXI 


Answer all questions. They are all quite straightforward and should 
cause you no trouble. 


3 p2 
1. Evaluate (i) [ Ϊ (v> -- xy) dy dx 
1.0 
τὸ a vi 2 2 
(ii) | ax (x —y) dy, where νι =V(a? -x°) 
0 0 


2. Determine 


434+20 π|3 
(i) | | (2 cos 6 — 3 sin 30) dé. dr 
0 0 


42 νά 

(ii) Ϊ Ϊ Ϊ xy(z + 2) dx dy dz 
2% 1/0 
1 2 x 

(ii) ae| ax (x+y +z)dy 
0 1 0 


3. The line y = 2x and the parabola y? = 16x intersect at x = 4. Find by 
a double integral, the area enclosed by y = 2x, y” = 16x and the 
ordinate at x = 1. 


4. A triangle is bounded by the x-axis, the line y = 2x and the ordinate 
at x = 4. Build up a double integral representing the second moment 
of area of this triangle about the x-axis and evaluate the integral. 


5. Form a double integral to represent the area of the plane figure 
bounded by the polar curve r= 3 + 2 cos θ and the radius vectors at 
6 =O and 6 = 7/2, and evaluate it. 


6. A solid is enclosed by the planes z = 0, y = 1,» =3,x =0,x = 3, and 
the surface z = x? + xy. Calculate the volume of the solid. 


That’s it! 
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Further Problems—XXI 
T pcos @ 
1. Evaluate [ { r sin 6 dr dé 
0 
2 re 2np 3 
ἢ Ϊ [ P(9-r*) ἂν αθ 
040 
1 p3x+2 
3. » [ i dy dx 
x7 +4x 
4. » iM ἽἼ (x? + y?) dx dy dz 
nr pn/2 
o sh Ϊ [ 1; x? sin @ dx dO ἀφ 
0.ῳ.0 J0 
6. Find the area bounded by the curve y = x? and the line y = x + 2. 


11. 


12. 


. Find the area of the polar figure enclosed by the circle r = 2 and the 


cardioid r = 2(1 + cos @). 


2 3 2 
. Evaluate J dx } ay| xy?z dz 

0 1 1 
2 2 

» Ϊ ax (x? + y?) dy 
0 1 
1 nl4 

» | dr Ϊ rcos*6 dé 
0 0 

Determine the area bounded by the curves x = y? and x = 2y~y?. 


Express as a double integral, the area contained by one loop of the 
curve r = 2 cos 3@ and evaluate the integral. 


n/2 ptan 12) 
. Evaluate [. 15. ik x sin y dx dy dz 


4 cosz pf(16 —y) 
. Evaluate " J, ie y dx dy dz 


589 


Multiple Integrals 


15. A plane figure is bounded by the polar curve r = a(1 + cos θ) between 
6 = 0 and @ = 7, and the initial line OA. Express as a double integral 
the first moment of area of the figure about OA and evaluate the 


2 

integral. If the area of the figure is known to be ὅτ. units? , find the 
distance (h) of the centroid of the figure from OA. 

16. Using double integrals, find (i) the area and (ii) the second moment 
about OX of the plane figure bounded by the x-axis and that part of 

2 42 

the ellipse oa ts = 1 which lies above OX. Find also the position of 
the centroid. 

17. The base of a solid is the plane figure in the xy-plane bounded by 
x =0,x =2,y =x, and y =x? + 1. The sides are vertical and the top 


is the surface z = x? + y?. Calculate the volume of the solid so 
formed. 


18. A solid consists of vertical sides standing on the plane figure enclosed 
by x =0,x=b, y=aandy=c. The top is the surface z = xy. Find 
the volume of the solid so defined. 


19. Show that the area outside the circle r = a and inside the circle 
r= 2a cos 6 is given by 


n/3 p2a cos θ 
A= 2f | rdrd@ 
Ova 


Evaluate the integral. 


20. A rectangular block is bounded by the co-ordinate planes of reference 
and by the planes x = 3, y = 4, z = 2. Its density at any point is 
numerically equal to the square of its distance from the origin. Find 
the total mass of the solid. 
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FIRST ORDER 
DIFFERENTIAL EQUATIONS 


Programme 22 


1 Introduction 


A differential equation is a relationship between an independent 
variable, x, a dependent variable, y, and one or more differential 
coefficients of y with respect to x. 


e.g. oR sinx =0 


Differential equations represent dynamic relationships, i.e. quantities 
that change, and are thus frequently occurring in scientific and engineering 
problems. 

The order of a differential equation is given by the highest derivative 
involved in the equation. 


x2 -y? =0 is an equation of the 1st order 
2 
xy τς -y? sin x= 0 γ5 75 > 5, ψὰ 2nd ἊΣ 
αὖ ψ 4x 
--Φ - + = 2909 35 45. 925 35) 
ἢ 7 ἃς Ὁ 0 3rd 
So that a ὦ +2 =e 10 y = sin 2x is an equation of the .......... order. 


2 


Since in the Θαυδίίοῃ ---5 d’y + ann ay + 10 y = sin 2x, the highest 


pa 
2 
derivative involved is wy 
ax 
Similarly, 
(i) x =y? +1 18.@..52:43 order equation 
(ii) cos at ty=1 isa... order equation 


2 
(iii) £3 7 3m + 2y =x? isa... order equation 
(iv) Ὁ + ye ~xy? =xisa.... order equation 


On to frame 3. 
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First Order Differential Equations 


(i) first, (ii) first, (iii) second, (iv) first. 3 


Formation of differential equations 


Differential equations may be formed in practice from a consideration 
of the physical problems to which they refer. Mathematically, they can 
occur when arbitrary constants are eliminated from a given function. 
Here are a few examples: 


Example 1. Consider y = A sin x + B cos x, where A and B are two 
arbitrary constants. 
If we differentiate, we get 


dy _ 


Φ-- 808 x — B sin x 
2 
and ΤΣ =-Asinx~B cos x 
which is identical to the original equation, but with the sign changed. 
oh eS 


ie. +y=0 


dx? 5." ax? 


This is a differential equation of the ...... order. 


4 


Example 2. Form ἃ differential equation from the function y = x + a 


We have pextextaxt 
. a _ ge, _A 
ae 1-Ax 1 a 


From the given equation, 4. yr-x . A=x(v-x) 


. ὧν, xx) 
os 1 με 


This is an equation of the ...... order. 
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ἢ Now one more. 


Example 3. Form the diff. equation for y = A x? + Bx. 
We have y=Ax?+Bx (ὃ 


Deraxt+B (ii) 


dx 
zs a =2A (iii) A= say 
Substitute for 2A in (ii) τ =x = +B 
2 
B τῷ =x “5 


Substituting for A and B in (i), we have 
2. 2 
pugs ΣῈ +x(2-xB) 


‘2 dx? dx ~ dx? 
a ἂν, Dy Py 
2. axe | ax dx? 
is 3 dy x’ dy 
WY Exo Σ᾽ 2. 
age this is an equation of the ....... order 


6 second 


If we collect our last few results together, we have: 
‘ td 
y=Asinx+Bcosx gives the equation 


Bt Hy y= 0 (2nd order) 
dy x? dy 
= 2 39 35 353 = ----- — —_ 
y = Ax* + Bx PRT 2. 4.3 (2nd order) 
A ” 3? 2 dy = - 
γΞχε τ xa 2x -y (1st order) 
If we were to investigate the following, we should also find that 
y = Axe* gives the diff. equation x2 +x)=0 (Ist order) 
- τὶ a d. 
y = Ae** + Be eX > » » a +10 =F + 24y =O (2nd order) 


Some of the functions give 1st order equations: some give 2nd order 
equations. Now look at these five results and see if you can find any 
distinguishing features in the functions which decide whether we obtain 
a lst order equation or a 2nd order equation in any particular case. 


When you have come to a conclusion, turn on to frame 7. 
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First Order Differential Equations 


A function with 1 arbitrary constant gives a 1st order equation. 


” » » 2 arbitrary constants ” 


Correct, and in the same way, 


» 2ndorder ” 


A function with 3 arbitrary constants would give a 3rd order equation. 


So, without working each out in detail, we can say that 


7 


i) y=e?* (A+ Bx) would give a diff. equation of .......... order 
q 
1] = x= 1 ” ” 55. 05 55 35 ” 
CU der cence a ὙΠ ἩΡ θον ΡΛ οθι ρρρος 
(iii) y = e?* (A cos 3x + Bsin 3x)» » » ORE ttt tna 5: 
(i) 2nd, (ii) Ist, (iii) 2nd 
since (i) and (iii) each have 2 arbitrary constants, 
while (ii) has only 1 arbitrary constant. 
Similarly, 
(i) x? a + y = 1 is derived from a function having ........ arbitrary 
Σ constants. 
(ii) costx ἐν =l-y » » ἃ function having ........ arbitrary 
Ἄ constants. 
2 
(iii) ons +4 a +p =e » ἃ function having ........ arbitrary 
= - constants. 
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9 ΣΤΥ 


So from all this, the following rule emerges: 
A lst order diff. equation is derived from a function having 1 arbitrary 


constant. 
A 2nd ” 57 55 35 3} ” 7 5) ” 2) arbitrary 
constants. 


An nth order differential equation is derived from a function having n 


arbitrary constants. 


Copy this last statement into your record book. It is important to 
remember this rule and we shall make use of it at various times in the 
future. 


Then on to frame 10. 


Solution of differential equations 


To solve a differential equation, we have to find the function for which 
the equation is true. This means that we have to manipulate the equation 
so as to eliminate all the differential coefficients and leave a relationship 
between y and x. 


The rest of this particular programme is devoted to the various 
methods of solving first order differential equations. Second order 
equations will be dealt with in a subsequent programme. 


So, for the first method, turn on to frame 11. 
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Method 1 By direct integration 
If the equation can be arranged in the form = f(x), then the 
equation can be solved by simple integration. 
Example 1. - = 3x? — 6x +5 
Then y= | Gx? τ-ὦ + 5) τα’ ~384 +540 
ie. y=x?—3x? +5x+C 


As always, of course, the constant of integration must be included. Here 
it provides the one arbitrary constant which we always get when solving 
a first order differential equation. 


Example 2. — Solve xP a5x3 44 
dx 
In this case, ων - 5x? + 
dx x 
δον» Ξένος 


11 


y=2% 44inx+C 


As you already know from your work on integration, the value of C 
cannot be determined unless further information about the function is 
given. In its present form, the function is called the general solution 
(or primitive) of the given equation. 

If we are told the value of y for a given value of x, C can be evaluated 
and the result is then a particular solution of the equation. 


Example 3. Find the particular solution of the equation e* ἐν = 4, given 
that y = 3 when x =0. 


: : ΝΡ ἂἄ 4 , ix 
First re-write the equation in the form oe 4e 


Then ye fae" dx =—-4e* τς 


Knowing that when x = 0, y = 3, we can evaluate C in this case, so that 
the required particular solution is 
SL asics tee 


12 
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[ y=-4e*+7 | X47 
13 y=-4e 


Method 2 By separating the variables 


If the given equation is of the form = f(x, y), the variable y on the 


right-hand side, prevents solving by direct integration. We therefore have 
to devise some other method of solution. 


Let us consider equations of the form 2 = f(x) .F(v) and of the form 
ἘΡ “Fy i.e. equations in which the ee side can be expressed as 


products or quotients of functions of x or of y. 
A few examples will show how we proceed. 


ὧν 2x 
Example 1. Solve ea 


We can re-write thisas (y+ ) ΑΘ 


Now integrate both sides with τι τὶ tox 


[στ Ξ ax = [2xax ie. Jornar= fra 


y 
and this gives ee x? +C 
= a Ξ ᾿ 
14 Example 2. Solve ae Ch (oy) 
1 dy 
Ty ae =lt+x 
Integrate both sides with respect to x 
Ι ὦ ΠΣ 
lazer faroae = [ τν dy τα τα 
2 


In(l+y)=x 45 τ 


The method depends on our being able to express the given equation in 


the form Fy). = dy = f(x). If this can be done, the rest is then easy, for 
we have [ron dx -ω dx. Ϊ FQ) dy = [re dx 


and we then continue as in the examples. 


Let us see another example, so turn on to frame 15. 
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dy _ lt+y 
Example 3. — Solve Ἵ. oes (i) 
This can be written as ee D2 fh. 
lt+ydx 2+x 


Integrate both sides with respect to x 


1 dy, _{ 1 
[π ξανὰ 


; 1 _f 1 , 
: iF ty? -[sh dx (ii) 
Δ In(lt+y)=In(2+x)+C 
It is convenient to write the constant C as the logarithm of some other 
t 
constant A In(it+y)=In(2+x)+InA 
.1lt+y=A(Q+x) 
Note: We can, in practice, get from the given equation (i) to the form 
of the equation in (ii) by a simple routine, thus: 


apa a J 
dx 2+x 
First, multiply across by the dx 
dy = Δ1τγ dx 
2X 
Now collect the ‘y-factor’ with the dy on the left, 1.6. divide by (1 + y) 
1 
l+y one 2+x dx 


Finally, add the integral signs 


1 1 
‘ers dy =| ee ax 
and then continue as before. 
This is purely a routine which enables us to sort out the equation 
algebraically, the whole of the work being done in one line. Notice, how- 
ever, that the R.H.S. of the given equation must first be expressed as 


‘x-factors’ and ‘y-factors’. 
Now for another example, using this routine. 


Example 4. ϑοῖνε 
First express the ΚΗ 5. in ‘x-factors’ and ‘y-factors’ 

dy_y’ (1+x) 

dx χ' Ὁ -- 1) 
Now re-arrange the equation so that we have the ‘y-factors’ and dy on 


the L.HS. and the ‘x-factors’ and dx on the R.H:S. 
SO WE pet. eee le Sat 


15 
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We now add the integral signs 


=] l+x 
Poy -| ἘΣ ax 


and complete the solution 
4 τέῳ Ξ “2 + 1 
5-77] &= Jira 
.Inyty! =Inx-x'+C 


Δ Iny tisinx-1L+e 
y x 


Here is another. 


2. 
Example 5. Solve ες = | 
y? 
Re-arranging, we have dy = dx 
1 νὰ 
y? -- 1 Ly x x 


Which μι νδβ᾽οκουῖν μενος κου ὐνιου χες κνυυου τον ον ϑρο νους 
1. yal 
17 απ eS cael 
fei Peel! 
play 2Inx+InA 
ee 2 
yt are 


yr1=Ax* (y+]) 
You see they are all done in the same way. Now here is one for you to do: 


Example 6. Solve cs eas ye I 
First of all, re-arrange the equation into the form 

ΕΟ) dy = f(x) dx 
ie. arrange the ‘y-factors’ and dy on the L.H.S. and the ‘x-factors’ and 
dx on the ΚΗ 5. 
What do you get? 
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24] 18 
yy + I) dy =*—— dx 
dy_x? +1 
for Ye y +1 


241} 
τ xy dy εξ τ᾿ τάχ 


2+ 
2 yy + Vy dy == ax 


So we now have 


forsee 


Now finish it off, then move on to the next frame. 


19 


DpDanocgnnonooncCoOoOoOoOoGoOoooooCoooOno0oF00000000000 


Provided that the ΚΕ Η 5. of the equation a = f(x, y) can be separated 


into ‘x-factors’ and ‘y-factors’, the equation can be solved by the method 
of separating the variables. 


Now do this one entirely on your own. 
Example 6. Solve x2 =ytxy 


When you have finished it completely, turn to frame 20 and check your 
solution. 
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20 Here is the result. Follow it through oe even if your own answer 


is correct. εν. x Peay +x) 
ax dx 
x dy =y(1 +x) dx 
2 ὦ itx 3. 
ἊΣ με 


.Iny=Inx+x+C 


At this stage, we have eliminated the differential coefficients and so we 
have solved the equation. However, we can express the result in a neater 


form, thus: 
Iny-Inx=x+C 
: inf 2 =x+C 
x 
κι a =e tC = GX ρὲ Now 6“ is a constant; call it A. 
i == Ae~ .. y=Axe* 
Next frame. 


21 This final example looks more complicated, but it is solved in just the 
same way. We go through the same steps as before. Here it is. 


Example 7. Solve ν tan xB (4+ ν2) sec?x 


First separate the variables, i.e. arrange the ‘y-factors’ and dy on one 
side and the ‘x-factors’ and dx on the other. 


SO We Bet... ecteiesesteed 


2 
y sec’ x 
22 4ty? dy = tnx αΣ 


Adding the integral signs, we get 


(ay eS ec? Sec*x 1. 
tan x 


Now determine the integrals, so that we have ..........:.::cecsesesseueees 
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1) p= 23 
3 n(4t+y*)=Intanxt+C 


This result can now be simplified into: 


In(4+y?)=2Intanx+InA_ (expressing the 
constant 2C as In A) 


Ὁ 4+y? =A tan?x 
ἡ y? =Atan?x-4 
So there we are. Provided we can factorize the equation in the way we 


have indicated, solution by separating the variables is not at all difficult. 
So now for a short revision exercise to wind up this part of the programme. 


Move on to frame 24. 


Revision Exercise 


Work all the exercise before checking your results. 
Find the general solutions of the following equations: 


1 ὧν.» 

: dx x 
os Ya (y +2) (x41) 
3. costx Ὁ» = y +3 
4 BD exy-y 
5 Tap τοις 


When you have finished them all, turn to frame 25 and check your 
solutions. 
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ae fy ae 


2 5 Solutions 
1 


. Iny=Inx+C 
=Inx+InA 
1 y EAX 
2. Bryer) 


& [:: =D dy =| + 1) dx 


Ἂν x? 
Inet Day tx4+C 


dy 
3. ai 
cos’ x = yrt3 


: 1 1 

[ἢ Φ “|S dx 
= [sectxae 

In(y + 3) =tanx+C 


«αν -- 
4. 2 Ξαν TY Le γα - 1) 


2 | τὰν A\G- 1) dx 


5 sinx dy _ 
ya cosx 
l _{ cosx 
ἐν ay =| 22 ax 


ὉΠ In(i+y) =Insinx τς 
=InsinxtInA 


l+y =Asinx 
“yy =Asinx—1 
oo og OG agaqcqcqanncnvacaacaaga gqq00na 


If you are quite happy about those, we can start the next part of the 
programme, so turn on now to frame 26. 
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Method 3 Homogeneous equations — by substituting y = vx 2 6 
. : dy _xt3y 
H tion: == 
ere is an equation aa 


This looks simple enough, but we find that we cannot express the R.H.S. 
in the form of ‘x-factors’ and ‘y-factors’, so we cannot solve by the 
method of separating the variables. 

In this case we make the substitution y = vx, where ν is a function of x. 


So γξνχ 
Differentiate with respect to x (using the product rule). 
. ὧν dv ἂν 
Lay ltxevtx 
dx” nee dx» dx 
x+3y _x+3vx _1+3p 
A ἘΞ ἘΞ 
lso 5. 5χ 5 
ἂν 1τ3ν 
Th i +x > 
e equation now becomes v XD 
dv _1+3v 
dx 2 
-it3v—2v 1τν 
2 2 
dx 2 


The given equation is now expressed in terms of y and x, and in this 
form we find that we can solve by separating the variables. Here goes: 


2 ΓΙ 
[τῷ εἶτα 


Ὁ 2in(lt+vy=iInx+C=lnxtinA 
(itv? =Ax 


But YrVx .. » =(2} ἧς (1 +2) =Ax 


which gives (x+y)? =Ax? 
Note. Φ i is an example of a homogeneous diff. equation. 
x 
This is determined by the fact that the total degree inx and y for each 
of the terms involved is the same (in this case, of degree 1). The key to 
solving every homogeneous equation is to substitute y = yx where v is a 
function of x. This converts the equation into a form in which we can 
solve by separating the variables. 
Let us work another example, so turn on to frame 27. 
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— = ae 
21 Example 2. Solve Quay < 


xy 
Here, all terms on the R.H.S. are of degree 2, 1.6. the equation is 
homogeneous. .. We substitute y = vx (where ν is a function of x) 


. ay dv 
aos Sptx— 
dx * ay 
aa x? ty? x? +v?x?_1+y? 
xy vx v 
The equation now becomes 
ἂν 1:τν 
+ — = 
* ax v 
ἂν +9? _ 
dx v 
Dh eh acest ae 6 
ν ν 
ν Paid mes 
“dx Ψ 


Now you can separate the variables and get the result in terms of v and x. 


Off you go: when you have finished, move to frame 28. 


2 
28 3 =Inx+C 
1 
for vy dv=}!—dx 
x 
2 
τὰ τ =Inx+C 
All that now remains is to express ν back in terms of x and y. The 
substitution we used wasy=vx ὧν =< 


y? =2x? (Inx + C) 
Now, what about this one? es --ττ --..-:.. 
dy 2χν +3,” 

dx x? + 2xy 


Is this a homogeneous equation? If you think so, what are your reasons? 


Example 3. — Solve 


When you have decided, turn on to frame 29. 
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Yes, because the degree of each term is the same 2 9 


Correct. They are all, of course, of degree 2. 
So we now make the substitution, y =... 


y = vx, where ν is a function of x 


Right. That is the key to the whole process. 


dy Σ᾿ + 39" 
dx χ' +2xy 
So express each side of the equation in terms of ν and x. 
ΦῈΞ 
dy sce 
2xy + 3y? 
and lig eee 


dy dv 
pane a α + ‘a 
dx» ” dx 


ax 1+ 2p 
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32 


Ὁ = 2 + 30? 
ax. ἰττῶν Ὁ 

_ 2v + 3v? -ν-- 2ν2 

᾿ 1:12ν 


33 


1+ 2p 1 
J ia dv -| ; dx 
Integrating both sides, we can now obtain the solution in terms of ν and 
x. What do you get? 


34 


In(v + v?)=Inx+C 
=Inx+InA 
vty? =Ax 


We have almost finished the solution. All that remains is to express v back 
in terms of x and y. 


Remember the substitution was y = vx, so that ν =v 


x 
So finish it off. 


Then move on. 


xy +y? = Ax? 
for v+y? = Ax and pad 
2 
Vin ¥. 
4+ 
x x? 
xy ty? = Ax? 


And that is all there is to it. 


Turn to frame 36. 
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Here is the solution of the last equation, all in one piece. Follow it 3 6 
through again. 


ἂν oxy * 3ν" 
dx x? +2xy 


This is homogeneous, all terms of degree 2. Put y = vx 


To solve 


2χν + 3y? _ 2vx? + 3v?x? _ 2vt 3ν2 
x? τῶχν x? + 2vx? 1+ 2p 
dv _ 2v + 3v? 
dx 1+2p 
dv 2ν + 3y? 


Ge +a” 


Te) eas ead 
1+ 2y 


: ἘΞ 


ἘΞ 


aa ΧΙ 


: L+2v Bs 
ΠΡ ΠΕ ἊΣ 


.In@vt+y?)=Inx+C=lnx+InA 


But γΞξνχ 2 ve 


Ὁ χγτγ =Ax? 
Now, in the same way, you do this one. Take your time and be sure that 


you understand each step. 


Example 4. — Solve (x2 ty 2) =xy 


When you have completely finished it, turn to frame 37 and check your 
solution. 
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Here is the solution in full. 


3] 


Put 


Gray 


)@axy 


yx? 


x? + y2x? 


v 
1+ 7? 


δι i (v3 τῷ dv=-Inx+C 


--τκνῖΣ 
. -πξ-- t+Ilnv=-iInx+InA 


But 


2 


InvtInx+InK= : 


2ν2 


: x? 
ες οὐ τὸ 


2y? In Ky =x? 


This is one form of the solution: there are of course other ways of 


expressing it. 


Now for a short revision exercise on this part of the work, move on to 


frame 38. 


Revision Exercise 


38 


Solve the following: 


2. 


When you have finished all three, turn on and check your results. 


ax? B= κεν! 


a 
i στ Baxty 


2 


3. (x? + xy) 2 =xy-y 
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The solution of equation 1 afyl. 1 y? 3 9 
can be written as fap (2 ee inka ! ? 


Did you get that? If so, move straight on to frame 40. If not, check your 
working with the following. 


Ἢ (x-yyBa=xty ἘΦ Έ ΣΟ 
5 11 av=| ax Η tex: - a dv=|Inx+C 
Δ tan.’ ἀπ +y?)=Inx+iInA 


2 
2 

But yet 2 tan! [2}-marinx+5in( +4) 
x x 2 ἐπ 


This result can, in fact, be simplified further. 


Now on to frame 40. 


Equation 2 gives the solution 5. 
40 
x~y 


If you agree, move straight on to frame 41. Otherwise, follow through 
the working. Here it is. 


2 dy _ 2 2 . dy xty? 
2. 2X ax x ty on dx 2x? 
. ay dv. x? ty? _ x? +y?x? 1 ty? 
Put = ws Ξνεχ--: τ γον σε ee 
ee UN πὰ ΠΥ ae 2x Ix? 2 
dv_i1ty ἂν 1ενῈ oO Uae ty pl) 
ΧΕ Ξ 2 δ χης 2 v στ Ξ 2 


But y =v and 
x 


=Inx+C 2% =inx+ 
Ace, Tea ees 
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41 One form of the result for equation 3 is | xy=A ὁ} Follow 


through the working and check yours. 


dy . dy _xy-y? 
Dee OY ult eg a ἄν 
3 ot) a “Ὁ. 7 dx x? +xy 
. ay dv xy—y? _ vx? -v?x? ν- νἢ 
= ee — Oo Ys ‘ae ἐν = = 
RUT Uae a Pee x txy xe tex? lt 
dx lty 
dv _v-v? ν-νὲ-πν--νΣ  —2y? 
dx lty lt+y 1τν 


Ψ Inv—2=—2Inx+C. Let C=InA 
Inv+2Inx=In A ἘΣ 

inf. = =InAt+~ Δ χνΞ ον 

x y - --- ---- 


Now move to the next gre 


4 2 Method 4 ‘Binéar equations — use of integrating ee 


Consider the equation a Sy = e?* 


This is clearly an equation of the first order, but different from those we 
have dealt with so far. In fact, none of our previous methods could be 
used to solve this one, so we have to find a further method of attack. 

In this case, we begin by multiplying both sides by e** . This gives 


ε5Χ ἂν 


Ἐν 5e5* τρῦχ »δΧχ =e™ 
ax " 7 
We now find that the L.H.S. is, in fact, the differential coefficient of 
5x d eax 
yp.er*, errs Ἐς. e ᾿ 6 
Now, of course, the rest is easy. Integrate both sides w.r.t. x. 
x 
a ee -(e ™ dy = age Be νας οὐ οῶνς, ον | 
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2x 
=" +06 43 


7 


Did you forget to divide the C by the e°*? It is a common error so watch 
out for it. 
[5 oO onoo0o00T onagnoon oO 


The equation we have just solved is an example of a set of equations 


of the form & +P y ΞΟ, where P and Q are functions of x (or constants). 


This equation is called a linear equation of the first order and to solve any 
such equation, we multiply both sides by an integrating factor which is 


always eJP dx This converts the LHS. into a complete differential 


coefficient. 
d 

In our last example, τ" + 5y=e?*,P=5. | P dx = 5x and the 
integrating factor was therefore e**. Note that in determining [» dx, 
we do not include a constant of integration. This omission is purely for 
convenience, for a constant of integration here would in fact give a 
constant factor on both sides of the equation, which would subsequently 
cancel. This is one of the rare occasions when we do not write down the 
constant of integration. 
So: To solve a differential equation of the form 


dy 
—— + = 
Py=Q 
where P and Q are constants or functions Of x, multiply both sides by 


᾿ : Pd 
the integrating factor εἰ sf 
This is important, so copy this rule down into your record book. 


Then move on to frame 44. 


Example 1. Το solve a —yrx. 4 4 
If we compare this with ΩΣ + Py = Q, we see that in this case 
P=-—1 and Q=x 
: : Ι fP ax 
The integrating factor is always e and here P=~—1. 


ὃ: [ P dx =-—x and the integrating factor is therefore .......ὕ.ννννννννννν 
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We therefore multiply both sides by e. 


The R.HS. integral can now be determined by integrating by parts. 
ye* =xCe™) fe dx =-xe*-e*+C 


Ὧν =-x-1+Ce& Sy =Ce*-x-1 
The whole method really depends on 


(i) being able to find the integrating factor, 
(ii) being able to deal with the integral that emerges on the R.HS. 
Let us consider the general case. 


46 Consider Φ + Py = Q where P and Q are functions of x. Integrating 


d. 
. ay eiPax fPdx _ εἴ Ὁ 
᾿ dx’ 


factor, IF = 49} dx +Pye Q 


You will now see that the L.H.S. is the differential coefficient of y e 
d [ν oral geJPax 


τ Χ 


Integrate both sides with respect to x 
Pd 
ie x = fae? ὡς 


This result looks far more complicated than it really is. If we indicate 
the integrating factor by IF, this result becomes 


y.IF = Q.1F dx 


and, in fact, we remember it in that way. 
So, the solution of an equation of the form 


oy + Py = Q (where P and Q are functions of x) 


fP dx 


is given by y-IF =| Q.1F de, where 1Ε- οἱ ἢ ἀν 


Copy this into your record book. Then turn to frame 47. 
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So if we have the equation 47 
wy, 3y = sinx 
ax 
Dip - 
2 


then in this case 


(i) P=3; (i) [ Par = 3x; (iii) IF = e3* 


48 


Ooon0noOoOoOooooOooonononoono0noOoCo0Onn0o0O0n000000 


Before we work through any further examples, let us establish a very 
useful piece of simplification, which we can make good use of when we 
are finding integrating factors. We want to simplify el F, where F is a 
function of x. 


Let yoelnF 
Then, by the very definition of a logarithm, In y = In F 
Oo ytF ὁ F=elnF je. elm Far 
This means that en (function) = function. Always! 
enx =x 
elnsinx = sin x 


eln tanh x = tanhx 


Similarly, what about e* 1" F? If the log in the index is multiplied by 
any external coefficient, this coefficient must be taken inside the log as 
a power. 


eg. e2inx =eln αὖ) =x? 
e2 nsinx = eln (sin? x) = sin? x 


einxsein(!) τ χοὶ -ἰ 


and ΓΟ: "- 
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u - 1 
“2 for e? Inx =eln (x 2) =x? =— 
50 x Me Fase 


So here is the rule once again: εἶπ  Ξ- 
Make a note of this rule in your record book. 
Then on to frame 5]. 


Now let us see how we can apply this result to our working. 


51 Example 2. Solve ro +y=x8 
First we divide through by x to reduce the first term to a single ᾿ 
dy 1 2 
— + — = 
ee ee aac! 
: d : 
Compare with ἔτ i =* and Q=x? 


[Ε- εἰ Ὁ ἀν ΠΕΣ 
. [F=emx=x, “IF=x 


The solution is y.IF= (our ax 
x4 x* 
so »)ΧχΞ x dx= [x ax =% τς ᾿ χοὸς δ ς 


Move to frame 52. 


52 Example 3. Solve & t+y cot x =cosx 


: ὦ _ | P=cotx 
Compare with ΕΣ Be ἼΣ 
ΙΕ - ε΄ ἀχ [ Pax=cotxar=[2°% ax=in sins 
sin xX 
Δ IF =elnsinx = gin x 
y.LF = [oF as ἢ ysinx =| sinx cos x dx = SE ἐς 


3 sin x 
ye 5 + C cosec x 


Now here is another. 
Example 4. Solve (x + n+ ye(xt1p | 


The first thing 15 to ....Ψ..Ἅνονννονννοννννννον νιον νιν νννννννννννννννννον 
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Divide through by (x + 1) 


Correct, since we must reduce the coefficient of eu tol. 


d. 
dy 1 
+ =x+ 
dx xt+l1 δ 
: dy 
ἘΞ ἘΣ = 
Compare with Ὡς Ρνξο 
In this case P= ἱ and Q=x+1 
xt+l1 


Now determine the integrating factor, which simplifies to 


53 


τὴ οἷ = 
for fra-[a5 dx =In(x + 1) 
. IF=en@+De@+ 1) 
The solution is always y IF -{a IF dx 


and we know that, in this case, IF=x + 1 andQ=x+1. 


So finish off the solution and then move on to frame 55. 


τι) Cc 
y 3 Tet 


Here is the solution in detail: 


γιατ ΠΣ 1) (x τ 1) dx 


=| +1)? dx 
3 
ας: 1) aC 
(τῇ roe 

3 xt1 
Now let us do another one. 
Example 5. Solve x2 —Sy=x" 

In this case, P=... , 0 epee rene 


55 
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56 7 


P=--; =xé6 
: dy _ const 
for if x Sy =x 
fae) me ς 
ea a 


Ι 
Ο 
il 
-ς 


. dy ᾿ νι fps a 
Compare with [Zery Q| “. P Ξ' 


So the integrating factor, IF ΞΕ... νννννννίνον, 


7 a 
IF=x 3 =o, 


. [Fee Sinx 2 in) 2 y-5 = a 


x 
So the solution is 
ah | x6 
Ws -[- 3 dx 
2 
ΞΕ =[xax=¥ +c | 
x 
| 
5 a See ene | 
7 
08 
Did you remember to multiply the C by x5? 
Ooog0gn0gognvnooooo0o0 OOoO000gn000n0000 ΓΕ Ὁ] 


Fine. Now you do this one entirely on your own. 
Example 6. Solve ad ~ x7) 2 —xy=l. 


When you have finished it, turn to frame 59. 
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' 


Here is the working in detail. Follow it through. 


,da 
(1 — x? oe xy 
dy_ χ ΞΕ ΟΝ 
dx 1-.χϑ' 1--χϑ 


= JP dx 2) Exe ee 32 
IF =e Pax fo dx 5 In x?) 
2 [Fs én (-x?) 2 pink -27)3}. αὶ πο 


Now yar= four dx 


~— x? 


Δ γα -αὐς : ν( ~x?).dx 


“| dx =sin'x Ἐς 


γν -x?) = ει tx + C 
Now on to frame 60. 


In practically all the examples so far, we have been concerned with 6 0 
finding the general solutions. If further information is available, of 


course, particular solutions can be obtained. Here is one final example 
for you to do, 


Example 7. Solve the equation 
Ne 5... 233 
(x OR γα 2) 
given that y = 10 when x = 4. 
Off you go then. It is quite straightforward 


When you have finished it, turn on to frame 61 and check your solution. 


620 


Programme 22 


61 


Here it is: 


(x -2)2-y = (2) 


dy 1 = (+92 
ax χ- 2. α- 


--1 ne, _ 
[pare [5 ae- In (x - 2) 


- JF= ein (x-2 = ein e-2y"} a (x Ν᾿ ay) 


—~7)\3 
ye Slots + C(x — 2) ... General solution. 
When x = 4, y =10 


10=8+c.2 .2C#6 2.03 


1 2y =(x—- 2)" + 6(x - 2) 


Finally, for this part of the programme, here is a short revision exercise. 
62 Revision Exercise 


Solve the following: 
1. dy +3y=e™%* 
dy o405 
ὩΣ AG +y =x sinx 
3. tan x 


+yp=secx 
dx ᾽ 


Work through them all: then check your results with those given in 
frame 63. 
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Results: 6 3 


οἷ χ 
1. Para Ὁ σελ (IF = e3*) 
2: xy =sinx —x cosx+C (IF = x) 
3. ysinx=xtC (IF = sin x) 


ΠΠΠΠΟΠ ΠΟ ΠΗ ΠΟ Π ΠΟΙ ΠΟ ΠΟ ΠΟ ΠΏ ΠΗΠ ΠΟΠΟΠΠΠΌΏΌΏΠΕΒΕ 


There is just one other type of equation that we must consider. Here 
is an example: let us see how it differs from those we have already dealt 
with. 


dy 1 = 2 
γι ----τ- =. 


Note that if it were not for the factor y? on the right-hand side, this 
equation would be of the form ΕΣ + Py ΞΟ that we know of old. 


To see how we deal with this new kind of equation, we will consider 
the general form, so move on to frame 64. 


64 


Bernoulli’s equation. Equations of the form Ὁ ΟΣ 
ky 41g FaY 


where, as before, P and Q are functions of x (or constants). 
The trick is the same every time: 
(i) Divide both sides by y”. This gives 
ὦ Ξ 
yn υργη" =Q 
(ii) Now put ΖΞ" ἢ 


so that, differentiating, @ = 
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d. - ay 
65 5: -α -ὐν εν 
So we have d. dx 
z +Py=Qy" (i) 
2 yr Py "=Q (ii) 
Put z=y'"" so that & =(1 τη) γῆς 2: 
If we now multiply (ii) by (1 -- ") we ἔτ convert the ΕΘ term into 
az - ἂν i-n 
dx” (l-n)y ὉΠ eas 
Remembering that z = γ᾽ " and it ae ( --") Sas , this last line 
can now be written dz 
ae P,z=Qi 


with P, and Q, functions of x. 

This we can now solve by use of an integrating factor in the normal 
way. 

Finally, having found z, we convert back to y using z= γ' ἢ 


Let us see this routine in operation — so on to frame 66. 


66 Example 1. Solve & toy =xy?. 
(i) Divide through by y?, giving ...........:ceseeeeeeee 
- dy + Ly = 
y ἜΣ: πὶ y x 
67 (ii) Now put z=y!", ie. in this case z= γ 2 =y} 
ee eee 
Renee ee dx 
(iii) Multiply through the equation by (—1), to make the first 
tere” dy 1 
dx’ a eee δ Ξ-- 


dz i eae dz S 
80 that pea which is of the form Σ ἜΡΖΞΟ 90 that you can 


now solve the equation by the normal integrating factor method. What 
do you get? 
When you have done it, move on to the next frame. 
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y=(Cx-2x?y! 68 


Check the working: 
a oe =-x 
dx x 
ΙΕ - ε!}Ὁ ax ἦρα τ [τ άντ τιον 


ΙΕ ee Me sgh ay - 


But z=y! .—=Cx-x? 2 y=(Cx-x?y? 
Right! Here is another. 
Example 2. Solve x? y -αὐῷ =y* cosx 


First of all, we must re-write this in the form +Py=Qy"” 


So, what do we do? 


Divide both sides by (- x?) 6 9 


2 dy 1. γῆ cosx 
aor ἀχ χ᾽ x 


Now divide by the power of y on the R.HS., giving 


dy 1 cos x 70 
«αὐ 13. 
᾽ dx x” x 


Next we make the substitution z = γ᾽ ἢ which, in this example, is 
zeyl4sy3 


wz=y? and .. ἜΣ 
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If we now multiply the equation by (τ 3) to make the first term into 


dz 
ay We have 
_q4 dy 1 _, _3cosx 
3454 432 y3 =: 
3y dx 3... x? 
a dz 3, 3.008% 
ga χ x? 


This you can now solve to find z and so back to y. 


Finish it off and then check with the next frame. 


72 πε Ὁ 
Y "3sinx tC 


For: 


dx χ᾽ x? 
ΙΕ - οἵ ἀν [»ατςξατλον 


ΤῈ τ οϑ πὰς ρἰῃ 3.3 


dz ,3 pees 


z.1F -{ Q.IF dx 


3 cos Xx 
3x -|* x? dx 


-[ cos x dx 
zx = 3sinx+C 


But, in this example, z=)? 


3 
ee =3sinxt+C 
2 3 
ar  ἸΞ x 
ἘΜ 3sinx+C 


Se τ στιν Εν 
Let us look at the complete solution as a whole, so on to frame 73. 
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Here it is: 73 


To solve sty Day" cos x 
ad 1 γ cosx 
dx x x? 
-4dy 1 .,_ cosx 
ax x” ae 
7 a δ: dz -4 ay 
= yl” = yl-4 = 3." SE 4 Gy 
Put z=y y y ee 3 ΡΞ 


ay rae x? 
i dz .3. - 3 ο5Χ 
Me dx x! x 
ΙΕ =eJP dx [Pax =|2ax=3 nx 


Spree hs een αὖ 233 


x 

=| 3cosxax 
. zx? = 3sinx+C 

Ξ- 53 
But z=y eS et ἢ 

Jy =3 sinx+C 
y 
a x? 
oy 3sinx+C 


They are all done in the same way. Once you know the trick, the rest is 
very straightforward . 


On to the next frame. 


Here is one for you to do entirely on your own. 74 


ον 4 .3χ 
2y 3..χ, "ὁ 


Work through the same steps as before. When you have finished, check 
your working with the solution in frame 75. 


Example 3. — Solve 
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ertAa 
Solution in detail: 2y -3 2 = y* εἦχ 

Oi τῆς te 

dx 3 3 

dy 2 τες Meee 
yk 3 3 

Put z=ylt*=y3 az -φ ἂν 

y y ae ax 


Multiplying through by (— 3), the equation becomes 
-3y* Bary = οὐχ 
je 58... - εἶν 
IF = eJP ax [pas= [σὰ τοι Ὁ IF =e* 


1 ze -| e3* e@2* dx -| e* dx 


5X 
Se: 
= 5 +C 
2X SX 4 A 
Butz=y° Ἐπ = 
5e2* 


. BP oe Oe - 
- WY eo* + A 
On to Srame 76. ἘΞ τ ee 


Finally, one further example for you, just to be sure. 


76 Example 4. Solve y~2x 2 =x(x+1)y? 
First re-write the equation in standard form +Py=Qy” 


‘This gives dudes Dan iiviabetinenish eno enne eee 


͵ Oe DE] 


Now off you go and complete the solution. When you have finished, 
check with the working in frame 78. 
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22 6x 
VO" 2x8 43x? +A 
Solution: 
dy 1 (x+ly3 
dx 2x 2 
-3dy_ 1 ,__(@+1) 
dx ix” 2 
=1i-3 -,-2 . a -3 ay 
= = i — ee D =e 
Put z=y y χ y ik 
Equation becomes 
-3 dy = 
2 3 τ} y agen 
Fe τ SD) 
dz 1 
ae! =— = + 
ae ad -Z=xt1 
IF =eJPax [Par =[Lax=inx 
IF =e"* =x 


z.IF εἰοιν ax ὩΣ Χ ac +1)x dx 


-[ +x) dx 
3 


x? x? 


.Zzx=Ht+i τς 
3. 2 
x 2x3 + 3x7 +A 
-2 . _ 
But z=y a aa ας τ “τ 
y 6 
ge neers 
2x? + 3x2 +A 
ΕΣ ΠΕ ΕΝ OHo0000g0000 oO a GQaood 


There we are. You have now reached the end of this programme, 
except for the Test Exercise that follows. Before you tackle it, however, 
read down the Revision Sheet presented in the next frame. It will 
remind you of the main points that we have covered in this programme 
on first order differential equations. 


Turn on then to frame 79. 


78 
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79 Revision Sheet 


1. The order of a differential equation is given by the highest derivative 


present. 
An equation of order n is derived from a function containing 


n arbitrary constants. 


2. Solution of first order differential equations. 

(a) By direct integration: 2 = f(x) 
gives y [ὦ ἀχ 

(Ὁ) By separating the variables: F(y). ue = f(x) 
gives | FO) dy= [ f(x) dx 

(c) Homogeneous equations: Substitute y = vx 

: ὧν 

gives v+x aa ΕΟ) 

(4) Linear equations: Ξ +Py=Q 


Integrating factor, IF = eJP 4x 


and remember that e" F = F 


gives y IF =o IF dx 
(e) Bernoulli’s equation: Φ +P ys Qy" 


Divide by y”: then put z = γ᾽ ἢ 
Reduces to type (d) above. 


ΠΟΘ ΠΟΠΟΩΠΠΘΠΠΩΠΟΒΘΠΠΟΘΠΘΠΒΟΠΠΠΟΩΟΠΩΠΘΠΒΠΒΕ 


If there is any section of the work about which you are not perfectly 
clear, turn back to that part of the programme and go through it again. 
Otherwise, turn on now to the Test Exercise in frame 80. 
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The questions in the test exercise are similar to the equations you 
have been solving in the programme. They cover all the methods, but are 
quite straightforward. 

Do not hurry: take your time and work carefully and you will find 


no difficulty with them. 


Test Exercise—XXII 


Solve the following differential equations: 


1. 


10. 


11. 


12. 


χ dee a, me 
dx 


a +x B= L+y? 


dy 3x 

-ππ + 2y=e 
ἂν 22 

Χ mai 

DP ox sin ax +4 
ax 

x cos »ῊΡ sin y =0 


d 
αὖτ xy?) =2y* 


(x? - nz +2xy=x 


Bey tanh x = 2 sinhx 


xB =x cos x 
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Further Problems—XXII 


Solve the following equations. 


I. 


I. 


IL. 


Separating the variables 


_38- 
3 dy - 2 ] = = 
2. (+x }: x?y given that x = 1 when y = 2. 
3. χε τηΣθεο 
; dx 
4. cosy + (1 +e%) siny 2 = 0, given that y = 7/4 when x = 0. 


5. χει εγνῖκα- 25 τὸ 


Homogeneous equations 


6. (ὦν -% =2x +y, given that y=3 when x = 2. 
7. αν ty?) +@? -xy)B=0 
8. (x3 +y?) = 3xy? es 


9. y-3x t+ (4y τ 3x) 4: -ο 


10. αὖτ 3χν 2 =p? +3x7y 


Integrating factor 
dy 3 2 
——— 4 + -- 
11. x he TF 3χ' — 2x 


DY 4 = 
12. dx y tanx =sinx 


13. χα -ν εχ cosx, given that y=0 when x =7. 


14. (4 +x?) B+ 3xy = 5x, given that y= 2 when x =1. 


15. Bey cot x = 5 e°°S*, given that y=—4 when x = 7/2. 
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IV. 


VI. 


Transformations. Make the given substitutions and work in much 


the same way as for first order homogeneous equations. 


(3x +3y-4)2=-(e+y) Putx+y=y 
ae, aes 2,) ay -»Ἅ» 
(y— xy?) =(x+x Wa Put y Ξ 
ἀτντ-ητ εχ τηξξεο Puty=x-1 
Gy -Ix+7)+(Iy-3x+3)2=0 Puty=x-1 
dy v 
+ 212)" = =— 
yxy +1) tx Ἐὰν +x?y a= 0 Put y Ξ 


Bernoulli’s equation 


21. 


22. 


23. 


24. 


25. 


ay, = 3 

ax yrxy 

dy 4 
—_—+y= 

dx ee 

dy 3 
—t+ = - 
2 576 HD 
dy | 


a ee | 
ay 2y tanx =y* tan*x 


dy 3 card 
—- + = 
} ytanx =y~ sec’x 


Miscellaneous. Choose the appropriate method in each case. 


26. 


27. 


28. 


29. 


30. 


Ae 
(τα ew 1+xy 
dy 2 
—_ + -- - 
χὰ ( x) VQ?-1)=0 
2 2) = (2 2\ a 
(x* — 2xy + Sy?) =(x* + 2xy ἐν tae 


ay 


ax —ycotx = y? sec?x, given y =—1 whenx = 7/4. 


2. dy _ 
yr 4x) 0 
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VIL Further examples 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
39. 


40. 


41. 


42. 


43. 


Solve the equation a —y tan x = cos x — 2x sin x, given 
that y = 0 when x = 77/6. 


Find the general solution of the equation 


dy _ Dry ty? 
dx χ' +2xy 


Find the general solution of (1 + x?) a = x(1 +y?). 


Solve the equation x ae Y + 2y = 3x — 1, given that y = 1 


when x = 2. 


Solve Fp =y? παν ΕΣ, given that y = 1 whenx ΞΊ. 


Solve ἐς = εὐ χ τῆν ρίνοη that y = 0 when x ΞΟ. 


Find the particular solution of + 2 y = sin 2x, such 


that y = 2 when x = 7/4. 


Find the general solution of y? + x? ὩΣ Ξ xy 2. 


Obtain the general solution of the equation 


By substituting z =x — 2y, solve the equation 
dy _x—2ytl 


dx ῶχ- ἄν 
given that y = 1 whenx ΞΊ. 
say 
dx 


Find the general solution of (1—x + x?y =x2(1 —x3). 


Soe +2 = = sin x, given that y =O at x = 7/2. 


Solve® + x + xy? ΞΟ, given y = 0 when x = 1. . 
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44. Determine the general solution of the equation 
dy [1 2χ } 1 
Rat Εν ΠΟ ΞΕ Se 
ax x 1-χ2}} 1-x? 


45. Solve (1 +x) ΩΣ ἐὰν =(1 +x2)3/? 


46. Solve x(ity?)-y(l +x) το, given y = 2 at x =0. 


rtan@ dr 


47. Solve ae oe 


= 1, givenr = 0 when 6 = 7/4. 
dy ‘ = 2 
48. Solve = + y cot x = cos x, given that y = 0 when x = 0. 


49. Use the substitution y = =, where y is a function of x only, 
to transform the equation 
dy 


DY om un 
—42= 
dx x Ἂ 


into a differential equation in v and x. Hence find y in terms 
of x. 


50. The rate of decay of a radio-active substance is proportional 
to the amount A remaining at any instant. If A = Ag at t = 0, 
prove that, if the time taken for the amount of the substance 


to become5-Ag isT, then A= Age In IT Prove also 
that the time taken for the amount remaining to be reduced 


to 5 Ao is 4-32 T. 
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DIFFERENTIAL EQUATIONS 


Programme 23 


1 


Many practical problems in engineering give rise to second order 
differential equations of the form 


d? d 
a SF + bat cy =f) 


where a, δ, c are constant coefficients and f(x) is a given function of x. 
By the end of this programme you will have no difficulty with equations 


of this type. 
Let us first take the case where f(x) = 0, so that the equation becomes 
«4 ΕΥ̓ dy 
at +b ie +cy=0 


Let y =u and y = v (where u and ν are functions of x) be two solutions 
of the equation. 


na Th pHs cu= 0 
and a Serr Zrer=0 


Adding these two lines together, we get 


2 2 
(5: (tate ΟΝ 0 


δ dv 
Now We @ wt) ae de and 4S (w+ γ) Ξ 


equation can be written 


4a 
oa ἘΣ τς, therefore the 
τ" τυ) τοί εν) 
dx? dx \" ᾿ 
which is our original equation with y replaced by (u + ν). 


2 
1.6. If y =u and y = vare solutions of the equation ane +o 2+ cy = 0, 


so alsoisy=uty. 


This is an important result and we shall be referring to it later, so make a 
note of it in your record book. 


Turn on to frame 2. 
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ἄγ γ ὅδ - Β 
Our equation was ay + b-—— + cy = 0. If a = 0, we get the first order 
dx dx 
equation of the same family 
dy = ] dy = = ς 
δ το 0 ie. ἀπ O where k b 
Solving this by the method of separating the variables, we have 
Ψ- πκ a2 ψ dx 
dx 


which gives 


2 


ps ekete = kx et =a Ek* (since ef is a constant) 
ie. p= Ae 
If we write the symbol m for —k, the solution is y = Α εἶν 
In the same way, y = Α 67. will be a solution of the second order 
ἀν 


Ἵ d 75: : Σ ; 
equation a + bot cy = 0, if it satisfies this equation. 


Now, if y=Ae™™ 


αν mx 
ae Ame 
d?y_ 2 ,mx 
ao Am’ e 


and substituting these expressions for the differential coefficients in the 
left-hand side of the equation, we get 


On to frame 4. 
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aAm’e™* +b Ame™* +cAe™* = 


Right. So dividing both sides by Ae””’*, we obtain 
am? +bm+c=0 
which is a quadratic equation giving two values for m. Let us call these 
m=m, and m=m, 


ie. y=Ae™1* and y = Be”2* are two solutions of the given equation. 
Now we have already seen that if y = u and y =v are two solutions so 
alsoisy=uty, 
Ὁ If y =Ae"* and y = Be™2* are solutions, so also is 


y=Ael™@~ + B eM 


Note that this contains the necessary two arbitrary constants for a second 
order differential equation, so there can be no further solution. 


Move to frame 5. 


2 
5 The solution, then, of a ay + ae cy =Qis seen to be 
dx dx 


y=Ae™~* + Belt 


where A and B are two τ  γᾶτυ constants and m, and mz, are the roots 
of the quadratic equation am? +bm+c=0. 
This quadratic equation is called the auxiliary equation and is obtained 


2 
directly from the equation a ry a4 + aes a —+cy =0, by writing m? for ἐς 
dy 
m for 1 for y. 
d*y ἂν 

Example: For the equation re +5 ae 6y = 0, the auxiliary equation 
is 2m? + 5m+6=0. 

In the same way, for the equation —> a aD: +3 &. + 2y = 0, the auxiliary 


equation iS wo. νοῦν ον δου 


Then on to frame 6. 
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Since the auxiliary equation is always a quadratic equation, the values 
of m can be determined in the usual way. 
eg. ifm? +3m+2=0 


(m+1)(m+2)=0 .. m=-1 and m=-2 


es a eee 
- the solution of 5 + 3. + y = is 


y=Ae* +Be* 


In the same way, if the auxiliary equation were m? + 4m—5 = 0, this 
factorizes into ( τ 5)(m—1)=0 giving m= 1 or —S, and in this case the 
solution would be wo... eccececcesee 


The type of solution we get, depends on the roots of the auxiliary 
equation. 


(i) Real and different roots 


a’y 


Example I. ὭΣ 


dy = 
+5 ἘΣ +6y =0 
Auxiliary equation: m?+5m+6=0 


ἐς (m+2)(mt+3)=0 3. m=-2 or m=-3 


ἦς Solution is y=Ae* +Be* 
d*y ὧν 
Example 2. ὭΣ fap ee 


Auxiliary equation: m?—7x+12=0 
(m—3)(m-4)=0 .. m=3 or m=4 
So the solution is oc 


Turn to frame 8. 
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8 y=Ae** +Be* 


Here you are. Do this one. 


dy 


d*y 2 
Solve the equation ΤΩ +3 ae 10y =0 


When you have finished, move on to frame 9. 


y=Ae* +Be* 


Now consider the next case. 


(ii) Real and equal roots to the auxiliary equation. 


αὖν εν eS - 
Let us take We +6 ae τον ΞΟ. 


The auxiliary equation is: m? + 6m+9=0 


“(m+ 3)(mt+3)=0 2. m=-3 (twice) 


If m, =—3 and m, =—3 then these would give the solution 
y=Aé>* + Be-3* and their two terms would combine to give 
y = Ce>*, But every second order differential equation has two 
arbitrary constants, so there must be another term containing a 
second constant. In fact, it can be shown that y = Κα ὁ ** also 
satisfies the equation, so that the complete general solution is of 


the form y = Aé°* +Bxe* 


ie. p=e>*(A + Bx) 


In general, if the auxiliary equation has real and equal roots, giving 
m= my, (twice), the solution of the differential equation is 


y =e™1*(A + Bx) 


Make a note of this general statement and then turn on to frame 10. 
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Here is an example: 10 


*y ὧν 
d 2. 
Example 1. ϑοῖνε---ς τ 4-| ἐάν Ξὸ 


Auxiliary equation: m?>+4m+4=0 
(m+2)(m+2)=0 +. m=-2 (twice) 
The solution is: y=e?*(A + Bx) 


Here is another: 


Example 2. Solve S$ +410 a +25y=0 


Auxiliary equation: m? +10m+25=0 


(m+5)?=0 -. m=—5 (twice) 


y= €**(A + Bx) 


Now here is one for you to do: 


2 
Solve FF +824 1oy=0 


When you have done it, move on to frame 11. 


r 


aie d? d 
Since if Darr 


the auxiliary equation is 
m? +8m + 16=0 


.(m+4)y?=0 2 m=-4 (twice) 
= εχ + Bx) 
So, for real and different oon m=m, and m=m, the solution is 
yp=Ae™~ + Bex 
and for real and equal roots m = m, (twice) the solution is 
y =e™*(A + Bx) 


Just find the values of m from the auxiliary equation and then substitute 
these values in the appropriate form of the result. 


Move to frame 12. 
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12 (iii) Complex roots to the auxiliary equation. 


Now let us see what we get when the roots of the auxiliary equation 
are complex. 


Suppose m= a +j6, ie.m, Ξ α Ὁ }β and m,=a— jp. Then the 
solution would be of the form 
γε (ε(α τ) βὺχ +4 p ε(α-- [β)χ 
= Cet εἰβχ 4 pe, εἰβχ 
= e™*{C οἶβχ + De IAxs 
Now from our previous work on complex numbers, we know that 
e* =cosx+jsinx 
el =cosx—jsinx 
eis ae = cos Bx + j sin Bx 
eJBX ρος Bx — j sin Bx 
Our solution above can therefore be written 
y =e {C(cos Bx + j sin Bx) + D(cos Bx -- j sin Bx)} 
| = e% {(C + D) cos Bx +j(C— D) sin Bx} 
y =e {A cos 6x + Bsin Bx} 
where A=C+D 
B =j(C-D) 
! Ὁ If m=a+j6, the solution can be written in the form 
y =e {A cos Bx + B sin Bx} 
Example: If m=—-2 +j3, 
then y=é?*{A cos 3x + B sin 3x} 
Similarly, if m= 5.112, 
then. . γΞ λιν νς 
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13 


y =e [A cos 2x +B sin 2x] 


Here is one of the same kind: 


αν De 
Solve ὭΣ τὺ Sy =0 


m*>+4m+9=0 


_744V/(16- 36) _74+V-20 
2 2 


—A+95 
- tt 2ivs =-2 + j/5 


Auxiliary equation: 


In this case a=—2 and B= /5 
Solution is: y=é* (A cos 5x + B sin V/5x) 


Now you can solve this one: 


When you have finished it, move on to frame 14. 


pean rim) 14 


Just check your working: 


m*?—-2m+10=0 


Auxiliary equation: 
~2+V(4- 40) 
2 


m 


2 +/-36 : 
= Ne + 
5 1113 


y =e* (A cos 3x + B sin 3x) 


Turn to frame 15. 
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15 Here is a summary of the work so far. 


Equations of the form oth ba epee ae v4 cy =0 
Auxiliary equation: am? +bm+c=0 


(i) Roots realand different m=m, and m=m, 


Solution is y=Ae™* + Be™2* 

(ii) Real and equal roots m =m, (twice) 
Solution is y=el™1*(A + Bx) 

(iii) Complex roots m=atjp 
Solution is y =e (A cos 8x +B sin Bx) 


In each case, we simply solve the auxiliary equation to establish the 
values of mand substitute in the appropriate form of the result. 


On to ee 16. 


16 Equations of the form Σ +n?y =0 


2 
Let us now consider the special case of the equation aSt4 ἜΣ cy=0 
when ὃ = 0. 2 
ie. air +cy=0 ie. 4 — 
dx? dx? 


d? 
and this can be written ast 


+Zy=0 


+ny =0 to cover the two cases when the 
coefficient of y is positive or negative. 

2 
(i) FF + ny = 0, mtn?=0 © me=—n?® Ὁ. m=tjn 


(This is like m = α +j8, when a = O and B=n) 


ΔΙΊ y=A cos nx +B sin nx 


(ii) μα΄)...» =0 m-n?=0 τ μιξξμ ἡ πιξῖτη 
ὭΣ 'y = 0, "ἢ os Ξ 


ὦ y=Ce™ +DEe"™ 
This last result can be written in another form which is sometimes 
more convenient, so turn on to the next frame and we will see what it is. 
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You will remember from your work on hyperbolic functions that 17 
AX nx 
e* ας ᾿ 
cosh nx ae aan, ΕἾ + ΠΧ =9 cosh nx 
FAX en 
sinh nx aa ΤΩ͂Σ. e?* —e"* = 2 sinh nx 
Adding these two results: 2e”* =2 coshnx + 2 sinh nx 
᾿ ΕἾ = cosh nx + sinh nx 


Similarly, by subtracting: δ᾽ cosh nx — sinh nx 


Therefore, the solution of our equation, y = Ce”* + Dé”, can be 
written 
y = C(cosh nx + sinh nx) + D(cosh nx — sinh nx) 


=(C + D) cosh nx + (C—D) sinh nx 
ie. p=Acoshnx +B sinhnx 


Note. In this form the two results are very much alike: 
- ἄν is : 
Oar yee y=Acosnx + Bsin nx 


d*y 
(ii) Ba Y= 0 y =A coshnx + B sinh nx 


Make a note of these results in your record book. 
Then, next frame. 


Here are some examples: 1 8 


αν 


ὩΣ ++ 16y= 0 2m =-16 .. m=+j4 


Ὁ y=Acos 4x + Bsin 4x 


Example 1. 


Example 2. oa — 3y=0 m= ΕΣ 
y =A cosh /3x + B sinh ν 3χ 
Similarly 
2 
Example 3. Ξ + 5y=0 


Then turn on to frame 19. 
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19 y=A cos V/5x +B sin /5x 


And now this one: 


2 


Example 4. ΤΣ 4y=0 “Sm =4 1 m=22 


20 


y=Acosh 2x +Bsinh 2x 


Now before we go on to the next section of the programme, here is a 
revision exercise on what we have covered so far. The questions are set 
out in the next frame. Work them all before checking your results. 


So on you go to frame 21. 


21 Revision Exercise 


Solve the following: 


d’y dy 
eae + 
at 36 SO 
2 

2: T+ 7y=0 
ἀν ν _ 
2 ἐξ 
d*y (ὦν Ξ 

4 αὶ ae ee 
d? 

5 ar 9720 


For the answers, turn to frame 22. 


647 


| Second Order Differential Equations 


Results 2 2 


1. y=e* (A + Bx) 
2. y=AcosV7x + Bsin /7x 
3. y=Ae~+Be* 

- κσχ x i 
4. ype (Acos j7+Bsin 7) 
5. y=Acosh 3x +B sinh 3x 


By now, we are ready for the next section of the programme, so turn on 


to frame 23. 
So far we have considered equations of the form 23 
2 
at +b os cy = f(x) for the case where f(x) = 0 


If f(x) = 0, then am? + bm + c= 0 giving m =m, and m= my and the 
solution is in general y = Ae”™1* + Be™™2*. 
; ἀὖν dy 7 ΜΝ 
In the equation ae Las cy = f(x), the substitution 


y=Ael™1* + Be’2* would make the left-hand side zero. Therefore, there 
must be a further term in the solution which will make the L.H.S. equal to 
f(x) and not zero. The complete solution will therefore be of the form 


y=AemM~ + Bel™2* +X, where X is the extra function yet to be found. 


y=Ael™* + Bel™2* is called the complementary function (C.F.) 
y = X(afunctionofxy’ ” » particular integral (P.1.) 

Note that the complete general solution is given by 
general solution = complementary function + particular integral 


Our main problem at this stage is how are we to find the particular 
integral for any given equation? This is what we are now going to deal 
with. 


So on then to frame 24. 
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dy 


24 To solve an equation af +b ant = f(x) 


(i) The complementary function is obtained by solving the equation 
with f(x) = 0, as in the previous part of this programme. This will 
give one of the following types of solution: 


(i) y=Ae™* + BeM2* (ii) y = e1* (A + Bx) 

(iii) y = e** (A cos Bx +B sin Bx) (iv) y= A cos nx t+ Bsinnx 

(v) y =A cosh nx + B sinh nx 

(ii) The particular integral is found by assuming the general form of the 
function on the right-hand side of the given equation, substituting 


this in the equation, and equating coefficients. An example will make 
this clear: 


d*y_ dy 
dx? a 


(i) To find the CF. solve LHS. = 0,ic.m?— 5m+6=0 
᾿ (m-2)(m-3)=0 2. m=2 or m=3 
. Complementary function is y = A εὖ" + Be>* (i) 


(ii) To find the PI. we assume the general form of the R.H.S. which 
is a second degree function. Let y= Cx? + Dx +E. 


Then a. 


Example: + 6y=x? 


=2Cx+D and ay =2C 
Substituting eet in site given equation, we get 
2C — 5(2Cx + D) + 6(Cx? + Dx + E) =x? 
2C — 10Cx — 5D + 6Cx? + 6Dx + 6E = x? 
6Cx? + (6D— 10C)x + (26 -- 5D + 6E) = x? 
Equating coefficients of powers of x, we have 
[Χ2] 6C=1 


[x] 6D-10C=0 -. 6D= 
[CT] 2C-5D+6E=0 .. 6E=2-4=34 


2 
᾿ς Particular integral is y = 2 + ox 19 (ii) 


Complete general solution = C.F. + P.I. 


Ἰοῦς 9p SRO Sherk ee ee 
General solution is y=Ae** +Be τς +754 tog 


This frame is quite important, since all equations of this type are 
solved in this way. On to frame 25. 


649 


Second Order Differential Equations 


We have seen that to find the particular integral, we assume the general 2 5 
form of the function on the R.H.S. of the equation and determine the 
values of the constants by substitution in the whole equation and equat- 
ing coefficients. These will be useful: 


If )Ξκ bad eave Assume y=C 
P(x)akx ... as ᾿Ξ y=Cx+D 
f(xX)akx? ... ay 7 y=Cx?+DxtE 


f(x) =k sin x or k cos x y=Ccosx+t+Dsinx 
f(x) =ksinhx or k coshx ”» py =Ccoshx + D sinhx 


f=... ἜΤΟΣ ᾿ς γε ρχ 
This list will cover all the cases you are likely to meet at this stage. 


So if the function on the R.H.S. of the equation is f(x) = 2x? + 5, you 
would take as the assumed P.I., 


Correct, since the assumed PI. will be the general form of the second 
degree function. 
What would you take as the assumed P.I. in each of the following cases: 


1. f(x) =2x-3 
2. f(x) =e* 

3. f(x) =sin 4x 
4. f(x) =3-5x? 
5. [60]  Ξ27 

6. f(x) Ξ5 cosh 4x 


When you have decided all six, check your answers with those in frame 27. 
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2 7 Answers 


1. f(x) =2x-3 PI. is of the form y=Cx+D 

2. f(x) =e* ee LG aa Od 

3. f(x) =sin 4x ree py = Ccos 4x + D sin 4x 
4. f(x) =3-5x? propper py = Cx? + Dx tE 

5. f(x) = 27 MEO BE ALY ΞΟ 

6. f(x)=Scosh4x ”” ” ” ” yp=Ccosh4x+D sinh 4x 


All correct? If you have made a slip with any one of them, be sure that 
you understand where and why your result was incorrect before moving on, 


Next frame. 


Let us work ss) a a pte Here is the first. 


Example 1. Solve ay - 5:5 + 6y = 24 
(i) C.F. Solve LH.S.=0 .. m?-—5m+6=0 
᾿Ξ (m—2)(m-3)=0 .. m=2 and m=3 
Δ y=Ae* + Be* (i) 
(ii) PI. f(x) = 24, ie.a constant. Assume y = C 
dy _ ἄν 
Then ae O and ae 


Substituting in the given equation 
0-- 5(0) + 6C = 24 c=4 
. PLis y=4 (ii) 
General solution is vy = C.F. + PI. Ὁ 
ie. p= Α οὖ ae ae 
CF. PI I. 


Now another: 72 ε 
αν 
Example 2. Solve oo TOS + 6y = 2 sin 4x 
(i) C.F. This will be the same as in the last example, since the L.H.S. 
of this equation is the same. 
ie. y=Ae?* + Be** 


(1) P.I. The general form of the P.I. in this case will be ........ cee 
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y=Ccos 4x+D sin 4x 


Note: Although the R.H.S. is f(x) = 2 sin 4x, it is necessary to include 
the full general function y = C cos 4x + D sin 4x since in finding the 
differential coefficients the cosine term will also give rise to sin 4x. 
So we have 
y=Ccos 4x +Dsin 4x 
dy _ 


—=-4C sin 4x + 4D cos 4x 
dx 


2 
ΤΣ =-16¢ cos 4x — 16D sin 4x 


29 


We now substitute these expressions in the L.HS. of the equation and 


by equating coefficients, find the values of C and D. 
Away you go then. 


Complete the job and then move on to frame 30. 


Here is the working: 


—16C cos 4x — 16D sin 4x + 20C sin 4x ~ 20D cos 4x 
+ 6C cos 4x + 6D sin 4x = 2 sin 4x 


(20C -- 1060) sin 4χ -- (10C + 20D) cos 4x = 2 sin 4x 


20C-10D=2 40C-20D=4 
s0C=4 .C=% 
10C+20D=0 10C+20D=0 
ὙΕΠ ἢ 
δ 25 
In this case the PJ. is yrs (2 cos 4x ~ sin 4x) 


The C.F. was y = Ae?* + Be** 
The general solution is 


y=Ae* + Be* ἐπ cos 4x -- sin 4x) 


-------- eee 
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21 Here is an example we can work py together. 


Solve 2 aa 14 ΣῈ 49ν = 4e5* 


First we have to find the C.F. To do this we solve the equation ................. 


32 


2 
aye 1422+ aay τὸ 


Correct. So start off by writing down the auxiliary equation, which 


m?+14m+49=0 


This gives (m+ 7)(m+7)=0, ie.m=—7 (twice). 
ἡ The C.F. is y=e™ (A + Bx) (i) 


Now for the PJ. To find this we take the general form of the R.H.S. of 
the given equation, i.e. We ASSUME Y = ....... eee 


34 
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35 


dy _ Sx. αν 5x 
aE 506 ᾿ ΤΣ 25Ce 


The equation now becomes 
25Ce™ + 14.5Ce* + 49C e* = 4e* 
Dividing through by e5*: 25C + 70C + 49C = 4 
ae 
144C=4 (Ὁ 36 


5x 


The PLis y=S7- (ii) 


So there we are. The C.F. is y =e 7*(A + Bx) 
5k 
and the PI. is y= 35° 


and the complete general solution is therefore ............cccee 


Ξε Ose 
36 


Correct, for in every case, the general solution is the sum of the 
complementary function and the particular integral. 


Here is another. 


d’y ἂν : 
Solve ὩΣ + OF, + 10» = 2 sin 2x 


(i) To find CF. solve LH.S.=0 +. m?+6m+10=0 


nn 2b 2NG6240) _ 6 #4 


me 
2 2 Al 


y =e °*(A cos x + B sin x) (i) 


(ii) To find PI. assume the general form of the R.HS. 


On to frame 37. 
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37 


y=Ccos2x+D sin 2x 


Do not forget that we have to include the cosine term as well as the 
sine term, since that will also give sin 2x when the differential coefficients 


are found. 
As usual, we now differentiate twice and substitute in the given 


equation = ἐν, +62 τ 10y = 2 sin 2x and equate coefficients of sin 2x 


and of cos 2x. 
Off you go then. Find the P.I. on your own. 


When you have finished, check your result with that in frame 38 


38 


y= te (sin 2x — 2 cos 2x) 


For if y=Ccos 2x +D sin 2x 


ὃ ΤΟΤΕ —2C sin 2x + 2D cos 2x 
ax 


2 
δε ΤΣ =—-4C cos 2x -- 4D sin 2x 


Substituting in the equation gives 
—4C cos 2x -- 4D sin 2x — 12C sin 2x + 12D cos 2x 
+ 10C cos 2x + 10D sin 2x = 2 sin 2x 


(6C + 12D ) cos 2x + (6D -- 120) sin 2x = 2 sin 2x 


6C+12D=0 -. C=-2D 
6D-12C=2 2 6D+24D=2 .. 30D=2 θεὰς 


ΡΙ.5.» ie 3 (sin 2x — 2 cos 2x) (ii) 
So the C.F. is y = εὖ (A cos x + B sin x) 


and the PI. is y= 75 (sin 2x — 2 cos 2x) 


The complete general solution is therefore 
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39 


pyre (Acosx+Bsinx $a sin 2x — 2 cos 2x) 
15 


Before we do another example, list what you would assume for the PI. 
in an equation when the R.HLS. function was 


(1) f(x) =3 cos 4x 
(2) f(@%)=2e™ 
(3) f(x) =3sinhx 
(4) f(x) =2x?-7 
(5) f(x)=x+2e& 


Jot down all five results before turning to frame 40 to check your answers. 


40 


(1) y=Ccos 4x τ Ὁ sin 4x 
(2) y=Ce™ 


(3) y=Ccoshx+D sinhx 
(4) y=Cx?+Dx+E 
(Ὁ py=Cx+Dt+Ee 


Note that in (5) we use the general form of both the terms. 


General form forx isCx+D 


% »  ” @& is Ee* 
.. The general form of x + e* is y= Cx + D + Ee* 
Now do this one all on your own. 

d’y dy 


age = x2 
Solve ae 3 ὭΣ +2y=x 
Do not forget: find (i) the C.F. and (ii) the Pl. Then the general solution 
isy =C.F.+ PLL. 
Off you go. 


When you have finished completely, turn to frame 4]. 
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Al | y= Ae + Be™ +4(2x? + 6x +7) | 


Here is the solution in detail. 


a’y dy 
x? 9: ame x? 
(i) C.F. m?-3m+2=0 + (m-1)(m-2)=0 .. m=lor2 
Ὁ y=Ae +Be* (i) 
(ii) PL. y=Cx?+Dxt+E 
ΤΣ = 2¢x+D 
ἀν 
axe 2 Ὁ 


2C — 3(2Cx τ D) + 2(Cx? + Dx + E) = x? 
2Cx? + (2D -- 6C)x + (2C - 3D + 2E) = x? 
2C=1 τοτὲ 


2D-6C=0 - D=3C .D=s 
2C-3D+2B=0 ©. 2B=3D- 20-5-Ἰ i= . B=4 


3x 


2 
Δ PLis ΕΝ fat (2x? + 6x +7) (ii) 


General solution: 


π y= Ae + Be® +3 (2x? + 6x +7) 
ext frame. en Pe a ἔς ΈΞΞΞΞ ΕΣ Ξ ΞΞ- 


Particular solutions. The last result was y = Ae* + Be?* + 4 (2x? +6x+7) 
42 and as with all second order differential equations, this contains two 

arbitrary constants A and B. These can be evaluated when the appropriate 
extra information is provided. 
e.g. In this example, we might have been told that at x = 0, y = Sand 

dy 5 

dx 2 

It is important to note that the values of A and B can be found only 

from the complete general solution and not from the C.F. as soon as you 
obtain it. This is a common error so do not be caught by it. Get the com- 
plete general solution before substituting to find A and B. 


In this case, we are told that when x = 0, y = 3. so inserting these values 
gives 


Turn on to frame 43. 
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43 


At+B=-1 
+ 3 He δ᾽ Ξ: - 
For: 4 A+BtZ “ A+B=-I 
We are also told that when x = 0, & ἘΞ Ξ 3, so we must first differentiate 


the general solution, 


y= Ae +Be® +4 (2x? + 6x +7) 


to obtain an expression for yy 
ax 
dy _ 
So, ΩΣ 
ὧν. 2Χ 
ἘΝ Ae + 2Be* += + (2x +3) 
: dy 5 
Now we are given that when x = 0, τα = 5 
re 3! « = 
ὁ FHATIBTtS Ὁ At+2B=1 
So we have A+ B=-l 
and A+2B= 1 


and these simultaneous equations give: 


B= δι νουξιχοελ οι tei ; ΒΞ 


Then on to frame 45. 
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45 


Substituting these values in the general solution 
y=Ae +Be?* +h (2x? + 6x +7) 
gives the particular solution 
y= 26-3 «1 (2x? + 6x +7) 


And here is one for you, all on your own. 


Solve the equation εἰς +4 “ + 5y = 13e°* given that when 
x=0, y=2 and ae Remember: 
(i) Find the C.F.; (ii) Find the P.L; 


(iii) The general solution is y = C.F. + P.L; 


(iv) Finally insert the given conditions to obtain the particular solution. 


When you have finished, check with the solution in frame 46. 


᾿ eax 
AG y=é™* (2 cosx +3 sin x) +>— 
For: ΕΣ = 13e* 
or 2:2 +4 + Sy = 13e 
(i) C.F. m?+4m+5=0 2 m= 66:29. τ: β 
Δ ἢ Ξ 21} ἡ y=e* (A cosx+Bsinx) (i) 


Ἂ . dy d*y 
PI. = 3X i = 3X ἘΞ. 3X 
(ii) y=Ce ὭΣ 3Ce"", Re 9Ce 


ἡ 9Ce* + 12Ce* + 5Ce* = 1363* 


F 1. Ε εὖ ἧς 
260 Ξ13 ὦ Ξ5 “ ΡΙ is y = (ii) 


3X 
General solution y = &?* (A cos x + B sin x) me x=0,y =3 


1 3X 


Ξτατ oA 2 y=€* (2 cosx + B sin x) + 


Dem (-2 sin x + B cos x) — 26 ?* (2 cosx + B sin x) +24 
ὧν 1 .1 Bo fe ps 
= -Ξ ii Ξ--Ξ —-44> . =3 
x =0, er 2 a= B-44+5 B 


3x 
- Particular solution is y= @?* (2 cosx +3 sin x) ae 
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Since the C.F. makes the L.H.S. = 0, it is pointless to use as a PI. a 47 
term already contained in the C.F. If this occurs, multiply the assumed 
P.J. by x and proceed as before. If this too is already included in the 
C.F., multiply by a further x and proceed as usual. 


: d*y = ἂν ως 2Χ 
Example: Solve ὭΣ ze ὃν = 3e 
(i) C.F. m?-2m—-8=0 «. (mt+2)(m-4)=0 + η15 --2 οἵ 4 
y=Ae*+BEe%* (i) 


(ii) P.I. The general form of the R.H.S. is Cé?*, but this term in &?* is 
already contained in the C.F. Assume y = Cxe?*, and continue as usual. 


y=Cxe?* 

dy _ 2x -2X = 52x 

Fx Cx 2e y+ Ce** = Ce (1 — 2x) 
d+y 


apt Cé™ (-2)- 2Ce™ (1-22) = Ce™ (4x4) 


Substituting in the gtven equation, we get 
Cé* (4x — 4) — 2.Ce* (1 — 2x) -- 8Cx* = 36?* 
(4C + 4C - 8C)x — 4C-— 2C = 3 
-6C=3 .c=-4 


2 
Pl.is y= —5xE* (ii) 
Pon Uber eee 
General solution y = Ae* + Be Ἐς 


So remember, if the general form of the Κ.Η.5. is already included in 
the C.F., multiply the assumed general form of the P.I. by x and continue 
as before. 


Here is one final example for you to work. 


2 
Solve —+ += - 2ye= 
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48 


y = Ae* + BE* ἐπέ: 
Here is the working: 
ἀν ἂν nee 
To solve Be te δ Ξ ζω 


(i) C.F. m?+m-2=0 
(m-1)(m+2)=0 .. m=1 or -2 
“y= Ae + BE™ (i) 


(ii) P.I. Take y = Ce*. But this is already included in the C.F. Therefore, 
assume y = Cxe*. 


Then 


Re 


= Cxe* + Ce* =Ce* (x +1) 


2 
ΤΣ = Cet + Cxe® + Cet = Ce¥(x + 2) 


Δ Ce (x + 2) + CeX (x + 1) — 2Cxe* =e 
C(x + 2)+ C(x + 1)-2Cx=1 


3C=1 σε | 
Plis y=25 (ii) 


and so the general solution is 


x 
yoke tBeM te 


You are now almost at the end of this programme. Before you work 
through the Test Exercise, however, look down the revision sheet given 
in frame 49. It lists the main points that we have established during this 
programme, and you may find it very useful. 


So on now to frame 49, 
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Revision Sheet 


49 


2 
1. Solution of equations of the form ais +b a cy =f(x) 


2. Auxiliary equation: am? +bm+c=0 


3. Types of solutions: 
(a) Real and different roots m=m, andm=m, 
y= Ael™1* + BelM2* 
(b) Real and equal roots m =m, (twice) 
y =e™* (A + Bx) 
(c) Complex roots m=atjp 
y =e (A cos Bx + B sin Bx) 
d?y 
4. Equations of the form Gat tn?y =0 
y=Acosnx +B sin nx 
d?y 
5. Equations of the form —-n?y =0 
y =Acosh nx + B sinh nx 
6. General solution 
y = complementary function + particular integral 
7. 


; : d? dy 
(i) To find C.F. solve a +b a+ cy=0 
(ii) To find P.I. assume the general form of the R.H.S. 
Note: If the general form of the R.H.S. is already included in the 
C.F., multiply by x and proceed as before, etc. Determine the 


complete general solution before substituting to find the values 
of the arbitrary constants A and B. 


Now all that remains is the Test Exercise, so on to frame 50. 
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50 The Test Exercise contains eight differential equations for you to solve, 
similar to those we have dealt with in the programme. They are quite 
straightforward, so you should have no difficulty with them. 

Set your work out neatly and take your time: this will help you to 
avoid making unnecessary slips. 


Test Exercise — XXIII 


Solve the following: 


dx* dx 
2y 
2: ὩΣ — 4y = 10e* 
d*y dy = 52x 
᾿ εν ἡ 
d’y 
4. ὩΣ + + 25y= 5x27 +x 
oy Days 4 sin x 
6. ἔφ Bs sys 26 2 , given that at x = O,y=1 and 3} - =) 
dx? ax 
d? d 
7 reat rie ΞΟ 55 
d*y _ dy = 954% 
8 ay Fee aa 
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Further Problems — XXIII 


Solve the following equations: 


1. 


10. 


2p 7B gy =e 
ἀν (ἀν 

- + 
ΤΣ 6 + 9p = 54x +18 
2 
ΤΣ ς 52+ 6y = 100 sin ax 
dy dy 
et eae +y=4sinhx 
d’y ὦν, 
ΠΣ ΤῊΣ — 2y Ξ2 cosh 2x 
aS 
ἼΣ 6: + 10y = 20-e* 
d’y dy 
oer tage t ay = 2 cos*x 
d?y_ dy 2x 
ee 4: +3y=xte 
2 
τ 5 Dias ΝΣ 
dx? 2 13» x " 


ἄγος = e3% 4 gj 
a oy =e sin 3x 


For a horizontal cantilever of length /, with load w per unit length, 
the equation of bending is 


oP eM ipa ΧῊ 
pi 5 ([-- ΧῚ 
where E, I, w and / are constants. If y = 0 and τΣ =QOatx =0, find y 


in terms of x. Hence find the value of y when x = /. 
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12. 


13. 


14. 


16. 


17. 


Solve the equation 


d*x dx -3t 
=~$+4=+3x= 
ait 1 3x =e 
i that atr=0 Pee er 
given that a ᾿ 5 at ᾿ 


Obtain the general solution of the equation 


d’y ἜΝ. 
ae ra Dasy 6 sin t 


and determine the amplitude and frequency of the steady-state 


function. 


Solve the equation 


d*x ax 
ὭΣ =3 ΩΣ + 2x Ξ sin ἢ 
given that at t=0,x =0 and & = 1. 


Solve! 2 4324 να 3 sin x, given that when x = 0, y =—0-9 


dx? ax 
Le 
ἀπά τς 0-7. 


Obtain the general solution of the equation 


d* a 
+ + = 
ae 6 10y = SOx 
Solve the equation 
d’x 
a 
ὭΣ +2 2x = 85 sin 31 


given that when t=0,x =0 “Ἢ --20. Show that the values of 


t for stationary values of the steady-state solution are the roots of 


6 tan 3t= 7. 


2 
Solve the equation 24 =3 sin x — ἄν, given that y = Ὁ at x = 0 and 


dx 
that Εν = 1 at x = 2/2. Find the maximum value of y in the interval 
0 «χ «π. 
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19. 


20. 


A mass suspended from a spring performs vertical oscillations and 
the displacement x (cm) of the mass at time ὦ (s) is given by 
d’x 
fee ee Se 
2 gt = 48x 
Ifx= 6 1 μας ΕΣ ΞΟ when ὁ = 0, determine the period and amplitude 


of the oscillations. 


The ee of motion of a body performing damped forced vibra- 


: d. 
tions ee de X45 Fa + 6x = cos t. Solve this equation, given that x = 0-1 


and & = = 0 when ¢ = 0. Write the steady-state solution in the form 
K sin ({ + a). 
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OPERATOR ἢ METHODS 


Programme 24 


1 Operator D d 
pe pepe a ea 


Gx (sin x) = cos x 


d _du ἂν 
ae (uty) = ὥς + ΕἸΣ 
These results, and others like them, you have seen and used many times 


in the past in your work on differentiation. 


d : : 
The symbol of course, can have no numerical value of its own, nor 


dx’ 
can it exist alone. It merely indicates the process or operation of finding 
the differential coefficient of the function to which it is attached, and as 


such it is called an operator. 
For example, Gi ) denotes that we are carrying out the operation 
of finding the differential coefficient of e5* with respect to x, which in 


i ἃ 5X = 
fact gives us iy (O79) Freccescesdecdesveneut 


2 Le) = 5eo* 


d\? ἀφ σιν on pi ee. 
Also, {=~} , or τ as it is written, denotes that the same operation is 
dx dx? 


to be carried out twice — so obtaining the second differential coefficient 
of the function that follows. 


Of course, there is nothing magic about the symbol Ζ. We could use 


any symbol to denote the same process and, for convenience, we do, in 
fact, often use the letter D to indicate the same operation. 


" d 
ie. D=— 
dy . dx 
So that — can be written Dy. 
dx : 
and D(sin x) = cos x 
De) =kek& 
D(x? + 6x —5)=2x +6 etc., ete. 
So that D(sinh X) = wee eeee 


Turn to frame 3. 
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D(sinh x) = cosh x 


Similarly, D(tan x) =sec?x, D(inx)= 1. 
D(cosh 5x) = 5 sinh 5x. 
Naturally, all the rules of differentiation still hold good. 
e.g. D(x? sinx) =x? cosx+2x sinx (product rule) 


and similarly, by the quotient rule, 


D {= =| _ (x + 1)5 cos 5x — sin 5x 


xt] (x + 1)? 


In the same way, D?{x3} = D{D (x3)} = D{3x?} = 6x. 


So: The symbol D denotes the first differential coefficient, 
D? 55 γ᾽ second ” ” 
D> 35 ” third »” ΕΣ 


and, if is a positive integer, D” denotes ......Ψ.ὕϑνννννννννννν 


the nt differential coefficient 


(i) D?(3 sinx + cos 4x) = D(3 cos x — 4 sin 4x) 
=-—3 sinx — 16 cos 4x 
(ii) D?(5x* — 7x? + 3) = D(20x3 — 14x) 
= 60x? - 14 
All very easy: it just means that we are using a different symbol to repre- 
sent the same operators of old. 
D (e?* +5 sin 3x) = 2627 + 15 cos 3x 
D?(e2* + 5 sin 3x) = 4e** — 45 sin 3x 
D?(e2* + 5 sin 3x) = 8e?* — 135 cos 3x etc. 
Here are some for you to do. 
Find (i) D (465) — 2 οοβ 3X) Ξ oes 
(ii) D? (sinh 5x + cosh 3x) = woe 
(iii) D°(Sx? = 3x7 + Tx? +20 = 1) = ceeeetienenees 
When you have finished, turn to frame 6. 


Correct. 
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6 (i) 20e°* + 6 sin 3x 


(ii) 25 sinh 5x + 9 cosh 3x 
(iii) 120x —- 18 


The special advantage of using a single letter as an operator is that it 
can be manipulated algebraically. 
Example 1. (Ὁ + 4){sin x} = D{sin x} + 4 sin x 
=cosx+4sinx 
1.6, we just multiply out in the usual way. 
Example 2. (Ὁ + 3)? {sin x} = (D? + 6D + 9){sin x} 
= D* {sinx} + 6D{sin x} +9 sinx 
D (sin x) = cosx 
D?(sin x) = —sin x 
=—sin x + 6 cosx +9 sin x 


Similarly (D—3) {cos 2x} = vein 


7 : —2 sin 2x — 3 cos 2x 


For (Ὁ — 3){cos 2x} = D{cos 2x} -- 3 cos 2x 
=-—2 sin 2x —3 cos 2x 
Similarly, 
(i) (Ὁ τ 4){e3*} = Df{e3*} + 4e3* 
= 3e°* + 4e3* = 7¢e* 

(ii) (D? ~ 5D + 4){x? + 4x - 1} D (x? +4x-1)=2x +4 
=2-5(2x+4)+4(x?+4x-1) D?(x? + 4x-1)=2 
=2-10x -- 20 τ 4x? + 16x -- 4 
= 4x? Ἐόχ-- 22 


Now you determine this one: 
(Ὁ - Ὁ + 3) {sin 3χ Ὁ 2 cos Sx} Sy ccseeanvaueass 


When you are satisfied with your result, turn on to frame &. 
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36 sin 3x — 33 cos 3x 


Since D (sin 3x + 2 cos 3x) = 3 cos 3x — 6 sin 3x 
and D?(sin 3x + 2 cos 3x) =—9 sin 3x -- 18 cos 3x 

Δ (D? -- 7D + 3){sin 3x + 2 cos 3x} 

=—9 sin 3x — 18 cos 3x — 21 cos 3x + 42 sin 3x 

+3 sin 3x + 6 cos 3x 

= 36 sin 3x — 33 cos 3x 
Remember that the operator can be manipulated algebraically if required. 
Here is one more: 


(D? + SD + 4) {Se*} = 


90e?* 
Since 
(D? + 5D + 4) {Se?*} = D? (5655) + 5D {Se} +4 {Se} 
Now Ὁ {5621} = 10e?* and D? {Se?*} = 20εἦ 
(D? + 5D + 4) {5e?*} = 2062) + 50e* + 20e* 
or we could have said: 
(D? + 5D + 4) {(5e?*} = (D+ 4) (D+ 1) {Se7*} 
=(D + 4) {10e* + 562) 
=(D +4) {15e?*} 
= 30e?* + 60e* 


On now to the next frame. 
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10 


The inverse operator 4 


We define the inverse operator s as being one, the effect of which is 


cancelled out when operated upon by the operatoz D. That is, the inverse 


1. : ae 
operator ps the reverse of the operator D, and since D indicates the pro- 


. feed oer 
cess of differentiation, then D indicates the process Of ........ννεννννννονν 


11 


Right, though our definition of Ais a little more precise than that. 
Here it is: 


’ 


Definition: The inverse operator D denotes integration with respect to x 
omitting the arbitrary constant of integration. 


e.g. + {sin x}=—cos x 


Lie ixy 22 
p lem} =°3 


1 
ἘΠ See 
12 Day oe 
pix τ᾿ 
Similarly, | 
ὁ {sinh 3x + cosh 2} = SSS, sinh 2x 
] 1)_ x? 
and ΠΣ 


Therefore, we have that 


(i) the operator D indicates the operation of ..........0......... 


(ii) τὰ 3» A ” 35 25 ” 


πον ee Patt. 
Turn on to frame 13. 
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D denotes differentiation 13 
” integration 
jee ie gee Τα 
Of course, D \p and pve} therefore indicates the result of 


integrating the function f(x) twice with respect to x, the arbitrary con- 


stants of integration being omitted. 

1 3 1[{χ 5x? 
2. TS + -- Ξ--- (-.-- ---. 
6.8 pe 5x — 4} 7" + 4x 


a", @ 
_x* , Sx? _ 4? 
12. δ 3 
τ ee 5x8 ‘ 

= δα Τρ. 


Note that the constant of integration is omitted at each stage of 
integration. 1 
So ἘΞ {sin Be Ξ2 ὁσ8 ΧῊ Skt cuns: 


ΤῈ are 1 4 


Since oz {sin 3x2 cos x} = 4 | - 2283-9 sin | 
= SB +2 cosx 
. 1 ; 2 sin 3x 
“pp {sin 3x —2 cosx} = 2 cos. x τοπο-- 


Here is a short exercise. Work all the following and then check your 
results with those in frame 15. 


(i) Ὁ (sin 5x + COS 2X) = weet 
( Ditty. erates 


(iii) = (2x? +5 +=) eee mee 


it 


u 


Π 


{ 


(iv) a (cosh 3). sessssesseeeeeeerees 


i 


(v) a (3x? + sin 2X) = eee 


When you have completed all five, move on to frame 15. 
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15 


Here are the results in detail. 


(i) Ὁ (sin 5x + cos 2x) = 5 cos 5x — 2 sin 2x 


(ii) D (x? e**) =x? 36% + 2x e* 
= @°* (3x? + 2x) 
ως es ee 

(iii) a (2x7 +542) ey 5x +2 Inx 

: 1 _ sinh 3x 

(iv) D (cosh 3x) nea 

1 ad . 1... cos 2x 

(v) ΒΞ (3x? + sin 2x) = D (x 5 ) 

_x* sin 2x 
4 4 


You must have got those right, so on now to frame 16. 


16 


Before we can really enjoy the benefits of using the operator D, we 
have to note three very important theorems, which we shall find most 
useful a little later when we come to solve differential equations by 
operator D methods. Let us look at the first. 


eae F(D) {e7}= e™ F@) occ (I) 
where a is a constant, real or complex 
D{e*} =ae™ 
D? {e™} =q? e® 
ὁ (D? + D){e™} =a? εχ +ae% =e (gq? +a) 
Note that the result is the original expression with D replaced by a. This 
applies to any function of D operating on ἄχ. 
Example 1. (D? + 2D -- 3) {e™} = e% (a? + 2a -- 3) 


This sort of thing works every time: the e™ comes through to the front 
and the function of D becomes the same function ofa, i.e. Dis replaced by a. 


So (DFS 5) Se ae 


Turn to frame 17. 
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(Ὁ ~ 5) {e?*} =-e* 17 
Similarly, (2D? + 50 -- 2) {e*} = e3*(2.9 + 5.3 - 2) = e**(18 + 15--:2) 
=3e: 


The rule applies whatever function of D is operating on em. 


5x sx 1 ee 
e.g. Ξε bee ee ΝΞ 
2 ie ee 
“1: Drag jee 913. 1 
1 
e.g. 


ape 


So (D?=SD:+4) (65) = 


for 


[oo | 18 
(D? - 5D + 4) {e4*} = εχ (4? -- 5.4.4) 


=e*(16—-20+4)=0 
Right, and in the same way, 


et 19 
25 
1 £53X} = 3X 1 
Τοῦ ΣΤΉΝ πε ξεεστες, 
e* 
5. 1 


Fine. Turn on now to frame 20. 
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20 Just for practice, work the following: 
(i) (D? + 4D—- 3) {67} = ese 


ὦ περ τὼς 


(iii) (05 - 7D + 2) {6} το νυν, 


(iv) ~<a CERT Peco ake estat 


1 oxy 2 
(v) =a τῷ ἰ }- δ εύθούθ ον οὐ δὸ κε υνῷ 


When you have finished, check your results with those in the next frame. 


71 Results 


(i) (D? + 4D - 3) {e?*} =e*(4 + 8-3) = 9e% 
1 3x 


= Ζ 1 é 
Ἢ 3χΧὶ _ 3x = 
) preg lee an 


(iii) (D? - 7D + 2) {e%/2} = ex? (:- 2 " 2) 


1 a: —-p,9x 1 
(iv) pr=gpaz le" ee 25-15-2 
eo* 
ΕΝ 
1 aya gt 1 
ΟΞ τ  ! °° -Ciaacia® 
- ἃ | 
τ (40) 
ἘΠ χα 
Ὁ. 


All correct? 


Turn on now then to the next part of the programme that starts in 
frame 22. 
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πὰρ 


Theorem IT 
F(D) {e% V? =e F(D ta) {V} cece (11) 
where aisa constant, realor complex, 8ὦὁἐιξι.͵ἁ 
and V is a function of x. 
Consider (ΟΣ +D +5) {e*v} 
D{e™ V} =e" D{V} +ae*%V 
=e"*(D{V} τὰν] 
D? {e% V} =e [D7{V} + aD{V}] +ae™ [D{V} τὰν] 
=e™(D?{V}+ 2aD{V} ταῖν] 
Therefore 
(D? +D + 5){e* Vv} = e® [D?{V} + 2aD{V} +a?V] te™[D{V} ταν] 
+5e%V 
=e [(D? + 2Da + a?){V} +(D +a){V} + 5V] 
=e*((D +a)? +(D +a) + 5] {V} 
which is the original function of D with D replaced by (D + a). 
So, for a function of D operating on {e® V}, where V is a function of 


x, the e comes through to the front and the function of D becomes the 
same function of (D + a) operating on V. 


F(D) {e®™ V} = e™ F(D + a){V} 
An example or two will make thisclear. 
(1) (Ὁ + 4){e3* x} In this case,a = 3 and V =x? 
= e** (00 + 3) + 4} {x7} 
= e* (Ὁ + 7) {x7} = e** (2x + 7x”) 
= (7x? + 2x)e>* 
(2) (D? + 2D —3){e™ sin x} 
=e*[(D + 2)? +2(D + 2) — 3] . {sin x} 
=e*(D? +4D+4+2D+ 4-3) {sinx} 
=e?* (Ὁ + 6D + 5) {sin x} D(sin x) = cos x 
=e?* [4 sinx + 6 cosx] D?(sin x) = —sin x 
And, in much the same way, 
(3) (Ὁ 5) fe?” cos 25 PSs as atenstaatas 
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23 [ον (4 cos 2x -- 5 sin 2) | 


for: (D? — 5) {e** cos 2x} 
=e'*[(D + 5)?—5] .{cos 2x} 
Ξ εὐ [05 + 10D + 25 -- 5] {cos 2x} 


D(cos 2χ)Ξ--2 9 η2χ 


= οὖ. [D? + 10D + 20] {cos 2x} 


D?(cos2x)=—4cos2x 
= e°* (—4 cos 2x -- 20 sin 2x + 20 cos 2x) 


= 4e°* (4 cos 2x -- 5 sin 2x) 
Now here is another: 


1 4x2 
pape ΣΤ ΟΝ ΩΝ 


x Ι 2 
“Dear aD ΣΈ ΣΟ ὦ, 


1 Ἑ 
ΣΤ AN oe  τ ἀπο ς κ΄. τ 
ὮΝ D?Fap+16-8D— 32416" 

3 
= ax 1 2 οἷς 2 =x 
=e {x?} pe)=3 
_et* x4 ἦι, Β a 
mae pe) -4 


Now this one: they are all done the same way. 
(D? — 3D + 4) { &* cos 3x} 
The first step is to wo... eee 


24 (i) bring the δ᾽ through to the front 


(ii) replace D by (Ὁ -- 1) 


Right, so we get 
(D? — 3D + 4) {€* cos 3x} 


= é* [(Ὁ -- 1)2 -- 300 -- 1) + 4] {τος 3x} 


Ξ εν (Ὁ -220 Ἐἰ -- 30 13 Ὁ 4). {cos 3x} 
Ξ ἐν (Ὁ -- 50 τ 8) {cos 3x} D(cos 3χ)5Ξ--3 sin 3x 
D*(cos 3x)=—9 cos 3x 
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| é*(15 sin 3x — cos 3%) | 25 


Now let us look at this one. 


1 5 
wipe Ὸ Here a@=-2 and V=x? 


= gx 1 3 
δ (— 2) + 4-2) 15 {x°} 
=e 2X Ce ee ee ee 3 
D?-4p+444D—845 0" 3 
1 
= @2x we 
and we are now faced with the problem of how to deal with Bry τ τ}: 
Remember that ee behave algebraically. 


ea τσὴ τ να + DIT {x3} 


and (1 + ΠΥ can be expanded by the binomial theorem. 


τ De) Seda 


(1+D?y! =1-D?+D4*-DS +... 26 


€?*(1+D*y1 {x3} D(x?) = 3x? 
26° C= Dt DAD tn )4e} Da) oe 
D3(x3) = 6 
D4(x*) =0 ete. 


=e (x? -6x+0-0...) 
= ¢>* (x3 — 6x) 
Here is another. 


1 1 1 
=z (x? ht a x2} Note we take out the 
Dees }=3 ΠΝ ἷ factor 3 to reduce the 
3 : denominator to the form 
“SF 6} Gs) 


=s(l- sto = 57: Ὁ {x7} 


On to frame 27. 
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2] 0-ἢ 


Similarly 


1 all {χ) 
wo {x4} --- ὦ Ἷ 
D?—2 2: 


Finish it off. Then move on to frame 28. 


28 


Right. So far we have seen the use of the first two theorems. 
Theorem I FED) {2} τ νον 
Theorem II PUD) £ eV} νιν Sessess 

Check your results with the next frame. 


F(D){e® } = e F(a) 
F(D){e® V} = e* F(D + a){V} 


29 


Now for Theorem III 


Theorem III 2,fsinax|_ 4, {sinax 
F(D {sn = Be a Nees ΠΝ (11) 


If a function of D? is operating on sin ax or on cos ax (or both) the 
sin ax or the cos ax is unchanged and D? is everywhere replaced by (-a’). 
Note that this applies only to D? and not to D. 

Example 1. (D? + 5){sin 4x} = (-16 + 5) sin 4x =—11 sin 4x 
Just as easy as that! 


1 aed = 
Example 2. xz {cos 2x} = Tyr 008 2x = 7 cos 2x 

1 : τες ΟἿ : 
Example 3. 3 {sin 3x + cos 3x} = To xq (Sin 3x + cos 3x) 


= τὸ (sin 3x + cos 3x) 
Example 4. (2D? ~ 1) {sin x} = wececeseeeseseseeee 
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30 
for (2D? - 1){sin x} = [2-1) -- 1] {sin x} = -3 sin x 


If the value of a differs in two terms, each term is operated on 
separately. 


{sin 2x + cos 3x} 


1 
“8 D? +2 


ΞῈΣ ΣΝ 2x} Ἐπ prea 3x} 


ah = {sin 2x} P55. τα {eos 3x } 
_ sin 2x _ cos 3x 
2 7 


So therefore 5 {sin x + cos 4x} 


_sinx _ cos 4x 31 
6 21 


Here it is: 
ΡΞ: a 5 {sin x + cos 4x} 

oe τ ; 1 

=pi—s5 {sin x} + D?-5 {cos 4x} 

ΞΞῚ 1 5 {sin x} + της -τίοος 4x} 

= sinx _ cos 4x 

6 21 
Here are those three theorems again: 
TheoremI — F(D) fe} =e FG) --.----ττοννονννννονεννννννννιο, (D 
Theorem II F(D) {e% V} =e F(D τ a) {V}o----eeeesseeeee (I) 
a, fsinax | _ pyr, fsinax 

Theorem lI F(D*) i " F(-a“) tee a shiteteidieeds (III) 


Be sure to copy these down into your record book. You will certainly 
be using them quite a lot from now on. 


We have now reached the stage where we can use this operator D to our 
advantage, so turn now to frame 32. 
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32 


Solution of differential equations by operator D methods 


The reason why we have studied the operator D is mainly that we can 
now use these methods to help us solve differential equations. 

You will remember from your previous programme that the general 
solution of a second order differential equation with constant coeffi- 
cients, consists of two distinct parts. 

general solution = complementary function + particular integral. 

(i) The C.F. was easily found by solving the auxiliary equation, obtained 
aS m fore and 1 for 
dx 2° dx’ ᾽ὕ'. 
This gave a quadratic equation, the type of roots determining the shape 
of the C.F. 

(a) Roots real and different y= Ae1* + Be’”2* 

(b) Roots real and equal y=el™*(A + Bx) 

(c) Roots complex y =e*(A cos Bx + B sin Bx) 
(ii) The P.I. has up to now been found by .......Ἅμνννονννννεννννννον 


from the given equation by writing m? for—> 


33 


. assuming the general form of the function f(x) on the 


R.HLS., substituting in the given equation and determining the 
constants involved by equating coefficients. 


In using operator D methods, the C.F. is found from the auxiliary 
equation as before, but we now have a useful way of finding the P.I. A few 
examples will show how we go about it. 


d*y dy 
x an et oe e* 


(i) C.F. m?+4m+3=0 ὁ (m+1)(m+3)=0 7% m=-lor-3. 
y=Ae*+Be* 
(ii) P.I. First write the equation in terms of the operator D 
D?y + 4Dy + 3y = e?* 
(D? +4D+3)y =e?* 


Example 1. 


1 {e2X} 


»* Seabed 
and, applying theorem I, we get 
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- 34 


ἦς 
1 e* 
= p2% ς. --:.-...-ὄ. 
rr eae Er a | 
So C.F. is y=Ae*+Be* 
2x 
and PI. is Ses 


So the complete general solution is 


2x 
y=Ae* +Ber +e 35 


Correct. Notice how automatic it all is when using the operator D. Here 
is another. ‘ 
d“y ᾿ 6 


Solve Bz tos + Oy = οὖχ 
(i) First find the C.F. which is 
YS 8 τιον ζονον 


36 


since m?+6m+9=0 -.(m+3)?=0 -.m=—3 (twice) 
y=e>*(A + Bx) 
(ii) To find the P.I., write the equation in operator D form 
Dy + 6Dy + 9y = οὐ 
(D? +6D+9)y =e* 
>= preps "3 
1 5Χ 
ye ας τ το "A 
ΠΕ. γε τ Bx) 


Sx 


a 


and by theorem I 


Pl.is y= 
ς΄ General solution is 


Yo ΠΡ On to frame 37. 
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y=e*(A+Bx)t al 
64 


Now that you see how it works, solve this one in the same way. 
d 
Solve Ty + 4D + sya e% 


~4+V(16-20 
(i) C.F. m?+4m+5=0 «τάξνᾳ6-20) 


28 y=€?*(A cosx ἘΒ sin x) 


(ii) Now for the P.I. 
D?y + 4Dy + Sy = ἐν 
ὁ (D?+4D+5)y Ξε 


Now finish it off and obtain the complete general solution. 
When you have it, move on to frame 39. 


γχ 
29 y= €*(A cosx +B sin x) + 5 | 


for the P.I. is 


-- 1 =x ΕΞ 
»*Dreapes ἂς aa 
ae ee ἄρ οἱ, j a ΕΞ 
1-445 2 16.» 2 


Δι General solution is γΞ ΕἾ (Α cosx + B sin x) + = 
Now here is one for you to do all on your own. 
Solve ry x4 7 ὧν; 12y = δεῖχ 
When you have finished it, turn on to frame 40 and check your result. 
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40 


2X 
y=Ae** +Be™ ras 


Since (i) C.F. m?+ 7m+12=0 -.(m+3)(m+4)=0 2.m=-3 or-4 
y=Ae*+Be™ 
(ii) P.I. D?y + 7Dy + 12y = 5e* 
(D? + 7D + 12)\y = Se* 


Se κων, 


j 
᾿ 1 2x 
Spates eee 
"Bray 6} 
᾿ F 1 _5e* _e* 


= x ce ae .---- 
VOR BIA «80. Ὁ 
2x 
General solution: y=Aé3* +Be** rae 
ee ee τς ον συ, 
225. 
dx 3? 
tiate and substitute, and find the values of A and B. So off you go and 
find the particular solution for these given conditions. 


F Now if we were told that at x = 0, y =i and we could differen- 


| 

a Then on to frame 41. 
Leste sage 

) ye Bonne 41 


forx=0,y τὰ Ὁ Z=AtBtE ΔΑΈΒΞΙ 
dy __ 3x _ age 
ὥς: 3Α 6 4Be™* + S 
λιν, ἰδ 5 I νοὶ - 
ΧΕ 1 ae 3A —4B +3 Δ. 3A+4B=2 
3A + 4B=2 
Ὁ B=-1A=2 
3A + 3B=3 
3X _ 54x e? 
Sergi ae Ὑπε- 


So (i) the C.F. is found from the auxiliary equation as before, 


| .. Particular solution is re 
(ii) the P.I. is found by applying operator Ὁ methods to the original 


equation. 
Now turn on to frame 42. 
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42 


Now what about this one? 


Solve To γῶν 2y = sin 2x 


(i) C.F. m?+3m+2=0 3 (m+1)(m+2)=0 .. m=-1 or-2 
y=Ae*~* τε 
(ii) PI, (D? +3D + 2)y = sin 2x 


ΕΝ eee 
YDS ap +a isin 2x} 


By theorem III we can replace D? by —a, i.e. in this case by —4, but 
the rule says nothing about replacing D by anything. 


5 1 : 
y= ue 2x} 
ye τοῖν 5 τττ-- τ { sin 2x} 


Now comes the trick! If we multiply top and bottom of the function of 
D by (3D + 2) we get p= ices 


43 


Correct, and we can now apply theorem III again to the D? in the 
denominator, giving: 


_ 3D+2 _3D+2.. 
ra qis in 2x} == {sin 2x} 


Now the rest is easy, for ag 2x) = 2 cos 2x 


= “τ (6 cos 2x + 2 sin 2x) 


ie. ye -35 9 3 cos 2x + sin 2x) 
So C.F. is ye Ae +Be* 
ΡΙ. is y =— 35 (3 cos 2x + sin 2x) 


‘. General solution i ee a : 
y=Ae*+Be%* - 35 3 cos 2x + sin 2x) 


: 1 
Note that when we were faced with ------ - p23 {sin 2x}, we multiplied top 


and bottom by (3D +2) to give the difference of two squares on the bottom. 
so that we could then apply theorem III again. Remember that move: it 
is very useful. 


Now on to frame 44. 
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Here is another example. 44 


Solve 4 + 10—~ wy + 25y =3 cos 4x 
(i) Find the C.F. You do that. 


y=e*(A + Bx) 


Since m?+10m+25=0  .. (mt+5)?=0 . m=—5 (twice) 
Ἢ y=e>*(A + Bx) 
(ii) Now for the P.I. 
(D? + 10D + 25)y = 3 cos 4x 


Ε 1 
ΞΡ στ op F395 3 008 4x} 


Now apply theorem III, which gives us on the next line 


46 


1 


, ὙΠ a 


since, in this case,a=4 .. —a?=-16 .. D? is replaced by —16. 
Simplifying the result gives 


ye apie 3 cos 4x} - 


Now then, what do we do next? 


When you have decided, turn on to frame 47. 
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4] We multiply top and bottom by (10D — 9) 


Correct — in order to give D? in the denominator, 
g 


So we have 
-.- 10D 5 {3 cos 4x} 
᾽ (10D + 9) (10D — 9) 


100 - : 
ἘΞ ΠΣ Ξ “13 cos 4x} 


We can now apply theorem III, giving 


ye ai (120 sin 4x + 27 cos 4x) 


Here it is: 


ο [100 - ; 
= tobe τ (3 cos 4x} 


__ 100 - 
προτῖ 81 {3 cos 4x} 


=— (10D -- 9) {3 cos 4x} 


isa 
D(3 cos 4x) = -12 sin 4x 


So (-120 sin 4x — 27 cos 4x) 


__1 ? 
y= TER] (120 sin 4x + 27 cos 4x) 


So (Ε: y =e °*(A + Bx) 


ΡῚ.: + 
I ye τάξι (120 sin 4x 27 cos 4x) 


Therefore, the general solution is 


Now turn on to frame 49. 
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49 


=@€*(A+Bx)+—- i ==> (120 sin 4x + 27 cos 4x) 


τε 
Let us look at the complete solution. Here it is: 
ἀν 0.» a 
To solve ὭΣ +10 ie + 25y = 3 cos 4x 


(i) C.F. m?+10m+25=0 +. (m+5)?=0 ᾿ m=-5 (twice) 
“y= °*(A + Bx) 
(ii) PI. (D? + 10D + 25)y = 3 cos 4x 
7 1 
» = DIF Top τς £3 008 44} 


1 


¥ =F iop pas 13 9954.) 


1 
=Top+o {3 cos 4x} 


10D —9 
= Toop? 81 {3 cos 4x} 


ς 10D-9 
arose {3 cos 4x} 


5 (-120 sin 4x -- 27 cos 4x) 


ye τῇ (120 sin 4x + 27 cos 4x) 


Therefore, the general solution is 


y=e*(A+ Bx) t+ i (120 sin 4x + 27 cos 4x) 


ce 
That is it. Now you can do this one in very much the same way. 
Solve a” os ag 13y = 2 sin 3x 


ax? dx 


Find the complete general solution and then check your solution with 
that given in the next frame. 
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50 Here is the solution in detail. 


2. 
ΤΣ- 4 49} ε13ν- 2 sin 3x 
44/(16-52 
(i) C.F. m*-4m+13=0 «εν 59) 
42°36 _ 


ae 
7 2+ j3 


ον =e?*(A cos 3x + B sin 3x) 
(Ὁ PI. (D?-4D + 13)y =2 sin 3x 


7 Ι 
’~D*—4D + 13 


- 1 
~-9—4D + 13 


{2 sin 3x } 
{2 sin 3x} 


= ed sin 3x} 


Ι 


Ὁ}.- NI NI- Ald 


—pisin 3x} 


— {sin 3x} 


ae 


1+ 
τε 


39 (1 + D) {sin 3x } 


{sin 3x} 


1 


yr 50 (sin 3x + 3 cos 3x) 


General solution is 


y =e?*(A cos 3x + B sin 3x) + 55 (sin 3x +3 cos 3x) 


Now let us consider the following example. 


cs dy pang» mee 
Solve ax? 6 ie Sy =e” sin 3x 
(i) First find the C.F. in the usual way. This comes to 
ἜΣ ΞΟ τους σον 


On to frame 5]. 
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51 


Since m?-6m+5=0 3. (m-1)(m—-5)=0 Ὁ. m= 1 οἵ 5 


ΔΙΊ y=Ae* + Be 
Now for the P.J. 


(D? — 6D + S)y =e sin 3x 
is ] 2X ς; 
γε Ξε τε {e?* sin 3x} 

This requires an application of theorem II 

F(D) {εχ V} =e* F(D +a){V} Here a=2 

V = sin 3x 

So the e?* comes through to the front and the function of D becomes the 
same function of (Ὁ + a), ie. (Ὁ + 2), and operates on V, i.e. sin 3x 


1 . 
59% 
ili τη — 6D Fay Fs 18m 3x} 


I : 
Se BIN 
τε DP +4D+4—-6D— 1245 15" 3x} 
1 : 
Ξ et BEI ap aa ἰδιη 3x} 
Now, applying theorem III, gives 
MS edie eheae 
= gmx 
aT πρὶν 3 {sin 3x} 52 
ΞΟ 1 4 1 
ye =p 73 {sin 35 5 Dre (sin 3x} 
wees Σ ἢ Σ 
ὑξΞ Dee isin 3.) 


3 


Right. ex 
a omer as πὸ {sin 3x} 
2x ἀτώ 
-- δ Ὁ μα 3x} 
e2* « 
=99 (Ὁ - 6) {sin 3x} 


So the PI. is finally 
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54 


2x 
30 (cos 3x — 2 sin 3x) 


So (Ε: y =Ae* +Be* 
2x 


PL: y oe (cos 3x — 2 sin 3x) 


. General solution: 
y=Ae* + Be* + — (cos 3x — 2 sin 3x) 


This is an example of the use of theorem II. Usually, we hope to be 
able to solve the given equation by using theorems I or III, but where this 
is not possible, we have to make use of theorem II. 


Let us work through another example. 


2 
Solve oe ay=x? e~ 
(i) Find the C.F, What do you make it? 
ἡ ΞΕ eer eoPe eee 
55 y=Ae +Be* 
since m?-1=0 .. m?=1 ὦ m=lor-l 


Now for the P.I. 


y= ate τί ἢ ΕΝ) 
Applying theorem II, the 6 comes through to the front, giving 


ye “om } 


ποτ = 5 
‘pepe } 
ae) 


iss) 
δὲ 


1 
στρ) 


9 
Qe 
© (1 + D/2y! { x7} 


et 


Now expand (1 + D/2Y' as a binomial series, and we get 


γεξ web Se τυδευ το ) 


On to frame 56. 
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But D{x?} =2x; D?{x?} =2; D3{x3}= 0. etc. 
es Δ... ΟἹ 
: “5 bl χε | 
and since D denotes integration, omitting the constant of integration, 
then 2 
a 


=f (XX x 
“πω 5] 
So the general solution is 


y=Ae*+Be* +E (= _x- +3) 


Di NS eS Qe 
Now here is one for you to do on your own. Tackle it in the same way. 
Solve Ὧν ὦν ον = x3 @3* 
dx dx 


Find the complete general solution and then check with the next frame. 


peonlar nee 58 


(i) C.F. y = e*(A + Bx) 


ee 1 
(ii) PI, y "Dimers ee) 


- 43x 1 
ae τ: oD Faro 


1 


a | a στρ ςς δ nC, Oo 
 DFx6DF9-ED= 1849 % F 


1 Ε 
= 23x ΔΙ Δ 
δ pl4 | 
Bae x y = xé er 
.. General solution is χ' εὖ 


y =e*(A+Bx) + 


20 
= ρ3Χ + qs 

ye (a Bx 2 a | 

Now move on to frame 59. | 
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Special cases 

By now, we have covered the general methods that enable us to solve 
the vast majority of second order differential equations with constant 
coefficients. There are still, however, a few tricks that are useful when 
the normal methods break down. Let us see one or two in the following 
examples. 


ἀν ἀν. - 
Example 1. ΣΙ, hy 


(i) C.F. m?+4m+3=0 -.(m+1)(m+3)=0 m= -- or-3 
.y=Ae*~+BEe* 
(i) PI. (D?+4D+3)y =5 
5 {5} 


Y*D? 4513 
This poses a problem, for none of the three theorems specifically applies 
to the case when f(x) is a constant. 
Have you any ideas as to how we can make progress? 


When you have thought about it, turn on to frame 60. 


1 
60 We have v* spas 


The trick is to introduce a factor e®* with the constant 5 and since 

e* = e° = 1 inis will not alter its value. So we have: 
1 
=————~ { Se” 
y= Drapes OO 

We can now apply theorem I to the function. The e°* comes through to 
the front, the function of D becoming the same function of a which, in 
this case, is 0. 


1 
— ,OX 
γτέ anos 


5 ; 
= eo*, Ξ5 and since e®* = 1, 


jo) 
2:1 


So the general solution is: 


y=Ae* +Be* +3 


Now for another. Turn on to frame 61. 
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Here is another example. 61 
d* αν ἂν 
+ 
Example 2. ὭΣ 2-: ae 


(i) C.F. m?+2m=0 .. m(m+2)=0 .. m=0 or -2 
Lye Ae™* +Be?* ye At+Be** 
(ii) PLL. espe 
z 1 
= pra (5) 


If we try the same trick again, i.e. introduce a factor e°* and apply 
theorem I, we get 


62 


1 
{5} becomes y ΞΈΣ Ὁ ε9Χ} 


{5} which is infinite! 


eel 
for Y= Dr yap 


1 
= 0% 
yee” 040 
So our first trick breaks down in this case. 
However, let us try another approach. 


een eee 
= Dry ap tS 


ΞΈΕΞΕΕ Sale 
᾿ Τρ + 3 5} 
7 ΤΣ + (Ὁ + 2) το 5 
Now introduce the e®* factor and a only the operator st 
2s ox 
D’ Te Τ 2 το es 
alee 
“ee ne +2 {5} 
_ i 1 Ϊ Ox = 
D 5 (5) since e 1 
- 115 
712 
which ἰδ Y= Leese eeseeeeseeeeeeee 
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63 3 
ade) 


since p denotes integration (with the constant of integration omitted). 


Note that we can apply the operators one at a time if we so wish. 


The C.F, was y=A+Be* 
The P.I. was found thus: look at it again. 
(D? + 2D)y =5 ’ 
Y= Dap 


ex 1 {5} by theorem I 


General solution is st 
y=At+tBe* ὑπ: 


Now here is another one. Let us work through it together. 
On to frame 64. 


64 Example 3. ἐς. l6y = e** 
(i) CF. m?-16=0 .m?=16 1. m=+4 
y=Ae*+Be* 
(ii) PI. (D*-16)y =e* 
γτρτστεί 
Theorem I applied to this breaks down, giving ἐ again. 
.. Introduce a factor 1 with the e* 
yrange 


We now apply theorem IJ and on the next line we get 


Turn to frame 65. 
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yre™ Cone i} 65 


ie. the e** comes through to the front and the function of D becomes 
the same function of (D + 4). 


Then 
4 1 


x 

D? +8D+ 16-16 {1} 
axl _1 

D'Dret!} 


The function 1 can now be replaced by e® and we can apply theorem I 


yre 


Ξ- 


to the second operator which then gives us 


-! 
D+8 


γεοχ 67 


ὃ 
since = denotes integration. 
So we have: C.F. y=Ae*+Be* 
_x eX 
PI. ae 


*. General solution 


4x 
= ΧΕ 
γ Λεοχ Βε6Χ. 


Notice this trick then of introducing a factor 1 or e as required, so 
that we can use theorem I or II as appropriate. 

There remains one further piece of work that can be very useful in the 
solution of differential equations, so turn on to frame 68 and we will see 
what it is all about. 
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: d : 
Consider art ἄν = 3 sin 2x 


(i) CF. m*+4=0 - m=- .m=+j2 
y=Acos 2x +B sin 2x 
Gi) PI. (D?+4)yp=3 " 2x 
y= o Drea 19 sin 2x } 


The constant factor 3 can be me to the front to simplify the work. 


γ5Ξ3. a Drag sin 2x} 


If we now apply theorem III (since we are operating on a sine term) 
we get 


—— {sin 2x} = 3. ἐ {sin 2x} 


PSs zH 


and theorem III breaks down since it produces the factory. 


Our immediate problem therefore is what to do in a case like this. Let 
us think back to some previous work. 
From an earlier programme on complex numbers, you will remember 


that 
el® = cos @ +j sin @ 


so that cos 6 = the real part of ej® , writtenF {ei9} 
and sin 9 = the imaginary part of eJ®, written #{e)9}. 


In our example, we could write 
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70 


So we can work this way: 


y=3. τειχία 2Χ) - τὲς» Ξϑόητεχίο!») 
Theorem I now gives 
4 Ὡ ΝΞ. -ἝὋ - j2x 
Yrster oreg Oo τὴ 


= 3. e)2% + so this does not get us very far. 


Since this does not work, we now introduce a factor 1 and try theorem II. 


1 : 
y= δῤεττη Ὁ ἘΦ Ρ 


y= 3ε}2 TET DG 7 


᾿ Ι 
τὸ fae j2x 
ἜΣ ΘΕ cae 


=3feix Ὁ 


a tes putting e™ for 1. 


Ἢ 1 
= 3 fei2* — 0% —— theorem I on second 
θ΄ ΟΥ̓ operator. 


xx 1 fl ; x 
=3 x ft} = 26¢,j2x ~ 
Se δὶ 336 7) 


= PF (cos 2x +jsin 2x) writing e!?* back into 
᾿ its trig. form. 
Ξοῦ ear ieee sin 2x) 
=F (ec sin 2x —j x cos 2x) y= SEO a 
That seems rather lengthy, but we have set it out in detail to show every 


step. It is really quite straightforward and a very useful method. So finally 
WeSC: y=Acos2x+Bsin2x PL. jp Ξ ΟΣ ee 


General solution y=Acos 2χ +B sin 2χ -- eeetos 2a 


Look through the last example again and then solve this following 
equation in much the same way. 


Ὁ 


Solve -τ-Ξ τὸν = cos 3x. 


When you have finished, turn on to frame 72 and check your result. 
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72 Solution: y = A cos 3x +B sin 3x +~ = 3x 


Here are the steps in detail: 

(i) You will have had no trouble with the complementary function 
y =Acos 3x +B sin 3x 

(ii) Now for the particular integral:- 


: 1 : 
(D? + 9)y = cos 3x . Yy==z—— {cos 3x} 
D* +9 


Theorem III breaks down. Therefore use cos 3x + jsin 3x = e/3* 

ie. cos 3x =F {¢)3* } 

1 . 

=f jax 
y D2 + 9 {e } 
Theorem 1 breaks down. Therefore introduce a factor 1 and use theorem II. 
-AR—1_¢ pisx 
y ΠΕΣ {e 1) 

j3 


1 
=f ee ae ee -9. 
. Dryer} 
i 1 
=B ej3* —__*+____. 
Ξ ἜΣ ΞΕ ΣΣΣ,Σ 
Ox =] 


D 


Operate on e with the second operator 


i 1 
Ξ- o\3X% = οὐχ "ὦ 
y 6 δ΄ j6 


i3x 1f{ 1 ἂχ δὶ 
-® ,,3β ΔΙ Δ ΠΡ ἢ ,isx x 
6 itd Re ἴδ 


[3χ 1 1 
= jax 4 Tg ox 
Re 7 Ὁ τ) {e } e 


id ΞῈ5 using theorem I 
(D + j6) 


=P ~ (cos 3x + j sin 3x) writing 6355 back in 
j6 trig. form. 


= | -E (eos 3x Ὁ] sin 30} 


-@ Th cos 3x | x sin 3x 
6 6 


_ x sin 3x 


Then, combining the C.F. and the P.I. we have the general solution 


y = A cos 3x +B sin 3x +2 Sin 3X. 


Note. These special methods come to your aid when the usual ones break 
down, so remember them for future reference. 
Turn to frame 73. 
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You have now completed this programme on the use of operator D 73 
methods for solving second order differential equations. All that remains 
is the Test Exercise, but before you tackle that, here is a brief summary 
of the items we have covered. 


Summary Sheet 


a. D? 


1. Operator D D= ae ae : axt 


I 
| 

Ὁ 
= 
Ill 


2. Inverse operator Bel. .. ἄχ, omitting the constant of integration. 
3. Theorem I F(D) {e% } = e* F(a) 


4. Theorem II F(D) {e*% V} =e" F(D +a) {V} 


5. Theorem III FO) sae = F(-a?) we 


6. General solution 


y = complementary function + particular integral 
7. Other useful items (where appropriate) 
(i) Introduction of a factor 1 or e* 
(ii) Use of εἶθ = cos 6 1] sin 0 
ie. cos 9 - 93 (69) 
sing =F {9} 


Revise any part of the programme that you feel needs brushing up 
before working through the Test Exercise. 

When you are ready, turn on to the next frame and solve the equations 
given in the exercise. They are all straightforward and similar to those you 
have been doing in the programme, so you will have no difficulty with 
them. 


On to frame 74. 
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74 Work through the whole of the exercise below. Take your time and 
work carefully. The equations are just like those we have been dealing 
with in the programme: there are no tricks to catch you out. 


So off you go. 


Test Exercise — XXIV 


Solve the following equations: 


2 
Ι. ἘΦ 36} 4 ry = 08 


gen id 
2. fy Ων aye sem 
3. Τὰς 4s 3y = cos 3x 
4. ἐν ὦ, Sy = sin 4x 
5, a4, 22, 2y = e* sin 2x 
6. ΤΣ «ὦ, 4y = x3 @?* 
Te To να 30% +50 
8. ΤῊ 6+ gy =2 sina + sin 2x 
9, Ty. 25y = sin Sx 
10. £3 - ΤΡ. 3y = 26, 
Well done. 
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Further Problems — XXIV 


Note: 


corresponding exponential expressions. 
Employ operator-D methods throughout. 


Where hyperbolic functions occur, replace them by their 


ona0q0ndn oooa0000000 


Solve the following equations by the use of the operator D. 
1. 


COIN συ ΒΩ; 


Qo 


D?y + 2Dy — 3y = 4e°* 

D?y + 3Dy + 2y =xe* 

D’y + y=sinx 

D*y -- 2Ὸν Ἐν =sinx +x? 

D?y -- 3Dy + 2y =—4e* sinh x ----- 
D?y — 5Dy τόν Ξ οὖ 

D*y — 5Dy τόν = e™ sin 3x 
Dy + 4Dy + Sy =x + cos 2x 
D?y + 2Dy + 5y = 17 cos 2x 
D*y + 4Dy + Sy = 8 cosx 

D*y + 2aDy ταὖν =x? ἐπὶ 
D*y + Dy ty =xe*™ τοῦ sinx 
D’y — 6Dy + 9y Ξεῦ τε 
D?y + 4Dy + 4y = cosh 2x 

D?y + 6Dy + 9y = εὐ cosh 3x 
Dy — Dy - 6y = xe?* 

D*y + 4Dy + Sy = 8 cos*x 

D*y + 2Dy + Sy = 34 sin x cos x 


given at x = 0, 


2D?y + Dy -ν =e% sin 2x 

D*y + 2Dy + Sy =x + εἶ cos 3x 
D*y — 2Dy + 4y =e sin 3x 
D*y - 4Dy τάν =e?* 

D?y — 9y = cosh 3x + x? 

D*y + 3Dy + 2y = &™ cosx 

D?y + 2Dy + 2y =x?e* 


y =2and Dy ΞΟ. 
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ANSWERS 


Test Exercise I (page 32) 


1. 


aN MY FWD 


(ὃ -j, Gi) j, Gi) 1, (ν -1 

(i) 29—j2, (ii) -j2, (iii) 111 1756, Gv) 1112 

(i) 5-831 [59°3', (ii) 6-708 [153°26', (iii) 6-403 [231°24' 
(i) —3-5355(1+j), (ii) 3-464 -j2 

x=10-5, y=4.3 

(i) 10 d°65°, (ii) 10 e350; 2.303 + j0-650, 2-303 — [0.650 


je 


Further Problems I (page 33) 


(i) 115 +j133, (ii) 2-52 + j0-64, (iii) cos 2x + j sin 2x 
(22 -j75)/41 

0-35 + j0-17 

0-7, 0-9 

—24-4 + j22.8 | 
1-2+j1-6 : 
x= 18, y=1 
a=2,b=-20 1 
x=+2,y=43/2 

a=1:5,b=-2-5 

V2 e)23562 

2-6 

R=(R2C3 - Ri C4)/Ca; L= Ra R4C3 
E=(1811 + j1124)/34 

2+ 43,-2 +43 
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Test Exercise II (page 67) 

1. 5-831 |210°58' 

2. (ὃ -1-827+j0-813, (ii) 3-993 —j3-009 
3. (i) 36 |197°, (ii) 4 [53° 

4. 8 [75° 

5. 2 |88°, 2 |208°, 2 [328°; px. =2 [328° 


6. sin 49 Ξ 4 sin @ cos @ —8 sin?6 οο5θ 
7. cos*@ = Ze [oos 40 + 4 cos 20 + 6] 


8. ὦ x? +y? -8x +7=0 


(i) ye 


Further Problems II (page 68) 
1. x=0-27, y=0-53 
2. -3+jV3; -j2-V3 
3. 3-606 [56°19', 2-236 [296°34’; 121-3 -j358-4; 378 e144 
4. 1:336(|27°, (99%, [171°, (243°, [315°) 


1-336 (elo 4712, εἰ} 7219  j2-9845 .120420. Ε}9:1854) 
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| 


S$. 2-173 + j0-899, 2-351 10392 
6. ν2( τῇ, V2-1 +9), V2C-1 --ἢ, V2 -j) 
7. 136°, 1 [108°, 1[180°, 1 [252°, 1] 324°; εἾ96283 
8. x=—-4and x =2 + 53-464 
9... 1[102°18', 1[222°18', 1[342°18'; 0-953 —j0-304 
11. 1.40] ([58°22', | 130°22', |202°22', |274°22', |[346°22'); 
p.r. = 1-36 —j0-33 = 1-401 ¢710-2379 
12. —0-36 + j0-55, -1-64 ~j2-55 
13. —je, ie. -j2-718 
14. sin 70 = 7s -- 565) + 11255 — 6887 (s = sin 0) 


15. 4 [10- 15 cos 2x + 6 cos 4x -- cos 6x] 


16. x? +y? + 0, + 4=0; centre (- Ὁ, 0), radius 8/3 


17. x? +y? -(1+/3)x-(1 Ἐν 3)γ +-/3=0, 


Ϊ ae u Σ 3), radius V2 


18. x? +y? =16 

19. (i) 2x? + 2y?-x-1=0, (ii) x? +y? + 2x + 2y=0 
20. (i) x? +y*? -άχξο, (ὃ x? +y? +x-2=0 

22. (i) y=3, (ii) x? +y? = 4K? 


centre ( 


Test Exercise III (page 97) 


1. 67-25 
2. 19-40 


709 


Answers 


Don a Os ΟὟ ΣΡ 


—coth A 

(i) 1-2125, (ii) +0-6931 

x = 0-3466 

(i) y= 224, (ii) x = + 48-12 


sin x cosh y —j cosx sinhy 


Further Problems III (page 98) 


2. 
5. 
7. 


10. 


x=0, x =0-549 

(i) 09731, (ii) 1-317 

(i) 0-9895 + j0-2498, (ii) 0-3210 + j0-3455 
x=0, x=41n2 

x = 0-3677 or —1-0986 

1-528 + j0-427 

1-007 


Test Exercise IV (page 135) 


1. 


2 
3 
4. 
5 


(a) 4, (b) 18 

Equations not independent 
x=3, y=-2,z=-1 

k =3 or —25 

x=3, 1-654, -6.654 
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Further Problems IV (page 136) 


1: 


— a 
re OO 


12. 


oe NAM SF WN 


ὦ 144, Gi) 0 
(i) 0, Gi) 666 

x=5,y=4,2z=-2 
x=2-5,y=3,z=-4 

x=2, y=1-5, 2z=-3-5 

4or-14 

5 or -2-7 

(a) Oor+/2, (b) (α - δ) -- ὃ (ς -αὐια τ τὼ 
x=lorx=—-5+/34 

x=-1-5 
—2(a—-b)(b-c)(c-a)(at+btc) 

in =5-2 

(a+b+c) (@—b)(b-c)(c-a) 

2 or —16/3 
(*-y)Q-z)(Z-x)(e+y +z) 
x=—30r+/3 


_ (2M, +My)W 
M,(M, + 2M,) 


i, =0, i, = 2, iz =3 


Test Exercise V (page 167) 


Aw yy 


21 -- Sj, 41 +7, 21 + 47; AB =/29, BC =4/17, CA=./20 
(i) -8, (ὦ --Ξι -- 7] -- 18k 

(0-2308, 0-3077, 0-9230) 

(i) 6, @=82°44'; (ii) 47-05, 6 = 19°31' 


“i 
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Further Problems V (page 168) 
d 1. OG=4 (107+ 29) 
2. 50 4, 5); via 2, -3); 6 =80°5' 
3. Moduli: «74, 3V10, 2./46; D.C’s: Gace 7, -4), 


ἘΠ (1, -5,-8), τ, (6, -2, 12); Sum = 10] 


4. 8, 17|-- 71 + 2k, 0 = 66°36 
5. (i) -7, Gi) 7¢-j—-k), (iii) cos @ Ξ--Ο.5 
6. cos @=—0-4768 
7. (ὃ 7, 5i-37—k; (ii) 8, 11i + 18] -- 19k 
y 8. - ἘΞ 5 sit πΙΞε κ, sin @ = 0.997 
iss” ve Tiss 


5 1 =2 


2 ee 
x ieee > 730° 730° 30 
10. 6/5; τ ae Ἐπ 
11. (ὃ 0, 9:90"; (ii) 68-53, (-0.1459, -Ο.5982, —0-7879) 
12, 4f-5)+ 11k; ἶξα, -5, 11) 
< L }] Η 9.2 ᾽ > 


13. (i) 1+ 3/—7k, (ὦ 42+ j+2k Gil) 1304744, 
ivy VEq+ a+) 


Test Exercise VI (page 191) 
1. (i) 2sec?2x, (ii) 30(5x + 3)°, (iii) sinh 2x, 


. 2x - 3 
(iv) Gf ae oe (v) —3 tan 3x, 
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(vi) 12 sin? 4x cos 4x, (vii) e?* (3 cos 3x + 2 sin 3x), 


᾿ς 
2x3 (x + 2) * sin x 1 
“& +1” (i ix) © aos Tank [a4 cotx Z+2tan 2s] ‘ 


25 

64 

_ 3x? + 4y? 
3y? + 8xy 


(viii) 


3 
2. 2: 


4. tanS, {{1 sin cos? 3) 


Further Problems VI (page 192) 


1. ὦ ἘΠΕ τε (ii) secx, (iii) 4 costx sin?x— 3 cos*x εἰπχ 


xsinx | 1 sin x wat 4 ὸ 
ae.) ae toot + SOE ἢ, ταν 
πα 
4, Do 
» — dxy 
5. ὦ 5 sin 2x esin” Sx (ὃ ——— ὧν > ae 
ᾧ sin ae -4 


6. (i) 2x cos*x — 2x? sinx cosx, (ii) ie = , 


1-x 
ὧν Fp Pea 


xInx x-1 


8. -4, —42 

Lev. . 
12. “V3? : x? +y?-2y=0 
14. —tan 6; : 


᾽ 3a sin @ cos*@ 


15. --οοἰθθ; —cot?@ cosec*@ 


713 


Answers 


Test Exercise VII (page 217) 

1. 6 =37°46' 
l6y + 5x =94, 5y = 16x -- 76 
»Ξχ 
y = 2-598x -- 3-849 
R= 477; C: (--470, 50-2) 
R= 5-59; C: (-3-5, 2-75) 


OY PS 


Further Problems VII (page 218) 
1. 20y = 125x — 363; y = 2x 
2. yt2x=2; νξχιδ, x=1,y=0 


: x cos , y sin 8 _ 


3. CORE PERE = 1; Sy= 13 tand.x- 144 sin 8; ON.OT = 144 
3x ty. 7 
επί eet 
5. R=y17/e 
6. Sy +8x=43 
7. a? cos*tsint 
2 2 
3° 
a 


9. ὦ y=x;y=-x, ὦ R=-V2, (iil) ,-) 
10. ὦ R=-6-25; C: (0, -2-25) 
(ii) R=1; C: (2,0) 
(iii) R=~-11-68; C: (12-26, --6.5) 
11. R=-0-177 
14. R=2-744 
17. p=t; (h, k)=(cost, sin ἢ 
18. R=—10-54, C: (11, -3-33) 


20. ὦ y=t a (iii) R=0-5 


714 


Answers 


Test Exercise VIII (page 246) 
1. (i) 130°, (ὃ -37° 


cos x 


3 ᾿ -1 
2. Ὁ Mears 3 Oo 


(iii) pe a «+ 2x tan” ey ᾿ (iv) Jox? =e =r 
. asin x 


() V(cos*x + 1)’ Wi) [23557 5: x? 


3. (i) Vmax = 10 atx = 1; Ynin = 6 at x = 3; Poof αἱ (2,8) 
(Ὁ Vinge 2 ate = 15 ye Ξ 2 atx Hl 
(iii) Vmax =@ > = 0-3679 at x = 1; PofI at (2, 0-271) 


Further Problems VIII (page 247) 
1. @ 1, Gi) 2a- 

3. ODA: (ὃ τῷ 

4. ὦ (=.- - 2), (ii) (-0-25, -4-375) 


1 


=Qatx=3; Ymin = 4 at x =1 


Y max 


6. Ymax atx = 2; Yimin atx = 3; Poflatx=/6 
16 11 

7. Ymax Ἐς ἄχ =—-F3 Vmin =O at x= 1 

8. x= 1-5 


10. 2 =4/2.e™ cos (x +4) 


11. (i) Vmax at (=, =), Ymin at (1, 0); Pof lat (2, 2) 


(ii) Vmax at (2 - ν"2, 3 - 26/2); Venin at (2 +2, 3 + 2/2) 
(iii) P of I at (a7, nm) 
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12. (i) +0-7071, 


13. 0-606 
<r 

14. v Bw 

16. Vmax = 0-514 

17. 17-46 cm 

18. @=77T 


20. A=C, B=0 


(ii) 


(iii) 


(iv) 


axe ae 
δ. 
ὃγιῦχ ΤῸ 
0z : 
See + 
ax 2 sin(2x + 3y) 
ὃ 22 3 
Ξ-- + 
9x2 4 cos(2x + 3y) 
02z 
= + 
By ax 6 cos (2x + 3y) 
~y2 
ss = 2x eX? 
Lee Pay? 42 
ax? 2 οἷ (2x? + 1) 
82 piers: 
=—4xy Ὁ 
ae Ἂ 
ὃΖ 
ὃχ 
3? 


(ii) 0, (iii) + 1-29 


Ox.oy 


x =-10xy + 9y? 
δ΄ Ζ 
ay? 


072 


=—10x + 18y 
=—-10y 
—3 sin(2x + 3y) 


ὃ 
ὃ 
aes 
ay? =—9 cos(2x + 3y) 


25 
τ Ξ πὸ cos(2x τ 3y) 


Ξ- 2. "9" ων» - 1) 


922 2. ν2 
Ox.ay ees 


= 2x? cos(2x + 3y) + 2x sin(2x + 3y) 


τι =(2— 4x?) sin(2x + 3y) + 8x οοϑ(2χ + 3») 


Answers 


a7z ΤῊΣ 
Ξ- + + + 
Dy ax 6x? sin(2x + 3y) + 6x cos(2x + 3y) 
ὃΖ 2 
--- +3 
ay 3x* cos(2x + 3y) 
one —9x? sin(2x + 3y) 
ὃν 
a7z me 
Ξ-- =- + + 
ax. dy 6x? sin(2x + 3y) + 6x cos(2x + 3y) 
(i) 2V 
P decreases 375 W 
4. +2.5% 


Further Problems IX (page 273) 

10. +1-05 EX 10 approx. 

12. t(xtytz)% 

13. y decreases by 19% approx. 

te + 4.25% 

Ἰόνιος 19% 

18. dy=y {5x. p cot (px + a) — St. q tan (qt + b)} 
a 


Test Exercise X (page 292) 
ὡς 4xy- 3x? eX cosy —e” cosx 
Ὁ» 3y? — 2x?’ (ii) Εἰ siny +e sinx ’ 


(iii) 


5 cos x cosy — 2 sinx cosx 
5 sin x sin y + sec*y 


2. V decreases at 0-419 cm?/s 
3. y decreases at 1-524 cm/s 
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Answers 


Ι 
: 4. 3: = (4x3 + 4xy) cos @ + (2x? τ 3y?) 3160 
: OF =r {(2x? + 3y?) cos @ — (4x? + 4xy) sin 6 } 


Further Problems X (page 293) 
ἔξ 2. 3x? --3χν 

Ἂ 

Ἵ 3, tan @ = 17/6 = 2-8333 


5 2 22 
i Ὡς l-y γα 8y—3y* τάχν — 3x a 7) 
Ἴ 9. ὦ τι (ii) Sa ee (iii) = 
a 
‘i 


cos x (5 cosy — 2 sin x) 
5 sin x sin y + sec*y 


ycosx—tany 


SS τα 
x sec” y — SINX 


ae Ay ee i _ {xy + tan xy 
ὦ { Bp ty cos > (i) x? 


= Test Exercise XI (page 322) 
4 230 

2-488, 25-945 

1812 


ρα 
— 


(i) convergent, (ii) divergent, (iii) divergent, (iv) convergent 
(i) convergent for all values of x. 
(ii) convergent for -l<x<l 


(iii) convergent for ~l<x<l 
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Further Problems XI (page 323) 


1. 


Test Exercise XII (page 352) 


1. 


(μι -1ὴ 
n(3n Ὁ 1) ae 
4(η + 1) (n + 2) τ 


Gat Dnt 4701 Ὁ 5) 


ὦ ξ εἴγοι 15), (i) Zl? + 35) + 3n 4 4) 
2 


5 


n 


=10/,,cyr), s.=2 

(i) 0-6, (ii) 0-5 

(i) diverges, (ii) diverges, (iii) converges, (iv) converges 
-l<x<l 

-l<x<l 

All values of x 

-l<x<l 

(i) convergent, (ii) divergent, (iii) divergent, (iv) divergent 
(i) convergent, (ii) convergent 


l<ox<3 


Z(nt 1) (4n +5) +2"*2-4 


fle) = ΚΟ) +xf"(0) +f") + 
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Answers 


10247 


@-5. ws ὦ -Φ 


0-85719 


Further Problems XII (page 353) 


3.0 τίσ, Mz WF ὦἡ -ξ, ὦ 2 


| 6. 


wir 


x? —x3 + 


11χῖ 


12 


max. atx ΞΟ 
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Test Exercise XIII (page 384) 


Further Problems XIII (page 385) 
In {A(x - 1)? +x41)}4+C 


1. 
2. 
3: 


1. 


2. 


gOS * +C 
2/x (Inx-2)+C 


tanx-x+t+C 


x sin 2x x? cos 2x % 


2 2 


3x 


13 


—cosx + 
3 


3x - sin 2χ sin 4x 
8 4 32 


2In(@x? +x+5)+C 


3/2 


ἴα ἘΧ) τῷ 


9 5 
5|πῷ - 5) πτριπ (x -3)10 


2in(@-1)+tanx+C 


= (28 8x | cos 2x 
16 4 


1 


2 


—In (1 + cos?x) ἐς 


cos 2x 


{sin 2x -3 cos 2x} +C€ 


2cos*x _cos’x ᾿ 
5 


+C 


) +c 
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22. 


23. 


ΟΞ “χε i? 


Sin = 1) -Sn (%? +x+1)+C 
ga 
zx tin@+H+C 
2in(x-1)+tan! x+C 
2 

—2 nP*3 


(P+ 1)@+ τ 2) τ 3) 
310. —2)+5In (x? +1)-Stan'? x+C 


1 


2 

Cee | 2 

cus x) ες 
4(2In3~7) 

πὶ -4 

mom 

6 4 

τι 

4 2 

—-—-tan!x+C 
Fats? το 

ine +) Go He 
oe x-2 


wer 1) = 53-45 


1 


54 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 
31. 


32. 
33. 


34. 


35. 


36. 


37. 


38. 


30. 


1 1 
zn &~ ἢ - το InGxt2)+C 
In(x+2)+C 

x 


3 2 _4 -ι αὶ 
21 (x +5) Ἐ51π (x? 19) - τ tan (2)" ς 


In (9x? -- 18x τ 17)18 4.¢ 

2x? + In {(x? — 1/(x? + 1I)}+C 
J[3x7In(l + x2)— 2x9 + Gx —6 τα x + c| 
In (cos @ + sin #)+C 


tan dé —sec@+C 


1 1 9 
gin 1) + zine -2)-F in@w+3)+C 


Line Ἃς παι (Σ 
3 Inx +> In (x +4) 5 tan (2): 


= 1 
- y+ 
Inx—tan “x τε ς 
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Test Exercise XIV (page 416) 
1. sin! (2) Ἐς 


1 (::3- 22 4c 


De A 
29 (2x 434/29 


3. pian (α +2) V2}+C 


1 pm (Bo 

5 fin [33 } ὁ 

6. ἔβα! ea. ε et) Vu-x-x)} το 
1. ΚΣ ἔξ το 


8. ae (/3 tan x) + C 


9 ri {SS ent 
* 13° |V13+3-2 tanx/2 


it tan x/2 
a 1.1 
10. inf ener) C 


Further Problems XIV (page 417) 


-VJf21 
1. : nore ν ΙΣ 


W21 xt 6+V21 
ΠΣ 
3. wae Gays 
4. sin (x? + 4x + 16) - πξ απ (5) Ἐς 
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sinh”? (E45) = Inf 2#0*VG"# 12x48) ἐδ 


2/3 


ὄν 2 — 12x + 52) +31 sink! (=3°)+ ς 


1. [(2χ:5-- γ5 
τ τον" 
ΝΣ nf Reva} +c 
3x? 


5. 7 4e +4 tan! x+C 


xt+1 
2 


V(3-2x -x?)+2sin! ( 


π 


~~ (X-—2 
cosh ( 5 )+e 
1... 2 
6 tan [Ztanx} +c 


1 2tanx-1 
3! ΕΞΕΙΣ τ 


π 
5 1 


3 sin x ~V(1—x?)+C 


ae (v3 ΠΣ Ἐς 
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5 .3 2 -1{ xX 
21. ope qin + 4) + tan (2) "ὁ 


22. 5 ——tan?! (ou) +C 


23. V(x? +9) + 2In{x τν αὖ + 9)F +C 


24. φωτὶ (27) +c 
25. Ω 


26. v2 tan ec 


η{(-------- 
oh ΚΞ Ὶ 
21. Vx? Ἐ2χ 610} 2 μη (ZF το 


28. 8 ἐπ {521} + ΖΞ: ,α5- 2x -x2)+C 


1 
29. 23 (n+2) 


2 
30. -ἶ- απ! (=) +ln {gear +C 


Test Exercise XV (page 430) 


3 2 
1. ae se + #34 


2 ὦ or a) τς 
4. 15 tan™! x —Ip-2 
5. 56 
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Further Problems XV (page 431) 


2, 


Δ ς...5..4.. 8... 16 ΠΝ 
5 της 8 οστπς 8,0 35 ΤΟ, where [ τ 
C=cosx 
2835 
8 
es) ene 
I= 6; l4= > 127 + 24 


Ι, =x" οὐ -—nIy_; [4 =e% (x* — 4x3 + 12x? — 24x + 24) 


1328/3 
2835 


_cot® x , cot? x 
5 3 


I, =x {(Inx)? ~3(Inx)? +6Inx-6}+C 


Ig = 


—cotx-x+tC 


ἘΞ 
3 


Test Exercise XVI (page 452) 


1, 


70-12 


80 on = 31-75 
π 


3 in6= 
ln 6 = 2.688 


73-485 


ΔΝ 
5Ἀ1 


132.3 
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Further Problems XVI (page 453) 


1. 2-4 
2. 1 
3. 31 
4. 4 
5. 0 
Te. 2 


1, 
ὃ. zr ip cosa 


2 


Ἐ2 1 
9. Ae 
11. In(2".3°%)-1 


12. @?(In2- =) 


15. a(1-2e"') 
“16. 2.83 
17. 39-01. 
1 
18. Jee + 15| 
20. 1-361 


Test Exercise XVII (page 477) 


1. (0-75, 1-6) 
2. (31, 0) 
3. Sn? a? 

2 
9. ἘΞ Ὸ 


8 


Answers 


Further Problems XVII (page 478) 


1. 


2; 


3. 


4. 


S+4in2 


(i) 2.054, (i) 66-28 


641 a? 
15 


(i) (0-4, 1), (ii) (0-5, 0) 
24 


A= 2-457, V= oe p= 


(i) 8, Gn » (ἢ = = 


1-175 


1-409 


V=25-4cm3, A= 46-65 cm? 


S=15.31a*, y=1.062a 
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Test Exercise XVII (page 513) 


abp 
i (@ Say +a’), 


(i) Typ = SE @ 40%), k= (SE 


2 <M a? 

ἐς Ὁ ONY - 

9. & 

yo. rem { Eel ας [Bo 
12. ταῖν 

14. 2wal ie 


15. ὦ 5 Vle?te+1), ὦ 


ε-1 
16. 51-2w 
17. 9.46 cm 
19. (1(5π-- 32)α 
4(3π-- 4) 
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Test Exercise XIX (page 534) 


1. 


0-946 
0-926 
26-7 

1-188 
1-351 


Further Problems XIX (page 535) 


oD NN HW HR 


0-478 
0.091 

(i) 0-6, (ii) 6-682, (iii) 1-854 
560 

15-86 

0-747 

28-4 

28-92 

0-508 


2 π|2 
vz] V(9 + cos 20).d6: 4.99 
0 


3 5 


Vos Xx? ἋΣ 
Ξχ-ττ eS 
tan “x =x 3 5 


if) 
on 
=; 0076 
(i) 0-5314, (ii) 0-364 
2-422 
2.05 


Answers 


Test Exercise XX (page 560) 


56 
3π5 


2. (ὃ γΞ2 1ηθ 


x0” 


(iii) r = sin 26 


(v) r=1+3cos0 


407 
3. 3 
4. 8 
32πα2 
5: 5 


(ii) r= 5 cos? 6 


(iv) r= 1+ cosé 


(vi) r=3+cosé 


Answers 


Further Problems XX (page 561) 


15. 


${ ve? +1)) (e811) ; £ (er - 1) 


na? (2-4/2) 


Test Exercise XXI (page 588) 


1. 


De 


ὦ ο, ὦ 2 


ὦ -ἰ, ὦ 168, Gi 7a 


733 


a ΒΞΘΕΕΙΕΝ 


Answers 


πί6 ¢ 2 cos 30 je 
a=2 rdr dé =~ 


0 40 


1 


an = vi 
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Answers 


14. cas (30-4) 


nm pa(it+cos θ) 43 16a 
15. M= ? sin 0 dr dO =; h= ἘΞ 
é 3 On 


16. (i) 5 παῦ, (ii) «mab: centroid (0, ) 


17. 19-56 


bP 2g 
18. 4 ¢ a’) 


a 
19. F (2m + 3/3) 


20. 232 


Test Exercise XXII (page 630) 


x? 
1. yay t2x-3inx+C 


-1 = a 1 
2. tan y=C ey 


3X 


3. Saree 


4. y=x?+Cx 


_ x cos 3x “5 sin 3x 4 
3 9 


6. siny=Ax 


5. y= 


7. yt —x? = Ax?y 


2 
8. p(x? ales Fe 


9, y= coshx τ τῆς | 
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10. y=x?(sinx + C) 
11. xy? (Cx+2)=1 
12. y=1/(Cx? +x?) 


Further Problems XXII (page 631) 
1. xty? =Ae’ 

y? =4(1 + x3) 

3x4 τά + 1P =A 

(1 +e*) secy = 2/2 


γ xy ox? +1=0 

xy =Ae™ 

x? —2y> = Ax 

A(x -- 2ν} (3x + 2y)? = 1 
(x? —y*)? = Axy 

Qy =x? + 6x? — 4x Inx + Ax 


eo oe NDA R wD 


— je 
—_— © 


12. y=cosx (A + In sec x) 
13. y=x(1+x sinx + cosx) 
14. Gy - 5). + x2)? = 2/2 
15. ysinx +5 eS* =] 

16. x+3yt2in(xty—-2=A 


17. x= Aye” 
Ὁ 2ν 
18. In{4y? τὰ -- 1)?} + tan {3} 


19. (yo-xtlP(ytx-1S=A 
20. 2x?y? Iny— 2xy— 1 = Ax?y? 


x? ty? +2x-2y+2in@—-1)+2in@tl=A 
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yr(xtCe)=1 
xe xX ο- Bre 
cos*x = y? (Ὁ -- 2 tan x) 
yVU -x?) =A + sin x 
x + In Ax = V/(y? -1) 
2χ2 4χ 


ὖ-α)ὴ pox 


In@~-y)=At 
_ Μ2 8ίη 2x 
2(cos x —/2) 


(x — 4)y*= Ax 
yrx cos x τ sec x 


(xy)? — Axy =0 
2tany=In(1+x?)+A 
2x? y = 2x3 —x? -4 


x-y 
oes 


3.2) =2e3* +] 

4xy = sin 2x — 2x cos 2x + 2-1 
y=Aek 

x?’ 3xy? =A 

x? — 4xy + 4y? + 2x-3=0 


γα 2818 =-S (1-2 PA + 
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42. xy+xcosx—sinx+1=0 
43. 2tan'y=1—x? 
oct TC 
»* x x?) 
x3 
45. γν +x7?)=xt3-+C 
46. ity? =A(1 +x?) 


2 
47. sin?6 (a? —r?)= a 


49. 


Test Exercise XXIII (page 663) 
1. y=Ae*+Be%*-4 
2. y=Ae* +Be™* +2¢* 


3. yp=e*(At+Bx)t+e™ 


4. y=Acos5x+Bsin Sx +e (25x? + 5x — 2) 


y =& (A+ Bx) +2 cosx 
γε (2—cosx) 
y= Ae + Be* -2x +7 


y=Ae* +Be* + 4xe™ 


Further Problems XXIII (page 664) 
3x 
1. y=Ae* + Be*/2 a 


2. y=ei* (At Bx) + 6x +6 


3. y=4cos 4x —2sin 4x + Ae* + Be** 
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ws 


10. 


12. 


16. 


x 
=e~* (Ax + B) ex ΕΣ 


2Χ 2X 
= -2x ες ΧΕ 
y=Ae+Be ἘΠ 3 


2X 
pyre (A cos x + B sin x) + 2~S— 


yre* (A + Be) ἘΣ ὁ δοίη 2x 
y= Ack +Be™ +2 (3x + 4)— 0% 


x? 4x 7 
y= & (A cos 2x + B sin 2x) +> + τα 27 


y=Ae*+Be%* -4 sin su ἐξα εὖ 


2 ΒΝ 
Sg Alx + 612}: y ΣΕΥ 


ae aay 


y=e?" (A cost+ Bsin 1-2 (cost τ sin t); 
[ a/2 1 
amplitude a frequency on 


yet tyert +H Gsin + 3 0082) 


pre **—e% + ΤῈ (sinx — 3 c0s x) 
y Ξε" (A cosx +B sinx) + Sx --3 


x =e (6 cost +7 sin ἢ) -- 6 cos 31 -- 7 sin 31 


ice 2X3 Vmax = 1-299 at x = 


1 
ΤΞ-- Ξ0.641] s; A= 
ie aa 
x= leet =e?! + cosr + sin}; 


V2 


Steady state: x= claus (« + Ξ) 
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Test Exercise XXIV (page 703) 


1. 


2: 


ei Seep 
30 


y= (A+ Bx) + 5e* 


y =Ae* +Be™* - (cos 3x — 2 sin 3x) 
1 


= 22x - + 
y =e** (A cosx +B sin x) 377 


(16 cos 4x -- [1 sin 4x) 


y=er*(A cos.x + B sin x) (8 cos 2x — sin 2x) 


2x 2 
ΒΕ 6 3 Χο 9x 2 
γΞ6 (A+ Bx) εἷς (x 5. 8 =) 


y= A cosx + Bsinx ΞΕ + 6% 


y=Ae*+Be%* -2(6 cos x — 7 sin x } 


1 
— 5z {18 cos 3x + sin 3x} 
xcossx 325 


y =Acos 5x + B sin Sx - 10 


3x 
Σ xe 
y=Ae* +Be* + 


Further Problems XXIV (page 704) 


1. 


2; 


yrAe+Be* -xe* 


2 
= -χ -2x 4 x (XX _ 
py=Ae~t+Be“ +e (= x) 
y = A cosx + B sin x - osx 
1 
y =e (Α Ὁ Bx) + cosx +x? + 4x + 6 


y=1+e*(1—-2x) 
poke + Be τὰ οὐ 


y=Ae* + Be* —e*% (9 cos 3x + 7 sin 3x)/130 
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11. 


12. 


y =e?* (A cosx + Bmx) +=- + + (Bist De ἀρὰς 239/65 


5 25 
y =e* (A cos 2x + B sin 2x) + cos 2x + 4 sin 2x 


y =e * (A cosx + B sin x) + cosx + sinx 


V3 _ v3 


x 
yeexh (A cos 5x + Bsin St Pe@-y 


-ἐρ cos x -- 2 sin x) 


-3X 
y=e* (A + Bx) sare, a + ἧς 
2Χ ..2...:2Χ 
= 72x + + e Ke 
y=e** (A + Br) ay + 4 


e°* (A + Bx) +75 aC + & 6) 
y=Ae™* + Be + e3 (5x? — 2x)/50 


y= =e ?* (A cosx + Bsinx) ++ Ξε (8 sin 2x + 008 2x) 
y =e™* (A cos 2x + B sin 2x) + sin 2x — 4 cos 2x 
adage haa 


2x Ἐπ 2 cos 3x 
—-— SE - 

Ξ (A cos 2x B sin ) 

»- (A cos V3x 1 B sin /3x) - sin 3x 


yee (a+ By +) 


ye (at a) te ( -4)- (ὁ. +2) 


yre* (A + 5sin x~Zeos x) + Be >* 


y=e™*(Acosx + Bsinx + x? -- 6x) 


INDEX 


INDEX 


(References given are page numbers) 


Absolute convergence, 319 
Angle between vectors, 163 
Approximate integration, 517 

by series, 519 

by Simpson’s rule, 523 
Approximate values, 341 
Areas by double integrals, 581 
Areas enclosed by polar curves, 546 
Areas under curves, 435 
Argand diagram, 19 
Arithmetic means, 299 
Arithmetic series, 298 


Bernoulli’s equation, 622 
Binomial series, 337 


Centre of gravity, 465 
Centre of pressure, 504 
Centroid of a plane figure, 462 
Complementary function, 648 
Complex numbers, 4 
addition and subtraction, 4 
conjugate, 8 
De Moivre’s theorem, 50 
division, 12 
equal, 14 
exponential form, 27 
graphical representation, 17 
logarithm of, 29 
multiplication, 6 
polar form, 22, 37 
principal root, 55 
roots of, 51 
Consistency of equations, 126 
Convergence, 311 
absolute, 319 
tests for, 313 
Curvature, 206 
centre of, 208, 213 
radius of, 207 
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D’Alembert’s ratio test, 317 
Definite integrals, 438 
De Moivre’s theorem, 50 
Determinants, 101 
evaluation, 110 
properties, 130 
solution of equations, 105, 114 
third order, 109 
Differentiation, 171 
function of a function, 173 
implicit functions, 185, 285 
inverse hyperbolic functions, 229 
inverse trig. functions, 226 
logarithmic, 180 
parametric equations, 187 
products, 177 
quotients, 178 
Differentiation applications, 195 
curvature, 206 
tangents and normals, 200 
Differential equations, 593 
direct integration, 598 
first order, separating the 
variables, 599 
homogeneous, 606 
integrating factor, 613 
Bernoulli’s equation, 622 
second order linear, 637 
solution by operator-D, 683 
Differentiation, partial, 251, 277 
Direction cosines, 156 
Direction ratios, 165 
Double integrals, 565 


Equation of a straight line, 195 

Expansion of sin n@ and cos 70, 57 

Expansion of sin”@ and cos”6, 59 

Exponential form of a complex 
number, 27 


First order differential equations, 593 
Bernoulli’s equation, 622 
by direct integration, 598 


index 


homogeneous, 606 

integrating factor, 613 

variables separable, 599 
Function of a function, 173 


Geometric means, 303 
Geometric series, 301 


Homogeneous differential 
equations, 606 
Hyperbolic functions, 73 
definitions, 74 
evaluation, 83 
graphs of, 77 
inverse, 84 
log. form of the inverse, 87 
series for, 75 
Hyperbolic identities, 89 


Identities, trigonometric/hyperbolic, 89 
Implicit functions, 185, 285 
Indeterminate forms, 342 
Inertia, moment of, 483 
Infinite series, 308 
Integrals, basic forms, 358 
definite, 438 
f'Q) 
fx) dx and 
linear functions, 360 
standard forms, 389 
Integrating factor, 613 
Integration, 357, 389 
partial fractions, 373 
by parts, 368 
powers of sin x and of cos x, 379 
products of sines and cosines, 381 
reduction formulae, 419 
substitutions, 389 
as a summation, 450 
by ¢ = tan x, 409 


by t= tan > 413 


fx). f (0) dx, 363 


Inverse hyperbolic functions, 84 
log. form, 87 


Inverse operator 1 .673 


Inverse trig. functions, 223 


j, definition, 1 
powers of, 2 


Lengths of curves, 467, 552 

Limiting values, 309, 342 
lH6pital’s rule, 345 

Loci problems, 61 

Logarithm of a complex number, 29 

Logarithmic differentiation, 180 


-~— Maclaurin’s series, 331 
we Maximum and minimum values, 235 


Mean values, 446 
Moment of inertia, 483 


Normal to a curve, 200 


Operator-D methods, 669 
inverse Operator Ἰ .673 


in solution of differential 
equations, 683 

Theorem I, 675 

Theorem II, 678 

Theorem ΠῚ, 681 


Pappus, theorem of, 475 
Parallel axes theorem, 491 
Parametric equations, 187, 211, 444, 
468, 473 

Partial differentiation, 251 

change of variables, 289 

rates of change, 281 

small finite increments, 266 
Partial fractions, 373 
Particular integral, 649 
Perpendicular axes theorem, 495 
Points of inflexion, 240 
Polar co-ordinates, 539 
Polar curves, 541 

areas enclosed by, 546 

lengths of arc, 552 

surfaces generated, 555 

volumes of revolution, 550 
Polar form of a complex number, 22 
Power series, 327 
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Index ὁ 


Powers of natural numbers, series Small finite increments, 266 
of, 304 Standard integrals, 358 
Properties of determinants, 130 Straight line, 195 


Summation in two directions, 565 
Surfaces of revolution, 471, 555 


Radius of curvature, 207 
Radius of gyration, 487 


Rates of change, 281 Tangent to a curve, 200 
Reduction formulae, 419 my, Taylor’s Series, 350 . 
Κ.Μ.8. values, 448 Trigonometric and hyperbolic 
Roots of a complex number, 51 identities, 93 

Triple integrals, 570 

Turning points, 235 


Scalar product of vectors, 157 
Second moment of area, 500 Unit vectors, 152 
Second order differential 

equations, 637 


Separating the variables, 599 Vectors, 141 
Series, 297 addition and subtraction, 144 
approximate values by, 341 angle between vectors, 163 
arithmetic, 298 components, 147 
binomial, 337 direction cosines, 156 
convergence and divergence, 311 direction ratios, 165 
geometric, 301 equal, 143 
infinite, 308 representation, 142 
Maclaurin’s, 331 scalar product, 157 
powers of natural numbers, 304 in space, 154 
standard, 336 in terms of unit vectors, 152 
: Taylor’s, 350 vector product, 159 
+ Simpson’s rule, 523 ~~ Volumes of revolution, 457, 550 
~~ proof of, 532 Volumes by triple integrals, 583 


Simultaneous equations, 
consistency, 126 
solution by determinants, 105 .  Wallis’s formula, 428 
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STROUD: ENGINEERING MATHEMATICS ἢ 


This book provides 8 complete one-year course in — 
mathematics by means of an integrated series of Ὁ 
programmes to gether with extensive. exercis 

and is designed for use by undergraduates d ‘ing 
the first year of engineering degree studies and 
for National Diploma and Certificate courses. 
The course consists of 24 programmes seer: 
weekly assignments of work. Each programme — 
contains a number. of worked examples t att pie 
wh ch the student is guided with a gradua 
withdrawal of su port. as the topicis mastered, 
and concludes with a criterion test relating to the. 
techniques covered in that programme. There are — 
_ also evercises for further practice and problem _ 
solving anda full range of answers is provided. 
The work has been designed to be equaily s suitable 
for class use οὐ individual study. All the 
»rogrammes have been subjected to rigorous - 
validation procedures ὁ ὅπ have been | ταὶ χὰ 
highly successful. > 


